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The equilibrium statistical structure of a linear chain of interacting elements, each capable of a states, is 
determined by utilizing the theory of the entropy of a Markoff process to express the free energy of the 
chain as a function of its transition probabilities. Minimization of the free energy then leads to equations 
for the transition probabilities. The condition that these equations have a nontrivial solution permits the 
determination of the free energy from the largest eigenvalue of a certain matrix A, already familiar in the 
matrix method of cooperative phenomena. The corresponding eigenvector (together with the elements A;;) 
is shown to determine the statistical structure of the chain. Previous discussion of the cooperative chain, 
in terms of a Markoff process, have been based on the assumption that the transition probabilities are given 
by normalized Boltzmann factors. This assumption is shown to be erroneous for most of the cases to which 


it has been applied. 





I, INTRODUCTION 


HE statistical mechanics of a linear chain of in- 

teracting elements has been discussed by a 
number of authors. Ising! first solved a particular case, 
originally of interest in ferromagnetism, by a direct 
calculation of the partition function. Montroll,? Kramers 
and Wannier,’ and Lassettre and Howe? initiated a 
matrix method for treating the linear cooperative 
problem. These authors have also discussed several 
ways of reducing two- and three-dimensional cooperative 
problems in a lattice to suitable linear problems. 
Onsager® has used this approach in an elaborate 
analysis to obtain an exact solution of the two-di- 
mensional two-level cooperative problem in rectangular 
lattices. 

The main purpose of this paper is twofold: first to 
present a new derivation of the matrix method based 
on the theory of a Markoff process; and second, to 
correct the erroneous use, by several authors*:® of a 
Boltzmann expression for the equilibrium transition 
probabilities of a cooperative chain. The actual con- 


1E. Ising, Z. Physik 31, 253 (1925). 

2E. Montroll, J. Chem. Phys. 9, 706 (1941). 

3H. A. Kramers, and G. H. Wannier, Phys. Rev. 60, 252, 263 
(1941). 

4E. N. Lassettre, and J. P. Howe, J. Chem. Phys. 9, 747 (1941). 

5 L. Onsager, Phys. Rev. 65, 117 (1944). 

6G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 
353 (1953). 


struction of matrices for specific problems will not be 
considered. 

In Sec. II the concept and notation of a Markoff 
process are discussed. Then the equilibrium free energy 
and statistical structure of the chain are determined in 
Sec. III by minimizing the free energy with respect 
to the transition probabilities. In Sec. IV the Boltzmann 
expressions for the transition probabilities are shown 
to have been applied under conditions for which they 
are not valid. The oversight has not, however, affected 
calculations of free energies. Finally in Sec. V, the 
approach of the preceding sections is extended to the 
case in which the state of an element must be described 
by a continuous variable. 


II. STATISTICAL SPECIFICATION OF THE CHAIN 


Consider a sequence of identical elements each capable 
of @ states, as shown in Fig. 1. In typical cases of 
interest, the element is a geometrical unit (a lattice 
plane, row, or site) whose state is defined by the species 
and arrangement of atoms it contains or by the orienta- 
tion and arrangement of spins it contains. Assume 
interactions between nearest neighbor elements only; 
chains involving interaction between more widely 
separated elements may always be reduced’ to the case 
assumed. It follows that the state of a given element 


7E. W. Montroll, Ann. Math. Stat. 18, 18 (1947). 
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Fic. 1. The cooperative chain as a process of consecutive selection. 


may influence the state of a neighboring element but 
cannot directly influence the state of more distant 
elements. Therefore the equilibrium statistical structure 
of the chain will be among the Markoff chains’ 
specified by a set of conditional or transition probabili- 
ties” p;,; defined as the probability that an element in 
the ith state will be followed (on the right) by an 
element in the jth state. The pj, ; obey the a relations 


Xj pi. s=1 for all i. (1) 


(Unless otherwise stated, all summations go from 1 to a.) 
Alternately the chain may be described by a set of 
binary joint probabilities g;; defined as the probability 
of finding a pair of states, i on the left and 7 on the 
right, in two neighboring elements. (Although in general 
9ij%Qji, it will be proved that in equilibrium 9;;=4;,). 
Clearly the relations 
Li qis=1, (2) 
Ls G5= Li GiK= I, (3) 
must hold where, in Eq. (3), g; is the probability that a 
randomly selected element is in the state 1. Equations 
(2) and (3) comprise a constraints on the q;;’s corre- 
sponding to the a constraints on the 9x, ;’s. 
The p’s and q’s are equivalent descriptions and are 
related by the equations 


qis= Vii. j- (4) 
Higher order joint probabilities may be expressed in 
terms of the i, ;’s, g:;’s, and g,’s, by the formula 


QisQikQki’ °° S 
Qi jkt-o.=QiPi, P35, k Pk, °° =— _—, (5) 
qiqk*** 


III. STATISTICAL MECHANICS OF THE 
EQUILIBRIUM CHAIN 


A. The Internal Energy, Entropy, and Free 
Energy of the Chain as a Function of 
Its Associated Probabilities 


In this section we will find expressions for the internal 
energy U, the entropy S, and the free energy F per 


8A. I. Khinchin, Mathematical Foundations of Information 
Theory (Dover Publications, Inc., New York, 1957). 

°C. E. Shannon and W. Weaver, The Mathematical Theory of 
Communication (University of Illinois Press, Urbana, Illinois, 
1949). 

© Tt will be taken for granted that the ;;’s are fixed so that the 
equilibrium chain is stationary, that is, its statistical properties 
are invariant under translation. It is easy to see, in terms of the 
discussion that follows, that corresponding to any chain with a 
progressive change of transition probabilities, there is a stationary 
chain of the same internal energy but a higher entropy. 


element of an infinite chain as functions of the prob- 
abilities p;,; and q;;. To express U, let v; be the energy 
of an element in the ith state, let u;;=,;; be the inter- 
action energy between two neighboring elements in the 
ithand jthstates, respectively, and let €:;=}0;+uij+}0; 
as is customary.” In a very long chain the actual fraction 
of adjacent i— j states will equal the binary prob- 
ability g;;. It then follows from the definitions and 
Eq. (3) that 


U=Di; Gij€ij- (6) 


The entropy S per element of the chain is given by 
the product of & and the standard expression from the 
theory of Markoff chains,*® namely, 


S=—k Lis qij Inpi, "hia —k ar gi a Pi,i Inpi, J (7) 


Equation (7) may be rationalized schematically as 
follows: the entropy per element of a long chain of n 
elements is given by 


sS=- (k/n) >. 
all chains of 
n elements 


a; Inw7~— (k/n) Into, — (8) 


where z; is the probability of the ith possible chain of 
n elements [computed from Eq. (5) ] and where 7» is the 
probability of the most probable chain, that is, the chain 
for which the number of i — 7 links is just ~nq;;; thus 


rol] Pe geal 
ij 


Substitution of the latter expression into Eq. (8) yields 
Eq. (7). A rigorous discussion of the derivation of Eq. 
(7) has been given by Khinchin.* 

In terms of information theory,* the last form for 
S in Eq. (7) shows it to be & times the entropy measuring 
the freedom of choice as seen from the ith state appro- 
priately weighted over the i states. Also, if the chain 
is considered as a message written in an alphabet of 
a symbols, S measures the information per element 
conveyed by the message, or more correctly, the 
entropy per symbol of the Markoff source that generates 
the message. [Note that in the special case of no 
interaction between elements, i.e., ~;,;=9;, Eq. (7) 
reduces to the familiar expression for the entropy of 
mixing of the a states, namely, S= —k ); q; Inq;. | 

Combining Eqs. (6) and (7), we have for the free 
energy F, per element, the expression 


F=)>;; gij(€ij+kT Inpi, i). (9) 
B. The Equilibrium Free Energy of the Chain 


To minimize F with respect to the p’s (or q’s), we 
proceed to compute its variation, namely 


6F=). 5; 5gi;(€,;+kT Inf, atDi; giskT6 Inpi, j 
But the second sum must vanish since 


Deis Gis (ODs, s/ Pi, ) =D i Ls HPi, j=, 
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the last equality holding because of (1). Therefore, we 
have 


6F =) 5; 6qi;(€:;+kT Inp, ;). (10) 


Since the variations 6g;; are not independent, the 
necessary constraints must be added by Lagrange’s 
technique of undetermined multipliers. From Eqs. (2) 
and (3), we have the relations 

ADs 6qij=9, 
A(X; 8gi;— LX ; 8g;;) =. 


Addition of Eqs. (10) and (11) yields 


(11) 


F=) i; dqijs(€xj+kT Inp., jtAt+aAi—A;) =0. 


But the coefficients of 6g;; must vanish separately, 
so that 


€,j+kT Inp;, ;+A+A;—A;=0. (12) 


This is the basic equation that determines the equi- 
librium transition probabilities p,,; (equilibrium values 
of the variables are denoted by a bar). 

Let us first combine Eqs. (9) and (12) to re-express the 
equilibrium free energy F per element. We obtain 


P= ij Gis(eij+hT Inp,, 5) 
Fis Gis(—A—AEAQ=—A—Li Ade LysAMs (13) 
=-). 


Equation (13) isan important simplification and permits 
us hereafter to substitute —F for the Lagrangian 
multiplier X. 

Dividing Eq. (12) by &7, taking exponentials, 
and introducing the notation A;;=exp(—e;;/kT), 
C;=exp(A;/kT) and z=exp(—F/kT) (evidently z is 
the partition function referred to an element), we have 


pij=T'A iC ;/Ci. (14) 


Summing this equation over /, rearranging factors, and 
utilizing Eq. (1), we have 


DAC: 


From 15 it follows that if there are to be nontrivial 
solutions C;, then z must be an eigenvalue and (C,) 
the corresponding eigenvector of the matrix A with 
elements A,;. To achieve the lowest possible F, z must 
evidently be the largest eigenvalue of A," and may 
thus be determined as the largest root of the secular 
equation (a polynomial of degree a) 


|A—al| =0. 


(15) 


(16) 


where I is the identity matrix. The equilibrium free 


4 For a finite number of states a, finite energies ¢;;, and a finite 
temperature 7’, all elements of the matrix A are positive definite. 
It is well known? that under these conditions a theorem of 
Frobenius guarantees that the largest eigenvalue of the matrix 
is not degenerate. 
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energy F’,, of the entire chain of n elements is then 


FP. =nF = —nkT \nz= —kT Inz". (17) 


This procedure for determining F,, is, of course, 
already familiar from the matrix method of linear 
cooperative phenomena. The present derivation differs 
from those previously given? however, in that it is 
essentially based on Eq. (7) and not on the partition 
function. A review that discusses applications of Eqs. 
(16) and (17) to physical problems has been given by 
Newell and Montroll.® 


C. Statistical Structure of the Chain 


Whereas the eigenvalue z suffices to determine the 
free energy F’, we see from Eq. (14) that the determina- 
tion of p;,; requires the eigenvector (C;) as well. To 
explore this connection we begin by establishing a 
general property of the sequence, namely, that in 
equilibrium it has mo directed aspect so that 4i;= ji. 
This property is then combined with the results of the 
preceding section to obtain the chain probabilities 
(Gi;’s, etc) in terms of the C;’s (and the matrix ele- 
ments 4 ;;). 


(1) Reversibility of the Sequence 


We wish to prove that in equilibrium (minimum F), 
Gij=;:. This is expected, of course, since the energy 
bonds have no directed character. It is of some interest 
to verify, however, that although the chain may be 
regarded as generated in a definite sense by the j,, ;’s it 
presents exactly the same statistical appearance when 
read backwards as forwards. 

The total probability of a bond between an i state 
and a j state, in either order, is Q;;=qi;+q,;:. But a 
fixed set of Q,;’s uniquely determined the energy 
U=3 >; Qi;¢:;. Hence it is sufficient to show that for 
any fixed set Q,;, the entropy is a maximum when 
gij=;i. (Note that fixed Q;,;’s imply that gi=} 00; Qi; is 
fixed.) For the entropy we have 


S/k=—D i; 4:3 Inpij= — Doi; Gis INGis + Di Qi Ini. 


The second sum is fixed. Calling the first sum S’, 
we wish to maximize S’ subject to the constraints 
Ai Dj Sgij=9, NED Sgii=0, and dj;(6qij+8g;:)=0. 
Taking the variation of S’, using Eq. (2), and adding 
the constraints, we obtain 


BS" = — D0 ij bqis(Ingiy HAHA; HAI +A/ HAHA ji) =0. 


The coefficients of 6g;; must vanish separately. But 
interchanging the subscripts 7 and 7 inside the paren- 
theses leaves the sum of \’s unchanged. Therefore 
Ing;;=Inqg;;, or 

Gij= Vi. (18) 
Hence the statistical structure of the chain is the same 
in either direction at equilibrium. 
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(2) Relation between the Eigenvector (C;) and 
the Equilibrium Structure of the Chain 


From Eqs. (4) and (18) it follows that 9pi, ;= 4,pj. i. 
Substituting for the transition probabilities from Eq. 
(14), we obtain 9,/9;=C?2/C?. Hence, if the eigenvector 
is normalized to unit length, the probability q, of the ith 
state is just equal to the square of the corresponding 
component of the eigenvector, that is, 


qi=C?. (19) 


Combining Eq. (19) with Eqs. (4) and (14), we have 
for the binary probability the expression 


qij= Qji=27A foL;. (20) 


Equation (19) has been given by several authors.?~*” 
Equation (20), which describes the correlations present 
in the chain, is essentially equivalent to results obtained 
by a different method by Ashkin and Lamb.” 

From Eqs. (5), (19), and (20) any question concern- 
ing the statistical structure of the chain may in principle 
be answered in terms of z and (C;). For example it may 
be shown‘ from matrix theory that all components C; 
must be positive definite (cannot vanish). It then 
follows from Eqs. (5), (14), (19), and (20) that at 
finite temperatures there is a finite probability of 
occurrence for every possible finite sequence of states. 
From this fact it is intuitively clear that the states of 
widely separated elements will be statistically inde- 
pendent. This supposition may be confirmed by calcu- 
lating long-range correlation coefficients from Eqs. (5), 
(19), and (20), a procedure that gives results equivalent 
to those obtained by Ashkin. and Lamb” from a study 
of the partition function. These authors also discuss the 
significance of long-range correlations for various 
physical problems, e.g., order-disorder, Ising ferro- 
magnetism, etc. 


IV. CONDITIONS FOR THE VALIDITY OF THE 
NORMALIZED BOLTZMANN FACTOR EX- 
PRESSION FOR THE TRANSITION 
PROBABILITY 


Special cases of the linear cooperative problem have 
been discussed by several authors*:* from the point of 
view of a Markoff process. It has been assumed in 
these cases that the transition probabilities are given by 
normalized Boltzmann factors of the type 


Us; +0; Uj +0; 
ps =exp(—“ ‘) [= exp(—~ ). (21) 
kT i kT 


The energy “;;+2; appearing in the exponential is the 
energy required to add an element in the state 7 to the 
tip of a chain that ends with an element in the state 7. 
Actually Eq. (21) is not true in general and in 
particular does not hold for many of the cases to which 
it has been applied, (e.g., infinite Ising strips two or 


# J, Ashkin and W. E. Lamb, Jr., Phys. Rev. 64, 159 (1943). 
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more atoms wide). It is therefore of considerable 
interest that we establish the conditions under which 
Eq. (21) is valid. To accomplish this let us substitute 
Eq. (21) into Eq. (12). Rearranging terms and denoting 
the denominator of Eq. (21) by Dj, we have 


$0; +A;—kT InD;— FP =40;+),; for all i and j. 


Since each side is a function of a distinct index it must 
be independent of its index. Thus, subtracting the right- 
hand side from both sides, we obtain 


F=—kT \nD; for all i. 


(22) 


(23) 


This can be true only if D, is independent of 7, that is, if 


U1j;+0; 
> exp(— *) = 
i kT 


Us ;+0; 
po“) 
i k 


Furthermore we are only interested in the case in which 
Eq. (24) is an identity in T, so that the same terms 
must occur in various orders in every sum of Eq. (24). 
When this is the case, the free energy per particle F is 
given by Eq. (23) and furthermore it may be seen from 
Eqs. (4) and (19) that @; and gj; are given by the 
relations 

gi=exp(—v,/kT)/>: exp(—v,/kT), (25) 
and 


VU; +0; 
qe 
kT 
V+; +0; 


3 exp(—" — 
iy kT 


(26) 


Equation (24) is trivially true when the elements are 
independent so that «;;=0. When interaction is present, 
however, Eq. (24) will usually not be true and Eqs. (21), 
(23), (25), and (27) will not apply. The more general 
relations given by Eqs. (14), (19), and (20) must then 
be used. The reason for the complication in the general 
case may be pictured as follows: starting from any 
given state 7, there will be a preference to select a state 7 
which not only requires a low energy of addition 
u;;+v;, but which on the average results in a low 
energy of addition for all the states that may follow 
it in turn. 

It is easy to see that Eq. (24) cannot be valid for an 
infinite Ising strip greater than one ‘atom wide (nor for 
an Ising chain in the presence of a magnetic field). The 
probability considerations in the derivation by Kramers 
and Wannier® of secular Eq. (16) for an Ising strip are 
based on a normalized Boltzmann factor for p;,; as 
given by Eq. (21) and therefore appear to be erroneous. 
The same difficulty occurs in their probability analysis 
of the screw boundary condition. The reason they 
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obtain the correct secular equation in spite of using 
Boltzmann factors for the ,, ;’s seems to be because of 
a compensating error which amounts to factoring 
the normalizing coefficient D; (p and d in their notation) 
out of a summation though it is not a constant. They 
do, however, give a demonstration, independent of 
probability arguments, that the eigenvalue z occurring 
in Eq. (15) is the mth root of the partition function for 
the entire chain (asn— @), 

Newell and Montroll® have discussed the representa- 
tion of the Ising problem as a Markoff process but unfor- 
tunately also use the inappropriate expression given by 
Eq. (21) for the transition probabilities. The essential 
feature of their discussion remains intact, however, 
because it depends on two propositions that remain valid 
for the correct ;, ;’s, namely the following: all p;, ;’s are 
positive definite at finite temperatures and for a finite 
number of states a (already mentioned to be demonstra- 
ble); the eigenvalues of A and of #;,; considered as a 
matrix are proportional (proven in Appendix I). 


V. CONTINUOUS CASE 


In the preceding sections, the state of an element was 
specified by a discrete index. Formal extension of the 
treatment is easily made to the case in which the state 
of an element must be specified by a continuous variable. 
It suffices merely to replace indices by continuous 
variables, to reinterpret probabilities as probability 
densities, and to replace summations by integrals. 
Since the derivations are quite analogous, we will 
restrict the presentation to illustrative definitions and 
to the essential results. 

Let g(x)dx be the probability that an element selected 
at random is in the range of states corresponding the 
interval x to x+dx. In exactly the same manner we may 
define the quantities g(x,y) and p(x/y) corresponding 
to the discrete case. They will obey relations analogous 
to Eqs. (1-4). 

Let (x,y) =}0(x)+u(x,y)+ 30(y), where v(x) is the 
energy of an element in the stz omg x and u(x,y)=u(y,x) 
is the interaction energy between two adjacent elements 
in the states « and y, respectively. Then, if an expression 
for the free energy exactly analogous to Eq. (9) is 
minimized, the equilibrium transition probabilities are 
found to be 

p(x/y)=21A (x,y)C(y)/C(x), (27) 
where 
A (x,y) =expl — (x,y) /RT ], 


and where z=exp(—F'/kT) and C(x) are, respectively, 
the largest eigenvalue and the corresponding eigen- 
function of the integral equation 


fa (x,y)C(y)dy=s2C (x), 


(28) 
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whose kernel is symmetric. As before, if C(«) is normal- 
ized, then 


§ (x) =C2(x) (29) 


and 


“14 (x,y)C(x)C(y). (30) 


Equation (28) has been obtained by Montroll’ who 
used a different approach than that given above. 

Finally, in special cases the transition probabilities are 
given by normalized Boltzmann factors, namely by 
the expression 


u(x,y)+v(y) 
p(x/y) =e —)/ 
u(x y)+r(y) 
ef 1 ~ Jay, (31) 


The condition for Eq. (31) to be true corresponds to 


Eq. (24), namely 


J (-" = a T). (32) 
exp ‘ ¢ “ 
I + ly= f( 


That is, the integral must be independent of x. When 
this is so, then in addition to Eq. (31), results exactly 
analogous to Eqs. (25) and (26) are also valid. 
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APPENDIX I 


We wish to prove that p;,; considered as a matrix 
has eigenvalues (for eigenvectors on the left) propor- 
tional to those of the matrix A. Let k, be the sth eigen- 
value and x,(7) the 7th component of the corresponding 
eigenvector of the matrix j,, ;. Using Eq. (14), we have 


-_ X,(t2) 
> x.(4) pi, ;= a s 


x,(1) %.(4) 
(2) aren() 
. Ca C; 


Since A is symmetric, it follows that the eigenvectors 
x,(i) and the corresponding eigenvalues k, are deter- 
mined by the relations x,(i)/C;=V,(i), and 2k,=y,. 
Therefore the eigenvalues of j;, ; (for eigenvectors on the 
left) are equal to 2 times the eigenvalues of A. 


C ;=k,.x.(7), 
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Kinetic Equation for a Plasma with Unsteady Correlations* 
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As a generalization of the Boltzmann equation, the kinetic-me-square of velocity for fast particles. This tendency of the fast 


equation for a plasma is derived in the form of a generalized 
Fokker-Planck equation, by considering unsteady correlations, 
including non-Markovian and nonlinear behavior. Both the 
binary and ternary correlations are used for many kinds of par- 
ticles with different temperatures. The coefficients of the kinetic 
equation depend on the law of interaction for a pair of particles 
and are influenced by relaxation. The effective potential of fric- 
tion consists of two parts: the static part corresponds to the 
Debye potential and is isotropic, the dynamical part is axially 
symmetrical about the direction of motion, and causes a dynamical 
friction. The results show that the friction is proportional to 
velocity for slow particles, and inversely proportional to the 


I. INTRODUCTION 


HE object of the present paper is to develop a 
method leading to a kinetic equation for a system 
of charged particles, interacting according to the Cou- 
lomb law. As a result, friction and diffusion of particles 
enter into the equation in explicit form. The essential 
features and also the principal difficulties of the problem 
are: (a) long-range phenomena, (b) nonlinear behavior, 
and (c) non-Markovian behavior. The complicated 
dynamical process is necessarily of a stochastic nature. 
The Boltzmann equation is one method of representing 
the latter, but it is not generally adequate when long 
range forces are involved. Moreover, the nonlinear be- 
havior is expressed in a complicated integral form, so 
that linearization is necessary in applications. 

The Fokker-Planck equation evades this mathe- 
matical difficulty by incorporating the essential non- 
linear behavior simply into the coefficients of the equa- 
tion. Such an equation is suitable for application to 
long-range forces. The problem of treating particles 
undergoing numerous weak deflections was originally 
encountered in Brownian motion of large molecules 
which are thermally agitated by the smaller field mole- 
cules. Originally the Fokker-Planck equation was de- 
rived for this purpose, and was formulated for a dis- 
tribution function at a given instant of time.!? Later it 
was extended by Kolmogoroff,’ Tchen,* and Chandra- 
sekhar® for a transition function at two instants of 
time. However, the process was Markovian which im- 
plies dependence of the future on the present, but not 

* Supported partially by the Office of Scientific Research. 

1A. D. Fokker, Ann. Physik 43, 812 (1941); also Arch. néerl. 
sci. 4, 379 (1918). 

2M. Planck, Sitzber. preuss. Akad. Wiss. Physik.-math. K1., p. 
324 (1917). 

3A. Kolmogorofi, Math. Ann. 104, 415 (1931). 

4C. M. Tchen, Verslag. Gewone Vergader. Afdeel. Natuurk. 
Konikl. Ned. Akad. Wetenschap., 53, 400-410 (1944) ; also Mean 
Value and Correlation Problems Connected with the Motion of Small 
Particles, thesis, Delft, 1947 (Martinus Nijhoff Publisher, The 
Hague, Netherlands). 

5S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 


particles to overcome repulsion is a property connected with the 
“run-away” of electrons. A criterion for maximum friction is de- 
rived. The triplet interaction, which mainly affects the shielding 
phenomena, assures the convergence of the coefficients in case of 
distant interaction. Since the length scales of interaction are well 
determined in this way, the kinetic equation can be expected to 
be valid over a longer range than does the Boltzmann equation. 
The large scale agrees with the Debye radius, when the shielding 
term is linearized, as should be expected. When time relaxation is 
left aside and linearization is made, the kinetic equation degener- 
ates to the classical Fokker-Planck equation with convergent 
coefficients. 


on the past. Further, since their approach was phe- 
nomenological, the coefficients could not be determined 
explicitly. 

In order to determine the coefficients, some dynamical 
behavior must be considered. Early successful attempts 
concerning the dynamics of a plasma introduced the 
collision concept by means of the Boltzmann equation.®.7 

The use of the integrated Liouville equation by 
Gasiorowicz, Neuman, and Riddell* opened up a broad 
basic method for treating the dynamical behavior of a 
plasma. A generalization including nonuniform dis- 
tributions of test and field particles can be effected, and 
it forms the essential scheme of the problem of general- 
izing the Boltzmann equation into a form suitable for 
application to a plasma. Recently the method of 
Bogoliubov® has been frequently recommended for this 
purpose. Following Bogoliubov’s method, Tolmachev” 
introduced a chain of linked distributions at different in- 
stants, and derived the corresponding Fokker-Planck 
equation. The results were divergent at extreme dis- 
tances of interaction. Temko™ made use of a ternary 
correlation, thus introducing sufficient nonlinearity to 
insure convergence at large distances. However, two 
different expressions for ternary correlations were 
necessary, which were inconsistent from the point of 
view of symmetry: thus the results imply an unjustifi- 
able asymmetry in the polarization effect. At close 
interaction, the latter method still involved divergence, 
which must be eliminated by a somewhat arbitrary 
cutoff. 

® Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 (1957). 

7 Cohen, Spitzer, and McRoutly, Phys. Rev. 80, 230 (1950). 

— Neuman, and Riddell, Phys. Rev. 101, 922 
“ N. Bogoliubov, J. Phys. U.S.S.R. 10, 265 (1946) ; also Problems 
of Dynamical Theory in Statistical Physics (State Technical Press, 
1997 1946) [translation by E. K. Gora, Providence College, 
VY. Tolmachev, Doklady Akad. Nauk S.S.S.R. 113, 301 
(1957) [translation: Soviet Phys. Doklady 2, 85 (1957)]. 

1S, V. Temko, J. Exptl. Theoret. Phys. U.S.S.R. 31, 1021 
(1956) [translation: Soviet Phys. JETP 4, 898 (1957) ]. 
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As mentioned earlier, the classical Fokker-Planck 
equation is based on the Markovian process. For a 
plasma this condition is usually not met, so that the 
interaction will depend not only on the distribution 
functions, but also on the evolution of correlations in 
time and space. In the present paper a method for 
deriving a kinetic equation is developed, which is more 
general than the Boltzmann equation. Under certain 
circumstances, the resulting kinetic equation can be 
written in the form of a generalized Fokker-Planck 
equation, involving time derivatives of higher orders in 
the distribution functions. These derivatives account 
for the non-Markovian behavior. The coefficients are 
found in explicit form. The convergence at large dis- 
tances follows automatically, as a result of the internal 
interaction mechanism itself. 

In Sec. II the Liouville equation is integrated. The 
binary and ternary correlations are discussed in Sec. 
ITI. In Sec. IV the equation of correlation is integrated, 
which leads to the appearance of the time effect, im- 
portant in describing the non-Markovian behavior. To 
solve the equation thus obtained, the Fourier trans- 
formation is applied, and various transport functions 
are investigated (Sec. V). After some simplifications, the 
kinetic equation and the generalized Fokker-Planck 
equation are obtained (Sec. VI), in a form which permits 
the calculation of the dynamical friction, the friction 
potential, and the diffusion in explicit form (Sec. 
VII-X). 

The development shows that the nonlinear behavior 
occurs both in the distribution function and in the 
shielding phenomena, respectively, as a consequence of 
binary and ternary interactions. 


II. DERIVATION OF B-B-G-K-Y EQUATION 


The B-B-G-K-Y equation is the integrated form of 
the Liouville equation. Although it has been derived by 
various authors (Bogoliubov, Born, Green, Kirkwood, 
and Yvon), it is rederived in the present section. This 
will give at the same time an opportunity of discussing 
the mechanism giving rise to the nonlinear behavior. 

Let D(t,x:,---,Xv) be the distribution function for 
the dynamical states of the whole system of V particles, 
where ¢ is the time, and x;= (q;,p;) are the coordinates 
in phase space (position and momentum) of the par- 
ticle 7. D is obtained by taking the usual statistical 
average over the initial states of the system.” The 
fundamental equation which determines the behavior 
of the dynamical system in phase space may be written 
as the Liouville equation 


dD/at=(H; D], (1) 


where [ --- ] are the Poisson brackets: 


OH 0D OH AD 


[H;D]= > —-——F. 
1<i<N Og: Op; Op; O4q: 
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Here and in the following, 0/dq, 0/dp, and dp represent 
gradq, grady, and volume element in momentum space, 
according to the notation often adopted in the litera- 
ture.” In the following the indicial notation will also 
be used, when it appears to be more convenient. H is 
the Hamiltonian representing the sum of the energies 
of the individual particles and of the potentials of pair 
interaction: 


$i;=%(| ai—q;| k 


en I+ 3 


1<i<j<Nn 


H= > 


1<i<n 12m; 


Pij, 


where U;=U(q;) is the external potential arising from 
an external force or wall effect, and m;, is the mass of 
particle 7. 

With these definitions, Eq. (1) can be written as 
follows: 


oD p; 0D ou, aD 0¢;; OD 
reestte Fo iets: GE cals: SE? masses, 
OL 1<i<N m; OQ; 1<i<N OQ; OP; 1<i<i<N OQ; OD; 
In this form the significance of the Liouville equation 
is to determine the transport of D in time and space, the 
external force —dU;/dq; acting on each individual par- 
ticle “7,” while the internal interaction takes place be- 
tween all possible pairs 7, 7, with a prescribed potential 
¢i;. Since D is a probability, it is normalized to unity: 


fon [rere deyat, 


Here and in the following, the integration extends over 
the whole available domain of the phase space. 
Sometimes it is useful to study the motion not of all 
the V particles contained in the volume V, but of a set 
of s particles; we therefore introduce the distribution 


function F,(t,x:,-+:,X,), such that 


1 
—F,(t,x1,-++,X,)dX1°--dx, 
Vs 


= (dxX,:° dxf . » [Dx, ++ Xy)dXg41° °° dXy 


is the probability that the dynamical state of the group 
of s particles be located in dx, ---, dx,, respectively, 
regardless of the dynamical states of the remainder set 
of N—s particles s+1, ---, V. The differential equation 
determining F, can be obtained by integrating Eq. (1) 
with respect to dX,41°-:dxy, and multiplying by V* 


122$, Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 1939 
and 1952), Chap. I. 
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Simplifications can be made by the use of the following 
relations : 


f [H(x,); D]dx;=0, (2a) 


f [toss D \dx,dx;=0, 


is the Hamiltonian for the individual 


(2b) 


where H(x,) 
particles: 

(x;)= p2/2m;+ U(q:). 
Writing Eq. (1) in the form 


aD 
—= > 


Ot 1<i<N 


[H(x);D]+ YX [os;D], 


1<i<j<Nn 


and integrating with respect to dx,,:---dxy, we obtain 


1 OF. 
: ef. f [H(x,); D]dxs41---dxn 
1<i<N 
f- 2 fee D \dx441° -dXn 
¥ 2. N 
x f- » [tacx) ; D \dx,, to --dXy 
l<t<s 
f-  ftacx); D)dx,.41°- -dXn 
¥ eey 
yf. 2 fee D )dx,41°- -dXy 
"a c7<e 
f- mf D \dX441°° 
yee 
eS a ice D jdx,41---dxy. (3) 


On the ran: side, the second and fourth terms 
vanish, because of Eq. (2). The first and third terms 
can be combined to give 


x f- - fies); D \dx441- + -dxy 
l<i<e 
y f- +f Co); Dldxay dx 
l<i< <<a 


CX A(x,)+ 


l<ics 


DL bij; D]dxs41°- 


l<cicics 


=C 2X A(x)+ LD oy; F,/V"). 


l<ic<s l<i<ices 


. dxy 
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Because of the symmetry of D with respect to xi, - - 
the last term of Eq. (3) can be written as follows: 


f- me D)dx,41°° -dXn 
Pe 


s+i< <I<N 


=(N-s) X fo [loess DMxvndnae 
l<i<s 


ee 


*, XN 


> Ld, s+1} 


V i<i<s 


Fyyi/V* \dxe41, 


and represents the nonlinear behavior. Hence we find 


OF, N-s 
-=(H,; aes 7 ($i, 0413 Fyy1 |dX541, 


ot / 1<i<s 


(4) 


with 
H,= > HA(x)+ Dd oy. 


l<i<s l<i<j<s 
In the special case of s=1, we have 


_ OH, OF, dH OF, 


~ aq: “ap: Opi Oq1 


OF, 


at 


[= OF, Obi2 OF, q 


Oqi Op: Opi, OQ: 


and for s=2, 


OF» 
=[H(x1)+A(x2)+¢1; Fe] 
ot 
N—2 
Z [$i3; F; ]dx;. 


1<ig2 


(6) 


In the following we shall need Eqs. (5) and (6) only. 
Thus we shall not consider equations for correlations of 
higher order. 


Ill. SYMMETRICAL RELATION FOR 
TERNARY CORRELATIONS 


The integrated Liouville equations (5) and (6) can 
be extended to describe a mixture of particles of dif- 
ferent kinds totalling NV particles. The different kinds 
are distinguished by subscripts a, b,c, etc. We shall 
thus change the notations for the distribution function 
and the correlation functions, in such a way that the 
distribution function of a single particle belonging to a 
group will be denoted by Fa, Fs, etc., with a single sub- 
script. This is to replace the symbol F; used in Eqs. (5) 
and (6). The binary correlation function for a pair of 
particles belonging to @ and 6 will be denoted by Faz, 
and the ternary correlation function for three particles 
by Fasc, in the place of F2 and F; used in Eqs. (5) and 
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(6). Thus we have 
OF, 0H, OF, OH, OF, 


Ot Oa OPa OPa Ia 


Obab OF a 
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Oa OPa 
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Pa 
H.=——+U (a2), 
OF ab 
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at ODa Op 
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Op, 


OH, OF w 


OPa IQa aay 
Ive OF ave 
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where JN, is the number of particles of kind @ with mass 
m, and charge é,, etc. The summation with respect to } 
in Eq. (7) covers all kinds of particles, including b= a. 
The same is true with the summation in Eq. (8). Thus 
¢aa is the interaction potential of a pair of particles of 
the same kind a. 

If the volume of the vessel is large, and the region 
considered is far from the walls, the distribution func- 
tions can be taken as spatially homogeneous; i.e., 
F,(t,pa), Fo(t,po), and F.(t,p.) do not depend on the 
coordinates qa, qs, and q,. Only the differences of 
the coordinates enter into the correlation functions 
F qv (t,Pa,Po,4a— qv), etc. Under these circumstances the 
system of Eqs. (7) and (8) becomes simply 


Oban OF a 

i ee 
OPa 

Hy OF wb 


aps Oqn 


_9as OF as 


Oe Opa 


| 9bac OF ave Ibbe OF pac ; 
+z =f fea —:——+— . (10) 
| dq. Opa OQ Ops 


par OF ab 


Oqn 


OF OH, OF a 
Ot Opa 8a. 


In Eqs. (9) and (10) we have taken U,=0, so that 
0H .,/dqa=9, and similarly 0H,/dq,=90 

F» may depend on qa—qp in an arbitrary way, ac- 
cording to the relative velocity between the pair of 
particles. 

We can write 


qo) =F, (t,Pa)F'o(t,Po) 
+F a’ (t;Pa,Po,4a— qn). 


F ao(t,Pa,Ps,4a— 
(11) 
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The Maxwellian distributions will be denoted by F,°, 
F;°, etc. Equation (11) may be considered as the defini- 
tion of Fas’, which vanishes asymptotically, when the dis- 
tance between the pair of particles increases indefinitely. 

After substitution of Eq. (11), we can rewrite Eqs. 
(9) and (10) as follows 


OF, Oban O Fy’ 
~ a =f fevae- em 
dF av’ d 


=—(Fa—F,F;) 
dt dt 


(12) 


_ 9a O(F, i), Othe 0(F Fs) 


Obac O 
dq4p- aerial 5 (Fate— FoFac) 
OGa OPa 


Oboe 0 
+E eS fea —(Frac— FaF re) 
OP, 


Ohad OF 
4 — 


Ne 
i ey 
V 


Ibo oF a 


+— -, (13) 
Oa Opa Og» ap 
where 

0 ) Po a) 

hs _ 

Ol Ma 4c 


mM» as 


It is to be noted that the product F,/; on the right-hand 
side of Eq. (11) does not contribute to Eqs. (9) and 
(12), since 


fe Obar/OQa =(), 


In the integral term of Eq. (13), 
from 0(F,F»)/dt and Eq. (9). 

As is usual with nonlinear dynamical systems, the 
equation for the distribution function cannot be solved 
independently, a solution requiring a knowledge of the 
binary correlation function, which in turn is determined 
by an equation involving ternary correlations, and so 
forth. 
minate by the use of the following symmetrical relation 


F,F,, and FF», arise 


Here the system of equations is made deter- 


for the ternary correlation function: 


Fap ” ae FF oct FP ca + F Fab = QF oF oF - ( 1 4) 


For weak interaction (small @), relation (14) is de- 
rived from Eq. (4) by means of an expansion in powers 
of a small parameter. The derivation of relation (14) 
and its generalization are given in Appendix A. 


With the use of relation (14), the two integral terms 
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in Eq. (13) can be replaced by 


0 
z- =f feate. —-——(F Fy.-t+F oF a— 2F oF oF.) 


Oa OPa 


t Le. Sf feae —se ° RE et F, F.— 
c 0 qe ‘on 
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Opa V Oa 
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| | en 
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-F,,' 
= b 


2F,F oF.) 


Oa 


rf fia dp. 


Here we have omitted terms containing Ff, which do 
not contribute to the integrals, since 


faa 0ba-/0Qa=0 fea. Og»-/0Q,=0. 


When such a substitution is made, Eqs. (12) and 


Oar OF - 
Ef fear ~ . 
OGa ape 


re) Pp ¢@ Obar OF 4 : Obra OF, , 
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My Op OQa OPa OQ, OP» 


Obde 
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-_ OQ» 


(13) 


become 


(15) 


OGa 


Ne I ac 
2° f faa. —F. 

e V Oqa 

: Ode 
- 5 > f faa i Ae a “Fee! 


Adar OF av’ Iba OF ay’ 
monies + ———, (16) 
Oda OPa OG, Op, 
Equation (16) differs from that of Bogoliubov-Temko, 
where the last two terms are missing. Equations (15) 
and (16) serve as basis for the dynamical theory of the 
plasma and the derivation of the kinetic equation. It is 
to be noted that the right-hand side of Eq. (16) con- 
sists of three pairs of terms. The first pair is responsible 
for the main structure in the form of the Fokker- 
Planck equation. The second pair (nonlinear terms) 
controls large distances, and therefore the shielding 
phenomena. Finally the last pair, governed by the dis- 
turbance F,»’, refers to small distances. 


TCHEN 


IV. INTEGRATION OF THE CORRELATION EQUATION 


The procedure to be used is to integrate the correla- 
tion Eq. (16) for Fa’. Then a simple substitution into 
Eq. (15) will give the kinetic equation for F., in the 
form of a generalized Fokker-Planck equation. 

When we consider the right-hand side of Eq. (16), 
represented by G(t, @a—», Pa,Ps), as provisionally 
given, Eq. (16) can be formally integrated along its 
characteristics which are given by 


dq./dt=pa/ma; dq./dt=p,/m; dp./dt=dp,/dt= 
The integral is 


Fw’ (1, Ga— 4, Pa,P) 


i—to 
S f dr G(t—, a— Qu— 87, Pa, Po) 


0 
+ Fas'[to, da— Qo— 8(t—to) }, 


where 

£= (pa/ma)— (p,/my) =relative velocity. 
Except for the case of g=0, the initial correlation can 
be made to vanish at to=— &, since the pair of particles 
a and b will be independent of each other when their 
distance is large enough. Thus we have a weakening of 
correlations toward the infinite past, 


F ap'[to,Qe— Qu— £(1— ty) J=0 


Hence we obtain: 


for fb$=—®. 


oe 


Fa 14 QPoP)= | dr G(t— 7,Qa— Qo— 87, Pa, Po), 


0 


or, when G is written out in its full form, 
F ay’ (t,Pa,;Po,Qa— 4) 
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Og» Op, 
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denotes that the variables ¢, qa, q» 
brackets are to be replaced by !—7, qa— 

— (p,/m»)r, respectively. 

One may ask where the irreversibility character of the 
problem comes in, since the Liouville equation, which 
has been used as a starting point, is a theorem taken 
from classical mechanics which therefore represents a 
reversible relation. The problem of the origin of irre- 


where 


Pa/™a)T,Qb—(Pb/ mb) Tt 


between the 
(pa/ma)T, and 
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versibility is a general problem in statistical mechanics, 
and that it has been studied by authors as Kac, Uhlen- 
beck, etc., to whom one would refer for a deeper 
analysis. It can be observed, however, that in the 
present treatment irreversibility is introduced in the 
integration of the correlation function with respect to 
the time in Eq. (17). Here it has been supposed that 
the initial value of F.,’ is zero for y= — ®, as shown 
above. Mathematically it would be possible just as 
well to write the integral in a different form with an 
integration constant /’g,’(¢c) referring to an instant to 
in the future. However, we do not assume with equal 
confidence that F4,’ goes to zero when / tends to +~, 
as our habitual method of reasoning assumes that cor- 
relation is brought about by what has happened since 
some past, and not that correlation is beforehand ar- 
ranged in such a way that it will automatically dis- 
appear in the future. 

Such a condition of the weakening of correlation in 
the infinite past must be distinguished from the condi- 
tion of the weakening of correlation at large distances. 
The latter condition is needed in formulating the de- 
generation of correlations, see Eq. (14) and Appendix A. 


V. TRANSPORT FUNCTIONS 
In order to analyze the correlation function, we use 
the Fourier integral representation 
+n 


sang) =eats f dv exp(iv-q) VY (v), 


—o 


+0 
F' (q) = eats dv exp(iv * q)Zas(v) 


va 


which has the advantage of contracting the various dis- 
tances of different kind of particles in one single vari- 
able v. Then Eqs. (15) and (17) take the following forms 
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Here the repeated index /4 denotes a summation. Since 
Za» is the Fourier transform of Fay’, and Za,!!, Z,,!!! 
involve Za», etc., Eq. (18b) can be considered as an 
integral indicial equation. 

On the right-hand side of Eq. (18b), there are 3 
transport terms, each consisting of two parts. The term 
Z,»' is called convection function in momentum space. 
Representing a transport of correlation by pair inter- 
action, it causes two fluxes: a flux of diffusion along the 
momentum of the test particle itself, and a flux pro- 
ducing a friction. These two fluxes represent the main 
structure of the Fokker-Planck equation. The term 
Za»! is a shiz ding function. It arises from the cross- 
interaction of a pair of particles with a third one. It 
represents the nonlin: ar behavior due to the coopera- 
tion of the third ones i1. overcoming the friction. Finally 
the term Z,,!'" is a secondary convection associated 
with disturbnaces in correlation. 

In order to calculate the correlation function and to 
derive the kinetic equation from Eqs. (18a) and (18b), 
we shall investigate the three transport functions. In 
doing so, it is convenient to introduce some new nota- 
tions, as follows 


Cc 
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OPah Opon 
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where « is the wave number of Debye shielding, i.e., 
the product of the reciprocal of the Debye radius with 
2x; Yoand Y, are the Fourier transforms of the Coulomb 
potential 1/g and of the Debye potential g~' exp(—xq), 
respectively, while Y denotes the Fourier transform of 
an arbitrary potential. In &,(/—7), t—7r holds for 
F(t—r, pa) and F,(t—7, po). 

We shall calculate the transport functions in two 
forms: (19a) and 


» Mies f Za!dy, etc. (19b) 
b 


The latter form is useful in the calculation of dF ,/dt by 
means of Eq. (18a). 

In principle the procedure is to solve first Z,» from 
Eq. (18b). Then a substitution of the solution into Eq. 
(18a) will give the kinetic equation. In view of the 
special form of the right-hand side of Eq. (18a), it 
appears simpler to solve not for Z,, but for Aq, which is 


Ac=>d. Noes? f Z avd Po. 
b 


Before going to this end, it is necessary to simplify the 
transport functions as defined by Eqs. (19a). The de- 
tails of the transformations will be given in Appendix B. 
They amount to reduce Z,, of Eqs. (19a) into Za», and 
to localize the time dependence in the singlet distribu- 
tions, in lieu of Z,,. In the notations of Eqs. (20), the 
results of transformations of Eqs. (19a) are 
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When Eqs. (21) are integrated with respect to pz, 
multiplied by Nye”, and summed over b, we can write 
the transport functions in the forms 


} Hi ues f Z'dp=i¥ oD Noer7C, (22a) 
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> Noe f Zas!"dp= = (v/v*)Aa, (22c) 
b 


where v* is a wave number of the order of the reciprocal 

of the Landau parameter e?/kT, or “molecular diam- 

eter,” or mean distance of closest approach. More 

rigorously it depends on singlet distributions. Its origin 

and the difficulties involved are indicated in Appendix B. 
The sum of Eqs. (22a), (22b), and (22c) yields 


A a iY > Nve2C 
b 
+ (2n)®V-4V SNver(C/Fa)Aa— (v/r*)Ag. (22d) 
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On solving for Aq, we obtain 


A= Nev He=iV As > NrevC, (23a) 
b b 


where 
Aa=A(Fa) 
=1—(29)}V-4Y So NvevPC/Fat(v/r*). (23b) 
b 
A, is the shielding function. When the Coulomb po- 
tential is considered, 
Y= Yo= (2r’*y*)1, 


and when the singlet distribution is linearized to be 
Maxwellian F,=F,°, Eq. (23b) reduces to 


Kop 
Ao= A(F,°) = Poy ms 


v Vv 


(23c) 


It is to be noted that, after such a linearization, the 
shielding function (23c) determines the long-distance 
cutoff at the Debye length and the short-distance 
cutoff at the Landau parameter 1/»*. 


VI. KINETIC EQUATION AND GENERALIZED 
FOKKER-PLANCK EQUATION 


The knowledge of A, found in Eq. (23a) enables us 
to calculate F, from Eq. (18a), which can be rewritten 
as follows: 


OF , (2r)> @ ‘ 
——— sa | fe iV ()AeltsPao) | (24) 
at Ve sOPa 


It is to be remarked that, according to the integral on 
the right-hand side of Eq. (24), only odd values of 
Aa(v) may contribute to Fa, since Y(v) is necessarily 
even. Thus in the following the odd terms will be care- 
fully distinguished from the even ones. Such a screening 
against the even part in Aq has the effect of selecting 
the real values of the collision integral, so that any 
periodicity must be ruled out in the distribution 
function. 
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After substitution for A., we obtain from Eq. (24) 
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Since the right-hand side of Eq. (25) consists of two 
terms in the first and the second derivatives of F, with 
respect to pa, Eq. (25) takes the shape of the Fokker- 
Planck equation. The coefficients before the two deriva- 
tives determine the friction and the diffusion. These 
coefficients involve time integrations of the past history 
of the distribution functions, with the ““memory” kernel 
depending on relative velocities and distances between 
particles. 

If the distribution F,({—7) varies slowly with time, 
a series development is permissible which reduces Eq. 
(25) to the following differential equation: 
OF, 0 


2 Oo" 
=] ¥ [Ada FoF] 
dt APax br at" 


0 {[# OT 
> “Bia! 
r=0 Ot" 
The values of the coefficients are: 


(27)? 
sll aan Ta fo vivn¥?(v) 


XX Noev’Bn'?(Fo)/Aa, 
b 


OF, 
1 . (26) 
OPah 


OPak 


(27a) 
(2x)? 
By” (Aa, Fo) = es fa vevn¥(v) 
V 
Xd Noev?B"”(Fo)/Aa, 
6 


where 


le oF b 
By ( Po) - fia fap exp(—iv- $r)— 
r! Ion 


op’) 
at :  #¥ 
OPah 


(>? 
BOF o-f dr f dps exp( —iv: $r)——_F,. 


(27b) 
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The terms contributed by r#0 represent the non- 
Markovian behavior. 

Since the integrated Liouville equations (7) and (8), 
from which the kinetic equation is derived in the forms 
(25) or (26), are nonlinear, the latter is generally ex- 
pected to be nonlinear too. This is seen from the de- 
pendence of A, on F,, and from the dependence of the 
coefficients A, B on F,, through the summation over all 
particles including the kind a. However, no significant 
difference can be expected, when the nonequilibrium 
distribution in A, is replaced by an equilibrium dis- 
tribution, since the long range interaction is represented 
by the summation term in Eq. (25), and each term of 
the sum is a small deviation from the Maxwellian dis- 
tribution only. 

Moreover, in the kinetic Eq. (26), the particle a may 
be considered as a test particle, the motion of which is 
nonstationary. It is embedded in a cloud of other par- 
ticles 6 (field particles), which interact with each other 
and with a. For the same reason, we shall assume that 
the field particles are in equilibrium with a distribution 
F,=F,°, and shall investigate the motion of the test 
particle belonging to the plasma. As a consequence, 
Eqs. (25) and (26) become linearized. 

Furthermore, if we confine ourselves to the terms 
with r=0, by neglecting the non-Markovian behavior, 
Eq. (26) degenerates into the following classical Fokker- 
Planck equation: 


OF , 0 
— = ——{A,"(Ao Fs) Fa} 
at O Pak 


oF. 
Bun®(Ao,Fo?)— . (28) 


Equations (25), (26), and (28) are different forms of 
the fundamental kinetic equation for a plasma. Equa- 
tion (25) is the integral form of the kinetic equation, 
while in Eq. (26) the integral form is replaced by a 
series expansion. The nonlinear behavior of Eqs. (25) 
and (26) is included in the denominator A, and in the 
coefficients. The non-Markovian behavior results from 
the relation of the distribution function F, to the 
correlation F,/;, taken at an earlier time /—7. Such a 
memory should be distributed according to the spectrum 
of the potential function by means of the factor 
exp(—iv- gr). Finally Eq. (28) is the degenerate form 
of the kinetic equation in the Fokker-Planck type, ob- 
tained by keeping only terms with r=O in the series 
expansion. The coefficients in the Fokker-Planck equa- 
tion (28) are found to depend on the law of interaction ; 
they will be calculated in Sec. VII. 

Equation (28) can also be written in the following 
form: 

OF, 
(Bur*F a) 
OpakO Par 


0 
= ———(A,*F,)+ (29a) 


al OPak 
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by introducing 
A,*=AP+OByi/Opan, 


Buy* = Buy’. (29b) 


In the following, A,* and A,° will be called, respectively, 
dynamical friction and friction by polarization; By,* or 
B,x° will be called diffusion. By taking the moment of 
Eq. (29a), the dynamical friction A,* is obtained. 


VII. COEFFICIENTS OF THE FOKKER- 
PLANCK EQUATION 


In order to study the friction and the diffusion in a 
plasma, we shall investigate the coefficients A,’ and 
B,° in the Fokker-Planck equation (28) by means of 
the Maxwellian approximation. They can be calculated 
by the use of formulas (27a), rewritten as follows 

(2r)* ; 
A,=— med fas vavnV2(v) > Noer?B,?(Fr°)/Ao, 
} b 
(30) 
(27) 


B,,°=- ea fas vv, V?(v) >> Noev?B’(Fo")/Ao, 
J b 


where 


anFa= f arf dm, exp(—itv- 
0 
avcr)= f dr fap. exp(—iv- 


With the substitution of F;,°, Eqs. (31a) become 


iv, fe” vkT, _ Pak 
BOF; y--—f dr + exp] -— pmines| 
0 


mp 2mp Ma 


vkTy Pak 
B°( FY) = f dr exp| —— _ “ial: ~,| 
Ma 


After some transformations of Eqs. (31b) and sub- 
stitution into Eqs. (30), the latter are reduced to 


OF ° 
¢)—=7- 
Opon 


ap” 
Oper : 
(31a) 


gr) Fi. 


(31b) 


2¢. 
A?~=-—— “(iT Sma Par 


* eet —s Nvev?my*( 
v®Ao b 


'T,)'U 1; (32) 


Byio= au ly 


aa, 
—(kT,) fa —— pe NiveP?m(To/T1) 
V 


T v®Ag b 
where 
U,= (x/2)) exp(—1w?/2), 
u=V2¢ cos6, 
= (mT o/mMaT +) Xa, 
COSO= panvn/ Pav. 


(33 
Ca= pa(2makT a), 
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6 is the angle between p, and v. The transformation of 
Eqs. (31b) and the intermediate calculations leading to 
Eqs. (32) are referred to Appendix C. 
Some relations connecting the two coefficients can be 
derived as follows. First, we can write the relation 
c= —2fa(pan/ Pa) Brn? ’ (34a) 
which is derived immediately from Eqs. (32) for the 
case T,4=T>,. Another relation is obtained, if Eqs. (30) 
are written in the form 
(2m) 


oT kh 
e.* ~ Nvevry 
Opar 


A= 


3 
T 
By = ce 


:. Nvev?T “khy 
b 
where 


Tinly)= | dv vgv, VB Ag 


If 7., can be represented by a power function 
Tin= Yuen”, 


where yea‘”? does not depend on the field particles 4, 
we obtain 
OB ex! K?( (y— 1) 
4 ,°= —— (34b) 
Oas K?(r) | 


This equation is valid for 7,4 7) or Ta=T>. The nota- 
tions K and K’ are defined by Eqs. (36b). 

When the masses and temperatures for the two kinds 
of particles are identical, Eq. (34b) reduces to the well- 
known relation 

A= OB," OPars 


and hence Eq. (29b) becomes 


A,*=2A,’. 


VIII. FRICTION BY POLARIZATION AND 
DYNAMICAL FRICTION 


Since the two frictions are related by simple ex- 
pressions (29b) and (34c), we shall calculate only the 
friction by polarization A,’ from the first of Eqs. (32), 
which can be rewritten as follows, after substitution for 
U’, from notation (33): 


e 2 
a 


A b= ~( kT.) j a Nien? ( my) 3 = T,)3T,, 
b 


rV mM, 


y 
(x/2)f av 


We introduce spherical coordinates with p, along the 
polar axis, and write 


Ve=V(axrx COSP+a9; Sind Cosp+az; sind sing), 


where 
KVaPak 
ga 
exp(—{* cos’#). 
y®Ag 





KINETIC BQUATION 


where ax, a2, a3, are the direction cosines of v,. Carry- 
ing out the integration with regard to ¢, one obtains 


l 
T,= (2n") pal f dz 2” exp(—{’s?). 
1 


s=cosé, 


v 


nee 
v?+x2+ y3/p* (35a) 


=In(1+ v*?/x?)$=2In (v*/x). 


The term »*/v* plays the role of a cutoff at the upper 
limit »*. Carrying out the integration with regard to z, 
we obtain 


p= — 2 ba LET, (35b) 


where 
d 
(¢— erff). 
dé 
A = $6,7( Pak ‘pa)L K2(0)1o, (36a) 
b 


where ¢ is defined by Eqs. (33), and 


4a m, Te\" 

K?7(r)=— Niee( ), 
VRT, m, Ty 

dor m,T.\" 

Niee( ) 9 
RT, m, 1» 


A2(r)=>0 Kir), K'(r)=>d Ke(r), 
b 


b b 


K,/?( r)= 


x°= K2(0), x°= K’2((). (36b) 


The wave number «x of Debye shielding was defined in 
Eqs. (20) too. 

The ratio pax/ pa indicates that the friction is opposed 
to the direction of the motion. The following asymptotic 
formulas can be used 


d 
Iy>=—(o“' erf¢) 
dé 
= — (4/3\/m)¢(1— 32°), for small ¢; 
=—0-*(1— (2/y/mn)f exp(—f’) ], for large ¢. 
Thus Eq. (36a) reduces to 
3 K*(3) | 
5 K2(3) 


for small £,, (37a) 


FOR PLASMA 


and 


Pos lta 


a 


A xo date ina he" 


) 
— $a Le Ko(—3) exp(—7*f") 
aa tall 


X 1 K3(—1)— 


for large fa. (37b) 


When the mass of electron is assumed negligible as 
compared to the mass of ion, Eq. (36a) degenerates 
into the following formula of friction for ion a. 


4nNe.” d 
A v= 5€a°(Pak/ Pa) L——_- Lage (es : erffa) 
VRla Ghe 


2m N ola! 
= (Pax/ Pa) L— 
VkT, 
(4/3\/m)fa, for small {4 
(37c) 
ta’, for large ¢«. 


Here ¢, is the dimensionless velocity defined by Eqs. 
(33). The friction for slow particles increases linearly 
with increasing velocity, as in Brownian motion, while 
the friction of fast particles decreases inversely as the 
square of the velocity. Thus the fast particles are not 
so much hindered by the plasma cloud as are the slow 
ones, a property compatible with the conditions of 
fusion. 

The maximum value of expression (37c) is deter- 
mined by the condition 


D) 


—/(f¢, 7! erff,) =0. 
dé? 
This gives 
fa=0.97. 


A criterion for maximum friction is thus obtained: The 
friction is largest, when the kinetic energy and the 
thermal energy are about equal. 


IX. FRICTIONAL POTENTIAL 
On the basis of the frictional force A,°, we introduce 
a friction potential ¥, which can be represented by the 
Fourier expansion : 
v= fas n(v) exp(tv: qa). 


We have 
A,P=— (dp /OGak Jaa =0 


=— fa n(v)iv,. 


Now according to Eqs. (C4) of Appendix C, 


A,v=— (2ne,)* fav veY*Ao! 
X {3ix?+DaLPi(— 3) — i P2(— 3) J} 
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where both odd and even terms are retained in the 
integrand, it follows that 


n(v) = —1(2meq)*V*Ag{ 3ix?+ Dal Pi(—3) —iP2(—$) }} 


y= —i(2ne,)? fas exp(iv- qa) V*Ag 


X {$ix?+ Do Pi(— 3) —7P2(—3) ]}. 
The notation D and P have been defined in Eqs. (C1). 
The friction potential can be written as a sum: 
v = vot, 
where 
to=et f av exp(1v- Qa) 2a*x?V?/Ao (38a) 


is independent of velocity and is the equilibrium po- 
tential, while 


"i= died fas exp(iv: Qa)2m*V*Ao"D, 


<[Pi(—3)—iP2(—3)]  (38b) 


depends on the velocity and is thus a nonequilibrium 
contribution to the potential. 


A. Equilibrium Potential 


By taking the Coulomb force in Eq. (38a), we find 
the following equilibrium potential : 


Ca? K? 
hem ~ fas a ————— 
2n? v?(x?+ y?+ v3/p*) 


C2 
=—(1—e~*%) 
Ja 


(39a) 


for vt, 


It is to be noted that the shielding effect of the plasma 
cloud is indicated by the exponential function. The 
equilibrium potential is isotropic, as expected. 


B. Nonequilibrium Potential Field about 
a Moving Particle 


In A we have found that the equilibrium potential is 
isotropic about the test particle a. If the particle a 
moves with a velocity pox/ma in the k direction, it is 
expected that an excess of particles of charge equal to 
é, will accumulate ahead of the moving particle a and, 
conversely, that an excess of particles of charge opposite 
to e, will accumulate behind it. Under such circum- 
stances, polarization occurs, and the potential field be- 
comes asymmetrical. In the present section we shall 
investigate the asymmetrical distribution of the non- 
equilibrium potential field about a moving particle of 
low energy. 

If the Coulomb expression for Y is used and the 
values for D,, P:, and P2 are substituted from Eqs. 
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(C1), Eq. (38b) reduces to 


i= — Fiera ,K?(3)J, (39b) 


where 


j= fav exp(iv-qa)v Ag parve/ Pav. (40) 


After some simplifying transformations which we 
refer to Appendix D, we reduce Eq. (40) to 


7 Pa* Ga 
J =in— (2k?q.)7, 
Pada 


which, substituted into Eq. (39b), yields 


T ; Oy K?(3) Pa* Ga 


1=—_ — 


4qQ « 


Pada 


Note that the usual Coulomb factor e,’/ga occurs in 
both potentials (39a) and (41). However, the non- 
equilibrium potential has a directional dependence, 
which results in an ellipsoidal anisotropy. The shielding 
effect of the plasma cloud depends on the mass ratio in 
the nonequilibrium potential, in contradistinction to the 
case of equilibrium potential. 
X. DIFFUSION 

The coefficient of diffusion in momentum space is 
given by the second of Eqs. (32), which after slight 
transformation may be rewritten in the following form: 


2 


Ca 
aie basa DX Ke?(3)L en; 
Tw 6 


VEVh 
lax fas —U, 
viAo 


VEVrn 
= (x/2)8f a — exp(—{* cos’), (43a) 
py Ao 


(42) 


where 


where K,” is the shielding wave number defined by 
Eqs. (36b). 

After integration with the use of polar coordinates, 
Eq. (43a) is transformed into: 


9 
< 


id 
n= - (Seessen~Saa)— —(7* eet) 
v2 2 dy 


+ (kr—ayperrn)o et (43b) 
where q is a unit vector along the direction of pa. 
On substituting Eq. (43b) into Eq. (42), we obtain 
By = fer L pata * 


d 
xX b Ke?(0) — 4 Gana de)— (¢" erfg) 
b 


ag 


+ (6in—ausain) erff}. (44a) 
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The asymptotic values are 


By = ee L pat —1K'2( } 


K"(3) 
- (Zarrnarrnt $5en)o a | 
K"2(3) 


x fou 


for small fq, (44b) 


By° = tea’ L pata *K'?(0) 


2(—4 
X | @a—asan) += —(3arin—Senhar | 
2 K"(0) 


for large f., (44c) 


Pan/ Pa 


One may verify that the above values (44b) and (44c) 
of B,,°, together with the values of A,° found in Eqs. 
(37a) and (37b), satisfy the relation (34b). For that 
purpose, the derivatives of B,,° may be calculated from 
Eqs. (44b) and (44c) as follows: 
OB, y/ OPan= — (2/ 3y 1 )€q” *(Pak/ pa) LK" (3 Na 

for small fa, 
— Ja" (Pak/ pa) LK” (O)fa? 

for large fa. 


with 
Q1k= Par/ Pay A1n= 


45 
OB /Opan= (45) 


The following simplifications are used in the derivation 
of Eqs. (45) 
O (pala 8x), OPan= —Ca “Pak ‘Pas 
te) (arainpata *)/Opar = fa "Pak Da, 
O(ay,eernt a”)/OPan= 4a par/ pa’, 
0 (Sin a?)/Opan= 25a Par/ Pa’. 
By comparing Eqs. (37a), (37b), and (45), we obtain 
the following relation 
K?(r—1) OBys® 
K"(r) OPan 
=$ for small ¢, 


=0 for large f«. 


This result was predicted in Eq. (34b). 

Formulas (44) indicate that the diffusion coefficient 
of ions is nearly independent of temperature at low tem- 
perature and varies as 7,~} at high temperature. 


XI. DISCUSSIONS 


The development given in Sec. II-IV leading to the 
kinetic equation (25) may be adapted to the case of a 
more general interaction potential ¢;; than the Coulomb 
interaction. To go to such a generalization, the follow- 
ing modifications must be kept in mind: 
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1. The product eesYo of Eq. (25) must be replaced 
by the Fourier transform of ¢;; in its general form. 

2. The denominator A, must be calculated anew for 
the general potential of interaction. In practice, when 
the potential varies more rapidly than the Coulomb 
law, the convergence of the integral of the kinetic equa- 
tion (25) is ensured at distant interaction, even without 
interference by ternary correlation. Thus we may 
approximate A, by unity. 


The Fokker-Planck equation has been derived earlier 
by Chandrasekhar, Spitzer, Rosenbluth, etc. The ki- 
netic equation (25) in the general Fokker-Planck form 
developed here has the following advantages: (a) It 
considers triple correlations. (b) As a consequence, the 
coefficients of friction and diffusion are convergent 
without external cutoffs. (c) The non-Markovian be- 
havior is considered. 
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APPENDIX A. DEGENERATION OF CORRELATIONS 


Under the assumption of weak interaction (small @), 
the correlation of any order can be degenerated into 
binary correlations and singlet distributions. In order 
to derive a formula of degeneration of correlations, we 
start from Eq. (4) which governs the correlation func- 
tions, and which is rewritten in a slightly different form 
as follows: 


ssi 


dt 1<i<i<s 0q; Op; 


N Ogi, visit OF s+1 
+ fare man ad ’ 
l<ics V aa; ap. 


a6; OF, 


(Al) 


d @ pi oO 


dt Ol i<i<sm; 04; 


We assume that the interaction is small by writing 
b= (1/A)¥, 


where J is a large quantity. If Eq. (Al) were reduced 
into dimensionless form, the dimensionless expression of 
1/X would be 


1/A= (e/kT) (N/V)! 
But in order to avoid the reduction into dimensionless 


form, we can carry out the expansion in powers of 1/A 
as follows 


x | 
F,=) —F,™. (A2) 


r=0 rv" 
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Such an expansion has been used by Bogoliubov’ and 
suggested by Burgers. By substituting Eq. (A2) into 
Eq. (Al), and by reducing into the same order of 
magnitude, we obtain 


Wis OF,» 


dF,” 


dt 1<i<j<e 04; Op; 


NOW. 1 OF yy? 
+> deni Pa, CO 


I<i¢e 04; 


Op; 


where r denotes the order of approximation. 
For the zero-order approximation (r=), Eq. (A3) 
reduces into the following equation : 


dF, /dt=0 


from which we obtain the solution 


F,%= JI Fi(p). 


l<i<s 


(A4) 


The time dependence is included in F(p,) after the 
integration along the characteristics. 

Further, for the first order approximation (r=1), 
Eq. (A3) reduces into 


Oi; 
al l<i<j<s 04: l<l<s 


OF \(p,) 


dF, 


Op; 
Oi; OF ;(p,) ' 
——-——__—F ,(p,) 
Op. 


II Fi(p). 
1niss 


(AS) 


—~ 
l<i<j<es 04g: 


The integral term of Eq. (A3) is not carried over into 
Eq. (A5), because the integration of OY;, .41/0q.41 with 
respect to dq,,; is zero in the present case of r=1. 

The expression under the summation sign of Eq. 
(A5) is exactly 


dF, (x,,x;) OY: OF \(p,) 


F\(p,), (j#i) (A6) 


dt Oq. Op; 
so that Eq. (A5) can be rewritten as follows 


dF,™ d 
—= D> —F,(x,x, J] F:(pp, 
i<l<s 


dt l<i<j<s dt 
whence, after integration, we have 


a 


l<icj<s 


F,%= F, (x,,x,) II F(p)). (A7) 


i<l<s 

l¥ixj 

The integration constant, which would contain the 
parameters pj,---,p,, must vanish, if the following con- 
dition of the weakening of correlations at large dis- 
tances is to be fulfilled: 


F2(x,,x,)=0 if |qi-aj|=~ 
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Consider now the expression 


~ F2 (pp) IL Fi(pi). 
i sss 


(A8) 


It can be written as 


Zs F,(p,)F (ps) II F, (pi) 
l<i<j<s i<il<s 
~~ l4iFj 
s(s—1) 
ee II F, (pi). 


2 l<l<s 


(A9) 
Thus we can write 


F, — II F,(p,) 


l<l<s 


= LY F,(p,pi) IL Filpy) 


l<i<j<e 1<l<s 
lAiFi 


(A10) 


(A11) 


s(s—1) 
-| -1| II F, (pi), 
z l<l<s 


by adding (A8) and subtracting (A9) from the right- 
hand side of (A10). Finally when Eq. (A7) is added 
term by term to Eq. (A11), after multiplication of the 
former equation by 1/A, we obtain 


> F2(x;,x;) I] Filpy) 
1<i<i<s i<l<s 
~ lHAixFj 


s(s—1) 
-|* sa -1] II F,(p)). 
2 l<l<s 


We conclude that the correlation of any order can 
be degenerated into /; and F; as a first approximation 
by formula (A12). Such a degeneration of correlations 
serve as a basis for solving the hierarchy of equations 
of correlations in Sec. III. In fact when s= 3, Eq. (A12) 
degenerates into Eq. (14) of Sec. III, which is the crucial 
equation for breaking the chain of correlations in the 
problem. 


APPENDIX B. TRANSFORMATION OF 
TRANSPORT FUNCTIONS 


In the following paragraphs (a), (b), and (c), we are 
concerned with some details of transformation of the 
three transport functions, as defined by Eqs. (19a). 
The results of transformation are given in Eqs. (21). 


F,= 


(A12) 


(a) Convection Function 
By means of the notations (20), the convection func- 
tion may be written as follows: 
Zav' = ivnenY . (B1) 
(b) Shielding Function 
The shielding function has the role of shielding the 
interaction potential at large distances by the plasma 
cloud. 
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The shielding function has two parts, one of which, 
Z,0F ./8Ppa, may be considered as a compensating term. 
We shall assume there that the distance effect is much 
more important than the effect of anisotropy. There- 
fore, in such a compensating term, the dependence of 
the correlation on the distribution functions can assume 
the following structure : 


Zoc=F LF x(v), (B2) 


where x(v) should not contain any additional distribu- 
tion or time variation. 

In the equilibrium case, Z,, is found to be isotropic, 
and x(v) agrees with the Debye distribution 


x(v)=Y,(r), (B3) 


which is spherical and is shielded at the Debye radius. 
In the nonequilibrium case, Z,. should be anisotropic, 
with an ellipsoidal distribution. Thus the assumption 
(B2) amounts to replace the correlation ellipsoid Z,, 
by an effective correlation sphere, with a radius and a 
distribution adjusted to the true correlation. It is to be 
expected that such a simplification holds for distances 
not too small, i.e., v not too large. Since the shielding 
function is effective at large distances only, the simplifi- 
cation made in Eq. (B2) is reasonable. 
From Eq. (B2), there results the following relation: 


Zoc(t, Po, Pe) — v= (Fy, Fa Zac (1, Pa,Pc,¥), 


so that the shielding function defined by Eq. (19a) can 
be written as follows 


Zev (t,Fa,Fo,v) 
(27)3 


> V.e2iv,¥ (vr) 
Y « 


xf dr exp(—tv- $7) &,(/—17,F a,Fp) 


0 
Zalt— T,Pa,Pc,¥) 
x fap. oars 
F4(t—1,pa) 
(27)3 


=- in f dr exp(—iv- $7) &,(t— 1) 
V 0 


A T,Pa,v) , 
= —, (B4) 
F,(i— T,Pa) 


where Ag is defined by Eqs. (20). 

Since the two parts of the shielding function have 
certain properties of nonlinearity and of coupled sym- 
metry that produce the compensating phenomena, it is 
important in the following calculations either to leave 
the correlation function in unknown form in each part 
or to assume a known form such as Eq. (B2). It would 
not be appropriate to treat them differently, by taking 
one correlation as unknown and the other known. Such 
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a practice would disturb the coherent balance of the 
pair and introduce some unwarranted asymmetry. We 
shall here retain them as unknowns in the differential 
equation. 

As is justifiable on the basis of Eq. (B2), we replace 


Ag(i— T,Pa,¥)/Fa( _ T,Pa) 
by 
Na(t,Pa,v)/F a(t, pa) 


in Eq. (B4) so that the latter reduces to 
Aue ( t,F,Fs,v) 


(27)3 


: Aa(t,pa,¥) 
Ss tvnY (vent, Fal s,v) i 
V 


- (B5) 
F,(t,pa) 
Accordingly, Aq/Fa gets separated from the time 
integral. 


(c) Secondary Convection 


The secondary convection function Z,)!!!, as defined 
by the third of Eqs. (19a), is originated from the dis- 
turbances of the binary correlation function, and there- 
fore controls close encounters. It can be inferred that 
the effect of close encounters will be much less than that 
of the “grazing” deflections, if the density of the gas is 
low. We shall assume that Z,,'!! is not an im- 
portant term, and shall estimate it by allowing rough 
approximations. 

If the assumption (B2) is used in the secondary con- 
vection function, we can write in the integrand of the 
third of Eqs. (19a): 


0 fe) 
( rT iu = 8. fap fe 'F = 6,H,° 'F 4, 
Opan IPon 


so that the secondary convection function becomes 


Zap" cats) dr fav exp(—iv- gr)iv,’V (v’) 


0 0 
x ( — uit —7,Pa,Pr,¥—v’) 
Opa h OPon 


cats) dr exp(—iv- $7) &,(l—7) 


H,’(t— 7,pa,v—v’) 
x fw iv,’ V(r’) —, 
Fit a T,Pa) 


By replacing 


H,°(t—7,Pa,v— v)/F,(l- T Pa) 
by 
H,*(t,pa,v—v')/Fa(t—7,Pa) 


on the basis of Eq. (B2), we can write Z,'" in the 
following approximate form: 





a 


Za es [ dr exp(—iv- gr) &,(t— 7) 
Ta(t,av—v’ )_ 


x fav iv,’ Y a 
F,(t,pa) 


H,°( t,pa,v— v’) 
F, 


(B6) 


A rough estimate of expression (B6) can be made by 
using the equilibrium approximation (B3) for H,’. To 
this end, we write expression (B6) as follows: 


H, °(t,Pa,¥) 
R, 


: (B7) 
F,Y,(») 


y = 
Za" = €alb€h 


. H,°*( (4,Pav—v') 
R= | dv’ iv,’ Y (v’)- 
F, 


= fav iv,’ Y(v’) Yx(| v—v'|) 


iv,’ 
=(2nty-* f dy’ - ——_—_—— 
v’ ( (vv)? 2+ 42] 


for the case of a Coulomb field. The integration can be 
performed by taking spherical polar coordinates with v 
along the polar axis. Then we can write 


R,= (any f av f ao f dy 
0 0 U0 


iv’ (ap cosbt a, sind cosy+a3, sind sing) 
X sind-——_———_——_____________———_, 
y!2— py! cos6+ v?+x? 


where a4, @2n, @3, are the direction cosines of »,. After 
integration with respect to ¢ and with z=cos@, we find 


R,= (tay,/82) Ro, 


7 


where 
/ 
v 
Oe 


2 2 —] v1 
R= (~) f cxf 
7 - 0 v'?— 2evy'+y? 442 


= (2/x)[— (v?—1)§+-0? sin(1/2) ],  v? =1+-%?/r? 
=0 for 
=1 


v/xk=0, 


for v/k=., 


Ro increases monotonically from 0 to unity as v/x in- 

creases. As a convenient value for Ro, we may take 
R=(Y,/Y)*, 

where the exponent s is an empirical parameter. Its 


value lies between 0 and 1. The final result does not 
depend appreciably on the particular choice of this 
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value, as will be shown later. It follows that 
Ry= (inn/8nv)(Y,/Y)*. 
By substituting Eq. (B8) into Eq. (B7), we obtain 


on aoe (-) 
fe ow BNET 
and 


Ca 1 Y, el 
> vest f doy Ziti =— ~(=) 
, 8r v»Y\ Y 


XD Ne (C/Fa)Ha’. 
b 


(B8) 


Zab (B9) 


(B10) 


The summation term of the right-hand side of Eq. 
(B10) can be approximated by 


DoNver’H a? 
> NoevCH P=> NresCH »( _ ) 
6 b DLoN ver’ a” 
where H,” is the equilibrium value of H,°, according to 
Eq. (B3). We have then 


3, 
rMwcnex(— = 
b 


-)3 > N nae PH. 


DNV veo” 


so that Eq. (B10) simplifies into: 


, ves f doe Zari" 


b 
~—(p/ v *)(} Yh Nye”, (B11) 
where roughly 
(v*)—'=e.?/kT a. 


By comparing Eqs. (B5) and (B9) it is seen that the 
role of Zay'"! must lie in the region of large v, and is 
supposed to be overtaken by Zq,!' in the region of 
small v. For this reason the asymptotic expressions (B9) 
and (B11) for large v can be taken, they are 


(B12) 


=— Clb IVE, H,° 
Zab = ae 
F, 


8r vY 


(B13) 


: ves fap Zwity— ( v/v*) 3% Nve?H.’, (B14) 
b b 


where the exponent s does not play any role, as was 
mentioned earlier. Equation (B14) suggests a cutoff of 
the interaction potential at the Landau distance (B12). 

It is to be noted that the quantity »* defined by Eq. 
(B12) gives only a very rough estimate of the cutoff 
of the interaction potential at small distances. A more 
detailed account of v* may be obtained from Eqs. 
(B10) and (B11) for the case of particles of like charge. 
Here the repulsion offers an adequate mechanism of 
cutoff in the interaction potential. However, difficulties 
may appear when we deal with particles of opposite 
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charge, because the expression (B10) can be positive, 
negative or zero. For instance, if we have only two kinds 
of particles, both with unit charge, one kind positive, 
the other negative, with the same number density for 
each of them, we find that >> Vze,* vanishes. When the 
positive ions have a multiple charge, while the gas as a 
whole again is neutral, 5° V ye,’ will be positive, and thus 
(B10) will be positive if e, is positive (ions), and nega- 
tive if ea is negative (that is, when the subscript @ 
belongs to the electrons). In the latter case, Ao of Eq. 
(23c) might become zero for some large value of ». It 
is thus necessary to introduce the value of »* as an 
upper limit for ». Probably the Landau value k7/eé? as 
upper limit will serve equally well. 

The effect of the cutoff introduced in this way can be 
interpreted by observing that it amounts to a change 
in the Fourier transform of the Coulomb potential func- 
tion between two particles, of such nature that the po- 
tential for small distances (of the order e?/kT) does not 
go to infinity as 1/r, but is limited to a finite value. This 
has the consequence that the features which might be 
produced by close encounters between particles are not 
described in the proper way. But close encounters be- 
tween particles of opposite charge never can be de- 
scribed in a proper way unless attention is given to the 
possibility of a chemical combination. On the other 
hand, from the general structure of the equations it can 
be inferred that the effect of close encounters will be 
much less than that of the “grazing” deflections when 
the density of the gas is low. We shall assume therefore 
that the cutoff does not introduce a serious error. 


APPENDIX C. TRANSFORMATIONS OF THE 
COEFFICIENTS OF THE FOKKER- 
PLANCK EQUATION 


We shall transform the expressions (30) for the co- 
efficients of the Fokker-Planck equation. Since even 
values of 8° and 8” in y will contribute, we shall make a 
careful distinction between the even and the odd parts, 
and therefore introduce the following notations: 


G= T,/Ta, 
ba= pa(2makT.)-}, 
6= (mT o/maTo) Ka, 


Cosd= panvn/ Pav, 9 being the angle between p, and v, 


(C1) 


u=Vv2¢ cos6, 
U,=(x/2) exp(—wu?/2), even in », 
Us=exp(—wi/2) [aw exp(u’?/2), odd in », 
0 
Pi(r)= = Nyer?(mp)*a U4, 
P,(r)= ~ Nyee?(mp)*a7 U2, 


Da= (81?/ma)!(VRT a) Sa COSB. 
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Then we can rewrite Eqs. (31b) in the form 
By? (Fe) = — (vn/PRTo)Li+-u(Ui—iU2) J, 
B° (Fe) = (me/?RTy)! (U1 —iU 2). 
From Eqs. (C2), it then follows that 
DN vev*Bn® = — (V/2x) (vn/v*) 
X (2ix?-+ Dal Pi(—3)—iP2(—2) J}, 
CaN ver’s"= (v*T.)\LPs(—4)—iPa(—4)]. 
Hence C(F,°) written in the notation (20) can be 
calculated. The result is 
C(F.°)/Fa’= (i/kT») — (U1 —1U 2) 
X (makT a) (mo/v?kT >) vapan(1—To/T). 


(C2) 


(C3) 


The last term can be neglected, if 7, and Ty are not 
very different. This simplification results in the approxi- 
mate value C* in notation (20). 

When Eqs. (C3) are substituted into Eqs. (30), the 
coefficients in the Fokker-Planck equation can be 
written as follows: 

A,=- (one,) f av veV¥*Qua, 
(C4) 
(2m)* 
By, = "3 ccAT a)" f do(ourn/V*On, 


Here 
QO 1= Apo \{ din?+ Dal Pi(— 3) —tP ol —}) }}, 


Qs=Ao'[Pi(—2)—#P2(—3) 


(C5) 


Separating the even and odd terms in Eqs. (C5), one 
can reduce Eqs. (C4) to 


A b= = (nes) fav vp ¥?DaP i _ a) Ac, 


(27)8 


Byrn’ =———e2 (RT 4)! | dv (vav,/v) VY? Pi(— 3) Ac, 
V 


or, with the use of notations (C1), we can write 


2e.7 
A= ——mg "(RT a) ar 
V 


Tv 


Xd Neem! (To/Tr) V1, 
b 
2e." VeVi 
By =— ~(kT a) fay —— } Noev?my!(To/T,) U1. 


1V v°Ag & 
This result of transformations is used in Eqs. (32). 


APPENDIX D. ANISOTROPIC DISTRIBUTION OF 
THE FRICTION POTENTIAL 


The anisotropic part of the friction potential, given 
by Eq. (39b), contains a geometrical factor J illustrat- 
ing an ellipsoidal anisotropy. It is defined by Eq. (40), 
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rewritten as follows: 


J= fav exp(iv-qa)v*Ao 'parvs/ Pav. (D1) 


In order to calculate J, we use spherical coordinates 
with q, along the polar axis. 
First we have 
¥-Qa= Va Cosy. 
Let pa, ¢’, ’ be the coordinates of ps. Then 


Pa: ¥= pav(cosy cosy’+siny sing siny’ sing’ 
+siny cos¢ sin’ cosy’). 


With these coordinates, Eq. (D1) takes the form 


=f av f av f dy v*Ag sinpe'”% °8¥ 
0 0 0 


X (cosy cosy’+siny sing siny’ sing’ 
+siny cos¢ siny’ cosy’), 


which, after integration with respect to ¢, reduces into 


® 1 
J=2r cosy’ f y*Ao af dz se"? with s=cosy. 
eo 1 


Further integration with respect to z gives 


. sinvga dv 
J =4ni cosy f v*Ag (= - —cosrye 
( Vda Vda 


) 
with 


(D2) 


cosy’ = Pa: Ga/ Pada. 


Now denote the integral in the right-hand side of 
Eq. (D2) by 


" SINVGa COSPGa 
M= f vy "Ay ( — av, 
“9 Vda" Va 


and introduce the auxiliary integral 


® 1 £ e Vda x a? 
s=f v Ao sinvgadv= | f dv +f dv 
0 2k 0 cr 9 


it is easy to verify the following relation: 
OM 1 
=—(S—2M). 
Oda qa 
As a good approximation we can write 
M=35, 
valid for large ga. Since the asymptotic value of S is 
S= (qo), 
we find 


M = (2k*qa)' 
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Hence Eq. (D2) becomes 
J =i cosy’ (2x°ga). 
Here the cosine dependence determines the ellipsoidal 


anisotropy. The result (D3) is used to reduce Eq. 
(39b) to Eq. (41). 


APPENDIX E. GEOMETRICAL TENSOR 
OF DIFFUSION In 


The diffusion coefficient B;,° is a tensor characterized 
by the geometrical factor J;,, defined by Eq. (43a). 

In order to calculate J;,,, we use spherical coordinates, 
with pa=a, along the polar axis, and a», a; as other 
orthogonal axes. If ai,, a2, and a3, are projections of 
@;, @, and a; along the directions of pax, we can write 

ve= vay, CoSO+a2, sind cosg+a3;z sind sing). 
Also 


Vr=V(ay, COSP+ae Sind Cosg+ay, sind sing), 


and 
dv= v* sinOdéd gdp. 


Hence 


od r Qn VEVh 
Tien= (x, af av f dé sino f dy —— exp(—{? cos’@). 
0 0 0 v®Ao 


After integration with respect to ¢, and putting cos@=z, 
we have 


x 1 
(r/2)8f ivf dz 2rv Ay” 
0 er 


XK {errparrnZ?+ § (ar2¢Q2n + 1343;,) (1 — 3) } exp(— fs"). 
Now, since 
QAI Okh, 
we can write 
2424-013 4-03h = Okh—Q1-AIh, 


so that 


x 


Tin - (omy f dv(vAo) . 


0 
1 
xf dz exp(— £2") {2?(Sarprn— 56en) +3 (6cn—@iar)}. 
1 
When we replace the integrals in z by the following 


values: 


1 
f dz exp(—{?s*) =4/x erft/¢, 


1 


. Vn d 
fa 2 exp(—{7z* fib tate case oe 
1 2¢ dt 


(erf¢/¢), 


and the integral with respect to v by L, according to 
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Eq. (35a), we obtain finally 


1 1 é 
Tin=—L} — (3a1401,—-8 42) — —(erf¢/f) 
v2 2¢ dg 


+ (5%,—crxary) erft/f >. 
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This result is used in Eq. (43b). As a partial check of 
the correctness of this result, we may verify the follow- 
ing relation: 

Le= Parl kn, 


since J, was calculated in Eq. (35b). 
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Stark Effect for Cyclotron Resonance in Degenerate Bands 


J. C. HENSEL AND MARTIN PETER 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received November 24, 1958) 


A calculation of the motion is given for an electron in a simple band subjected to perpendicular magnetic 
and electric fields. It is shown that the cyclotron resonance frequency is unaffected by the presence of the 
electric field. For degenerate bands, however, there is a Stark shift of the cyclotron transitions between the 
low-lying “quantum” states. Calculations using second-order perturbation theory indicate that fractional 
line shifts of Avy/yo~10% may be obtained under reasonable experimental conditions. This effect may be 
useful in the study of the valence bands of germanium and silicon. 


I. INTRODUCTION 


N the presence of a magnetic field # the continuum 

of energy levels for a band coalesces into discrete 
sub-bands, the so-called Landau levels. An electric field 
applied perpendicular to H perturbs the motion of the 
carriers in the crystal giving rise to ‘Stark’ energy 
shifts of these Landau levels. For simple bands, how- 
ever, an appropriate translation of the coordinate axes 
can transform the Schrédinger equation to a form free 
of the electric field. Although this transformation dis- 
places the Landau levels, it will be shown that the 
selection rules allow transitions only between levels 
which have undergone equal energy shifts. Conse- 
quently, there is no observable effect on the cyclotron 
resonance lines corresponding to these transitions. 

An example where this is not the case is provided by 
degenerate bands such as the valence bands in ger- 
manium and silicon. In the framework of the effective- 
mass formalism, Luttinger! has determined in detail the 
energy level schemes for these bands in the presence of a 
magnetic field. Here the situation is described by a 
system of coupled Schrédinger equations. These calcula- 
tions predict that the spacing of low-lying energy levels 
will deviate considerably from the classical cyclotron 
frequencies. These anomalous “quantum” effects have 
been observed in germanium by Fletcher, Yager, and 
Merritt? in cyclotron resonance and by Zwerdling, Lax, 
and Roth’ in the oscillatory magneto-absorption effect. 

If the above system is perturbed by a uniform electric 
field, the coupled Schrédinger equations no longer admit 

1J .M. Luttinger, Phys. Rev. 102, 1030 (1956). 


2 Fletcher, Yager, and Merritt, Phys. Rev. 100, 747 (1955). 
3 Zwerdling, Roth, and Lax, Phys. Rev. 109, 2207 (1958). 


the simple transformation of the classical case; and, 
consequently, the low-lying quantum levels may experi- 
ence a Stark shift. That the energy differences do indeed 
undergo a shift will be shown in Sec. IIT using second- 
order perturbation theory for the approximate “‘iso- 
tropic” case described by Luttinger.' In this model the 
energy surfaces of the valence band are assumed spheri- 
cal rather than fluted so that the energy levels are 
independent of the direction of the magnetic field. For 
a more realistic comparison with experiment the calcu- 
lations in principle can be extended to an anisotropic 
Case. 

Numerical results indicate that the Stark shift may be 
large enough to aid in the identification and measure- 
ment of many of the cyclotron transitions in germanium 
involving the low-lying anomalous magnetic states. 


II. SIMPLE BANDS 


Let us consider first the motion of an electron or hole 
in a simple band subjected to a uniform magnetic field KH 
and a uniform electric field & perpendicular to KH. We 
shall assume this band to have ellipsoidal energy sur- 
faces similar to those for the conduction bands of silicon 
and germanium but centered in the Brillouin zone at 


k=0: 
kotk, ke 
e(k) -e( + ), (1) 
2m, 2me 


where k is the usual band wave number that varies over 
the Brillouin zone. In (1) m,; and mz, are the effective 
masses, respectively, along the transverse and principal 
axes of the energy ellipsoids. It is not difficult to extend 
the results to bands having displaced minima at k= ko. 
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The symmetry of the energy ellipsoid about the 
principal axis allows us to orient the x and y coordinate 
axes so that an arbitrary external magnetic field will lie 
along a direction in the xz plane. If we assign new 
coordinates 2, x2, and x3; with & in the x; direction, then 
x; will lie in the xz plane at an angle 6 with respect to z. 
The x2 axis is taken along & which is chosen perpen- 
dicular to the xz plane for all orientations of #. In the 
new coordinate system the energy ellipsoids are de- 
scribed by 


1 
e(k)=h? [ ko*®+ (k; cosb+ k; sind)? } 


2m 
1 . 
+ (Rk, sind—k; cos@)*}. (2) 
2m» 


With & along the «x; axis it is convenient to work in the 
“Landau” gauge‘ for the magnetic vector potential 


A= (—x2, 0, 0). (3) 
Furthermore, the electric potential is 
V=—e&x. (4) 


The effects of the electron spin are not essential here and 
will be neglected. 

The motion of an electron in a band with external 
fields applied is described (in the effective mass theory) 
by a zero-order wave function® 


¥(r)= go(r) f(r), (5) 


where ¢go(r) is the Bloch function for the band at k=0, 
and f(r) is obtained from a Schrédinger equation 


e 
«(> a)+r |i) =ern (6) 
¢ 


Here, p= (%/i)¥ is the momentum operator. The po- 
tential V derives in the present case from the external 
electric field given in (4). 

Taking e(k) from (2) and the potentials from (3) and 
(4) we obtain 


1 eK + 
| bs [e+ ( (1.4m) cos6+ ps sn) 
2m c 


1 esx 2 
+ | (at <n) sind — p; cost 
2m» Cc 


—eEXo—€ Hi r)=0. (7) 


4L. Landau, Z. Physik 64, 629 (1930). 

* This procedure is based on a theorem due G. H. Wannier, 
Phys. Rev. 52, 191 (1937). See also J. C. Slater, Phys. Rev. 16, 
1592 (1949); J. M. Luttinger, Phys. Rev. 84, 814 (1951); E. N. 
Adams, II, Phys. Rev. 85, 41 (1952); J. Chem. Phys. 2i, 2013 
(1953); and J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 
(1954). 
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In (7) the coordinates x; and x; are cyclic, so that we 
obtain the well-known solution 


1 1 
In (r) = L exp|- (ntact ps) fu n(X2+&). (8) 
4 1 


The normalization of the plane waves is assumed for a 
cube of length LZ on a side. Using periodic boundary 
conditions, the momenta p;’ and 3’ are 

n,=0, +1, +2, 
n3=0, +1, +2, 


pi’ =2xhn,/L, 


(9) 
p;'= 2rhn;/L, 


The functions u,(a#2+é) in (8) are one-dimensional 
harmonic oscillator functions displaced from the origin 
by an amount 


wc we? 


fp i————, 
AEH eK? 


1 1 i 
= (_- - ) sin@ cos, 
A mM, Mb» 


1 cos’@ sin’6 


rn ms 


(10) 


where 


The eigenvalues of (7) are 


pi'ps’ eH 
e(n) =hw( Dt 24 bs ‘or a -€", 
2Quc* 


(12) 


where w= e3C/m*c is the cyclotron frequency in terms of 
m*, the effective mass associated with the cyclotron 
resonance, defined by 


1 cos’@ sin*@ \! 
— eee ’ 
m* m> mm 

If we set m;=m.=m, then (12) reduces to the energy 


for a free electron of mass m moving in the given electric 
and magnetic fields: 


(13) 


ps’? Chi mc f& \? 
€o(”) =hao(n+4 pyre ™(-) , (14) 
1G 2 \K 
and wo=e3C/me. 

Although the levels in (12) and (14) are clearly 
shifted by the application of the electric field, we shall 
show that no Stark effect results owing to operation of 
the selection rules for electric dipole transitions. The 
probability for the absorption of electromagnetic radia- 
tion is proportional to the square of the matrix element 
for electric dipole transitions : 


Mi.s= -=( 44" (ra) :) 


(15) 
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where A’ is the vector potential describing the incident 
em radiation. By making the dipole approximation we 
are assuming essentially that the spatial variation of A’ 
can be neglected over the extent of an oscillator system. 
Using the zero-order wave functions in (5) we write the 
matrix elements 


e 
Mn, ty cages 
mc 


¢o* (r) fm*(r) 


crystal 


ho Ce) (16) 
Cc 


for intraband transitions from oscillator state m to state 
n. It should be born in mind that in addition to the 
Landau principal quantum number n, the quantum 
numbers 2; and m3 also are necessary to specify the 
eigenfunctions f(r). 

The Bloch functions go(r) are rapidly varying with 
the lattice periodicity a, while f(r) are slowly varying 
functions having a ‘“‘range”’ 

ro= (hc/e3l)'~10-> cm 

essentially equal to the cyclotron radius. Under these 
conditions it is possible to split the matrix elements (16) 
to allow integration separately over rapidly and slowly 
varying parts. The error incurred in breaking up the 
integral in this way will be of the order (a/ro)?~ 10~° for 
ordinary microwave experiments. In this approximation 
the matrix element (16) becomes 


e (27) 
-——~ f eut(reo(e)de f La"® 
mc Q ell crystal 


c 


e e (2r)3 
{4° (p—“a) [rene -_— 
Cc mc Q 


xf go*(r)A’- pyo(r)dr 
~ell 


C 


Mn, n= 


x fm*() fn(r)dr, 


crystal 


(17) 


with 2 the unit cell volume. The integral which contains 
the Bloch functions is zero because the matrix element 
of A’-p between Bloch states contributes only for 
interband transitions connecting states of different 
parity. 

Using the vector potential A from (3) and the eigen- 
functions f(r) from (8), we obtain the off-diagonal 
matrix elements 

e 


Ma. n= —_ 6ny,n1'6n3,n3'A “i 
mc 


ese 
xf Um(X2) 4 pot ~te tal) (18) 
crystal c 
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which contribute to cyclotron transitions. The integral 
in (18) is a well-known matrix element between 
harmonic-oscillator states. Clearly transitions will occur 
only when the following selection rules are obeyed: 


An,=0, 
An;=0, 
An=+1. 


Since the principal quantum number » appears in the 
energy eigenvalues (12) as Aw(n+4), we conclude that 
the allowed transitions give rise to absorption only at 
the conventional cyclotron frequency w. In other words, 
an electric field perpendicular to H has no observable 
effect upon the cyclotron resonance. 


III. DEGENERATE BANDS 
A. The Cyclotron Resonance 


The cyclotron resonance in degenerate bands differs 
markedly from the nondegenerate situation. For ger- 
manium and silicon degeneracy occurs for the valence 
bands at k=O where, in the absence of spin-orbit 
coupling, there are three degenerate space wave func- 
tions belonging to the representation I’25, of the crystal 
point group. Each of these space functions is, in turn, 
twofold degenerate due to spin. The spin-orbit coupling 
partially lifts the sixfold degeneracy by separating the 
states into fourfold and twofold states which correspond, 
respectively, to p; and p, multiplets in the limit of tight 
binding. In germanium, for instance, this splitting 
amounts to roughly 0.3 ev which is much larger than the 
energies involved in ordinary microwave cyclotron 
resonance, so we need be concerned here only with the 
upper fourfold degenerate band. When the magnetic 
field is applied, the remaining degeneracy at k=0 is 
removed and the band is separated, thereby, into four 
sets of Landau levels, one pair corresponding to the 
“heavy” holes and the other pair to the “light” holes. 

Luttinger and Kohn? have applied the effective-mass 
approximation to the cyclotron resonance for such 
degenerate bands. Their results give the zeroth-order 
wave function 


Y=D 5 Sil) eio(n), (19) 


where ¢; 9 are the four degenerate Bloch wave functions 
of the unperturbed system at k=0. The functions /;(r) 
satisfy a set of coupled equations, 


Di { Dj iP Raka— bj ;€} fi (1) =0, (20) 


where 


k= (h/i)¥ — (e/c)A. (21) 


The constants D;;*8, analogous to the effective masses 
for a nondegenerate band, are given by 
W 55H 55"? 


1 1 
Djj°P=—95jbapt Te LX ‘a ’ 
2m m* i 


€o— €% 
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in which the summation index i extends over all states 
of the unperturbed system excluding the four degenerate 
states. €9 is the energy of the degenerate set 7, and 
e; is the energy of each state 7 not in the degenerate set. 
The quantities x;; are momentum matrix elements be- 
tween states i and j at k=0. 

If a matrix D is defined by its elements (using summa- 
tion convention for @ and £) 


Dj j= DjjPhakp, (23) 


then the Schrédinger equation (20) is rewritten 
(D—E) f=0. 


Since the quantities Dj; are to be determined ex- 
perimentally, Luttinger! has constructed the explicit 
representation of the Hamiltonian D in terms of five 
parameters 71, Y2, Ys, X, and g taking into account the 
symmetry of the diamond lattice. The 71, y2, and 3 are 
related to the band parameters A, B, and C of 
Dresselhaus, Kip, and Kittel® by 


(24) 


(h?/2m)y,=A, 
(h?/2m)y2= 7B, 
(h?/2m)y3= 4 (B°+4C")!. 


The constant « arises from the noncommutivity of 
and k. and does not appear in the classical cyclotron 
resonance. Theoretical estimates by Kohn’ indicate that 
qg is negligibly small for germanium and silicon. 

A particularly simple solution obtains for the 
Schrédinger equation (24) when the energy surfaces are 
spherical rather than fluted. In this “isotropic” case 
Y2=7¥3=7, Luttinger’ finds that the 4X4 matrix D 
decouples into a pair of 2X2 matrices which can be 
diagonalized exactly (see Appendix A). The resulting 
zero-order wave functions (19) are 


v1 ,(n) = [ ¢1, o(r)ay $Un o( 2X2) 


i 
ro o(F)b14%n (x2) | exo p's), 
t 


2( V2) 


Wo4.(n) =[ 9s, o(r)do4tt, 


+ 4 o(P)bo,u,(x x yJexr(- pi nm), 


corresponding to four “‘ladders’’ of energy eigenvalues 
€14(m) and €9,(m). In this notation the “1” and ‘‘2” 
label the decoupled systems and the (+) and (—), 
which distinguish between the two eigensolutions of 
each system, refer in the limit of high quantum numbers 
to the light and heavy holes, respectively. The , are the 
ordinary one-dimensional harmonic oscillator functions, 
and the a’s and 0’s are constants depending upon ¥,, 7, 
and x. 


® Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
7 W. Kohn (private communication to R. R. Goodman). 
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B. The Stark Shift 

An electric field € applied to the system perpen- 
dicular to the magnetic field # perturbs the original 
energy levels €:4.(m) and €24.(”), giving a Stark line shift 
for the cyclotron electric dipole transitions. The 
Hamiltonian for the electric field is 
(27) 
with energies measured in usual units. Second-order 
perturbation theory gives for the weak-field case the 
level shifts in each of the decoupled systems “1” and “2” 
designated generically by ‘7’: 


1 | (m, it+|H’|n, iz)|? 
AE,4(n)=- x 
hig €:4.(n)— 


| (m, i—|H'|n, it+)|* 


H’'=—e&x., 


€:+(m) 


€:()—€;_(m) 


-| (28) 


with the summation extending over all states m except 
m=n. The energy denominator contains the cyclotron 
frequency wo= e3C/me for a free electron. 

A typical matrix element in (28) 


(m, it! H’|n, jz)-f Wia* (mA j.(n)dr (29) 
crystal 


involves integrals of the form 


M », oom f 
rystal 


c 


(r)tUm(x2)H’ og, ottn(x2)dr. (30) 


Ya, o* 


The integrand of (30) contains both rapidly varying 
Bloch functions ¢a,o(r) as well as the slowly varying 
harmonic oscillator functions “,. Following the pro- 
cedure in Sec. II, we can integrate each part separately : 


. 


+ 
Ya,0 $8, odr 


xf Um(X2)H'Up(X2)dx2, (31) 
crystal 


with an error of order (a/ro)?. We are thus left with 
reduced matrix elements containing only the #,: 


(m, it+|H'|n, j2)=aizaj4.(m—2|H’|n—2 

+5i4b;,(m|H'|n). (32) 
Bearing in mind that the argument of the , is (c/eh3c)! 
X [p’+ (€5C/c)x2_], we can compute these reduced matrix 
elements in a straightforward manner: 


ch \*f gn\} 
. -es( YI) Din n—1 
est 2 
n+1\! cé 
2 HG 


(m| H’|n) 


(33) 
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Clearly the diagonal term (c&/3C)p;’ does not imply a 
first-order Stark shift of the resonance, since it con- 
tributes an identical energy shift to all levels. The first- 
order term, incidentally, has appeared previously in (14). 

Using Eqs. (28), (32), and (33) we obtain the final 
expression for the energy shifts: 


AE; (n)=K is. (n)me?(&/3)?, (34) 
where the dimensionless Stark coefficient K j~ is 
| Aig (un) Bi (n+1)/? 


¢c(")—€:,.(0+1) 


| Ai+(n—1)Bis.(n) |? 


K 54.(n) = - - 
€:4(n)—€:4(n—1) 


'A;_(n—1) Bix (n) |? 


€:4(n)— €;_(n—1) 


| Ai4(n)B,(n+1) |? 
neni (35) 


a a eee 


For conciseness we have introduced in (35) the matrices 


A 4 (n)=[(n—1)4a;4.(n) ; (n+1)4),4(n) ], 


Qj4.(0) 
B.aln)=( ), (36) 
bis (n) 


In the isotropic case, four matrix elements contribute to 
(35). In general, however, when the Hamiltonian D does 
not decouple, K ;.(”) contains up to eight nonvanishing 
matrix elements. 

Since the isotropic approximation y,=y3=¥ applies 
best to germanium where the actual values of y2 and y3 
differ by about 15% from the mean 7, the coefficients 
Kis() are evaluated for a “‘germanium-like” crystal 
using the constants 


This value of 7 was selected as being approximately the 
mean of the best presently known values® 

72= 4.1, st 5.6. 
TaBLeE I. The Stark-shift coefficients A. The limiting value as 


n—« is K=—m*/2m. The column headings label the ladders in 
the notation of Luttinger.* 


n ‘> 


( — 0.0610 —0.0275 


+0.1044 

—0.0029 

—0.0161 

—0,0190 

—0.0201 

6 — 0.0207 

n— —0.0216 


* See reference 1. 


—0.2979 
— 0.2244 
—0.1886 
—0.1746 
—0.1685 
—0.1553 


— 0.0082 
—0.0170 
—0.0193 
—0.0202 
—0.0208 
—0.0210 
—0.0216 


—0.1699 
—0.1710 
—0.1667 
—0.1639 
—0.1621 
—0.1553 


8 R. R. Goodman, thesis, University of Michigan, 1958 (un 


published). 
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2207 &4(n) €2-(n) 
4 


| 7 


&-) f2+(9) 


3 rx} b 
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o 











Cabins wii —a 
23 0123 0123 0123 
By in [(vo.t/cm)2/ Gauss) 3] x 1010 


Fic. 1. The low-lying energy levels for cyclotron resonance in 
spherical degenerate bands calculated for the values y;= 13.2, and 


VY =5.0, and x=4.0. To the right of each unperturbed level the 
Stark shift is shown as a function of §?/3C’. The solid arrows indi- 
cate the allowed absorption transitions between unperturbed 
levels, while the dotted arrows represent the first-forbidden 
transitions. 


For silicon this approximation is probably unsatis- 
factory. The results of the calculations are tabulated in 
Table I up to and including the levels n=6. In the 
classical limit of high quantum numbers, the constant in 
the Stark level shift approaches 


K=—m*/2m, (37) 


where m* is the effective mass associated with the 
transitions in a particular ladder. The limiting values of 
K are also included in Table I. 

When the level shifts AE are added to the original 
energy levels, the energy states of the perturbed system 
are 


E,a.(n)=h(eX/me)ei.(n) + K ig (n)me(6/KH)? (38) 


expressed in the dimensionless cyclotron energies ¢ and 
Stark shift coefficients K. A plot of the energy levels 
obtained in this way is shown in Fig. 1. It has been 
convenient to divide (38) by 5 to give a universal 
energy scale independent of the magnetic field at a zero 
electric field strength. Arrows drawn in Fig. 1 indicate 
the absorption transitions between the low-lying states. 
The selection rule, An= +1, derived in Sec. II, applies 
here. 

For the lowest quantum transitions involving “light” 
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holes, the Stark effect gives a line shift of 


8X2 
Av= mc(—) 
KH 


(vi— 7) (89° +1? — 3719+ 2kF— 2x1) 


67" 
(39) 


’ 


for the transition (1+,0) — (1+,1) and 


&\? 
av=me'(. ) 
x 
, (40) 


(it) (87 +72°+ 3117 — 2x7 — 2K71) 


67" 


for the transition (2+,0) — (2+,1). Analogous expres- 
sions for the higher transitions are considerably more 
complex. 


IV. DISCUSSION 


As shown in Fig. 1, the theory predicts marked 
shifts for the Landau levels of the degenerate valence 
bands of germanium when an electric field is applied, 
especially for the low-lying anomalous states. Because 
of the nonuniform displacement, we can expect a large 
Stark line shift for the cyclotron resonances. A typical 
case with &=0.3 volt/cm and 3C=1000 gauss gives 
&/H*~1X10-" which produces a fractional line shift of 
Av/vo~10% for some transitions. While this effect 
should be directly observable, detection of even much 
smaller shifts could be achieved by application of an 
electrical square-wave modulation of a fraction of a 
volt/cm amplitude and a few kilocycles per second in 
frequency to the sample. The subsequent coherent 
demodulation of the resonance absorption signal would 
allow identification and measurement of these levels in 
spite of the presence of strong electron transitions. 

In the region of high quantum numbers 1, the levels 
within a “ladder” undergo identical shifts and the Stark 
effect vanishes. On the other hand, for transitions be- 
tween ladders a considerable line shift will still occur 
because the level displacements for light and heavy 
holes do not approach the same limit as n>. Such 
transitions, however, become highly forbidden as n > ; 
so, in short, there are no Stark shifts in the “classical” 
limit of large m. Although they are first forbidden, the 
lower transitions between ladders should give especially 
large energy shifts—a property which should be helpful 
in their detection. 

The experimental feasibility of observing Stark shifts 
rests strongly upon limitations set by the magnitude of 
the electric field that can be applied to silicon or 
germanium. Although fields up to approximately 5 
volts/em can be usually reached before breakdown, 
there is evidence that “heating” of the carriers occurs 
considerably below this limit. A current estimate’ indi- 


®S. Koenig (private communication). 
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cates the holes will reach a temperature of approximately 
10°-20°K for a field of 1 volt/cm. In order to observe 
the cyclotron quantum effects, however, the lowest 
possible temperature should be maintained in order to 
encourage preferential population of the lower states. If 
this end is to be achieved it seems clear that the upper 
limit of & will be several tenths of a volt/cm. If one is 
willing to sacrifice line intensity in the anomalous 
transitions, the limit may be raised possibly to 1 
volt/cm. 

A quantitative comparison with experimental results 
will undoubtedly require further calculations when the 
values of y2 and y; are determined with more certainty 
from microwave cyclotron resonance. The isotropic case 
used here was chosen for its simplicity and does not 
exactly describe the valence band in either germanium 
or silicon. It is believed, however, that the second-order 
perturbation calculations can be readily extended to the 
anisotropic cases discussed by Luttinger! and Goodman.$ 
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APPENDIX A. CYCLOTRON RESONANCE FOR 
DEGENERATE BANDS WITH SPHERICAL 
ENERGY SURFACES 


By assuming spherical energy surfaces y2=y3=¥ 
(also setting ks=0), Luttinger! finds that the matrix 
D (23) decouples into a pair of 22 matrices designated 
D, and Dz: 


eee —v37a" 
= 
—wya" (n—7)(ata+4)—3« 
: (A.1) 
—v37ya" 
(yit7)(atat+3)—3k : 


— ae 


—v3yal? 


The quantities at and a are creation and annihilation 
operators: 


at= (c/2e3Ch)* (ki +iks), 
a= (c/2e5Ch)! (ky — the). 


The Landau gauge (3) for the magnetic field has been 
employed here. Since we are dealing with holes, it has 
been convenient to replace D by —D in writing (A.1), so 
that the energy level scheme will be arranged so that the 
energy increases with ascending order of excited states. 

The Schrédinger equations for the two decoupled 
systems are 


(A.2) 


(Di— a) fi=9, 
(Ds «:) fo=0, 


with the energies €; and e, measured in units of h(e3/mc). 


(A.3) 
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Since (A.3) is cyclic in x1, we write 
fi=expl (i/h) pr'x1 ]gn,1(x2), 
fo= exp (i/h) pr'x1 }gn, 2(%2), 


which is equivalent to a canonical transformation of 
variables ki > x2. By this transformation (A.1), (A.2), 
and (A.3) retain the same form but undergo the 
replacements 


pit (e/c)x2— pr'+ (e3C/c)x2, 
hi =? Bas ks 


fo Bn, 2% 


(A.4) 


The properties of at and a, 


QUn=Nty-1, 
atun= (n+1) try, 


allow solutions to (A.3) (transformed) to be written at 


once: 
Q14.(N)Un_2 
£n, 1+.= ’ 
bi4()uUn 


enn 
Bn, 24: ’ 
boi (m)Un 


(A.5) 


where the u, are the ordinary one-dimensional harmonic 
oscillator functions of the argument 


(c/eh3)§[ pr’ + (e5C/c)x2 ]. 


For n<2, ai4 and do, are to be taken equal to zero. The 
notation (+) labels the two eigensolutions of the 
determinantal equations for the a’s and 8’s. 

The eigenvalues of the determinantal equations are 


€14.(n) = (yi— 7) (n +3) — 3x, 


(A.7 
€24.(n) = (vi + 7) (n +3) — 3x 7 
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for n<2 and 


€1g.(") = yin— (271 +F— 34) 

+{[¥n— (yi +37) P+37°n(n—1)}3, 
€24 (n) = yin— (371— ¥+3K) 

+{[9nt (yi— x — 37) P4+37°n(n—1)}3 


for n>2. The energy levels are thus grouped into four 
“ladders” designated by (+) for the light holes and (—) 
for the heavy holes. 

Finally, with the aid of the eigenvalues e4.() and 
€2;(m) the determinantal equations are solved for the 
coefficients a;,(m) and 6;,(m) which are normalized 
according to 


(A.8) 


aj47(n)+6,42(n)=1. (A.9) 


For n<2, we have 
Qy4.(n) = do,.(n)=0, 
bi, (n)= bo, (n)=1. 

Calling 

pi=V37[n(n—1) }}, 

qi=n— (yi—K +37), 


p2= pi, 
q2= n+ (y¥i-K— 39), 
we obtain for n>2 
ai(n)=—Nix(n)pi, 
bis. (n)= Nig (n)L—qit (pr+91)4], 
Nig (n)=([2p 2+ 2gPF 2g: (pr+q’)' F , 


deo4 (n j=- Noy(n ) po, 
bos (2) = Nox. (n) go (po?+q2")! ], 
Nox(n) = [2p?+ 2q?+ 2q2(p2?+q2")? | - 
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The calculation of ultrasonic attenuation is discussed for arbitrary frequency and band structure. The 
results are applied to the cases of a metal with a spherical energy surface and a semimetal with electrons 
in two “valleys.” Possible experimental uses are pointed out. The occurrence of saturation is discussed. 
The acoustoelectric effect is also treated by similar methods and is seen to be closely related to the attenu- 


ation. 


I, INTRODUCTION 


ECENTLY, a number of experiments have been 

performed on ultrasonic attenuation in metals at 
low temperatures,'~* below about 10°K. Above this 
temperature‘ the dominant role is played by disloca- 
tions, but below it scattering by electrons is more 
important. 

Theoretical treatment of the electronic contribution 
was initiated by Akhiezer® in 1939. He deduced that the 
temperature dependence of the attenuation constant 
should be as 7~> at temperatures much below the 
Debye temperature and as 7~' at much higher tem- 
peratures. This is the familiar temperature dependence 
of the electrical conductivity, and corresponds to more 
recent treatments which show that the attenuation is 
proportional to the relaxation time. Some other features 
of Akhiezer’s paper will be discussed later in this paper. 
After the recent experiments, other theoretical treat- 
ments were published. These have been reviewed by 
Mason and Bommel,’ so we shall say only enough about 
them to provide reference for future comments. Mason® 
observed that if one assumes a viscosity for the con- 
duction electrons, one can obtain a formula which is in 
essential agreement with the experiments; the viscosity 
estimated is of the same order of magnitude as would 
be calculated from the kinetic theory of gases and the 
known electrical resistivity. Morse’ considered the 
effect as due to the deformation of the Fermi sphere by 
the strains of the sound wave. Kittel* has discussed the 
transfer of electrons from one part of the Fermi surface 
to another. These last two are clearly closely related, 
differing only in emphasis, though Kittel clearly had 
in mind applicability to more general band models than 
free electrons. All these treatments supposed that 


* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the University of Chicago. 

+ Now at the Westinghouse Research Laboratories, Pittsburgh, 
Pennsylvania. 

t National Science Foundation Predoctoral Fellow, 1955-1956. 

1H. E. Bommel, Phys. Rev. 96, 220 (1954). 

2 L. MacKinnon, Phys. Rev. 98, 1181 (1955). 

3 W. P. Mason and H. E. Bommel, J. Acoust. Soc. Am. 28, 930 
(1956). 

*W. P. Mason, J. Acoust. Soc. Am. 27, 643 (1955). 

5 A. Akhiezer, J. Phys. (U.S.S.R.) 1, 290 (1939). 

6 W. P. Mason, Phys. Rev. 97, 557 (1955). 
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wr<1, where w is the angular frequency of the sound 
wave and 7 the relaxation time of the electrons; they 
did not anticipate any anomalies until this condition 
was violated. As pointed out by Morse, however, and 
developed by Pippard,’ interesting effects occur as soon 
as gl~1, where g is the wave number of the sound and 
/ is the mean free path of the electrons. Pippard used 
the free-electron picture and the relaxation-time ap- 
proximation. 

In this paper, we shall give a more detailed treatment 
of this phenomenon from the point of view of band 
theory. In the course of doing this, it has been necessary 
to consider the general problem of dissipation in metals 
in somewhat more detail than is required when only 
electromagnetic perturbations are considered. These 
considerations have been included as Sec. II. Section 
III is concerned with the nature of the perturbing 
Hamiltonian; we establish the deformation potential 
formula in slightly generalized form. In Sec. IV we 
discuss the relaxation-time approximation actually in 
more detail than is needed for any of our calculations, 
but we feel that the discussion is of interest in itself, and 
it will be of importance if experiments are performed 
at extremely low carrier concentration. We use these 
three preliminary sections to write a general formula 
for the attenuation in Sec. V, which also includes a 
physical discussion of the absorption process. In Secs. 
VI and VII, we specialize this result to the case of a 
monovalent metal and the case of a many-valley semi- 
metal, respectively. The latter results were the original 
aim of the investigation. Section VIII deals with the 
behavior as wr approaches infinity. The related acousto- 
electric effect is discussed in Sec. IX. 


II. DISSIPATION 


It is customary to compute attenuation or absorption 
coefficients by the following procedure. The heat Q 
dissipated per unit volume and time for a given ampli- 
tude is divided by the (elastic) energy density and then 
by the velocity of (sound) propagation. Since the pro- 
cedure for calculating Q is not entirely obvious, we 
shall discuss it in some detail. 

One is at first tempted to write, as in the case of 


* A. B. Pippard, Phil. Mag. 46, 1104 (1955). 
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electromagnetic waves, 


1 
Q= — | i. vd°k, 
4r* 


where F is the force, v the group velocity, and / the 
distribution function for an electron of wave number k. 
We shall see that this is in general incorrect. Some 
authors, including Akhiezer, have calculated Q as 
T(dS/dt) where S is the entropy. We shall see that this 
gives the correct result if properly interpreted, but that 
has not always been done. 

We shall start from fundamentals. It is convenient, 
if not essential, to consider three systems : (a) the driving 
system, such as an electromagnetic or sound wave; 
(6) the dissipative system, in this case the electrons of 
the metal; (c) an external system to which the dissi- 
pative system delivers energy, generally through “‘col- 
lisions.”” The third system is essential, if we are to 
consider the second as being in a steady state or as 
returning periodically to the same state. 

It is now clear that the dissipated energy may be 
defined either as the energy delivered by (a) to (0), or 
as that delivered by (0) to (c). These two must, of 
course, be equal in a steady state, and equal on the 


(11.1) 


average in a periodic process. It is easier to start with 
the second definition and work back to the first. We 
shall work here with the distribution function instead 
of the density matrix because it gives a slightly more 
convenient form. 
sound wavelength is always much greater than that of 
the electrons at the Fermi surface. The energy lost to 
the reservoir through collisions is clearly 


2 of 
ful ) dk, 
(27)' OFF 6 : 


collision 


This procedure is adequate since the 


(11.2) 


where H is the complete Hamiltonian of the electrons 
except for collisions, and the 2 is due to spin. [Actually 
the situation is slightly more complicated, since the 
Hamiltonian may be changed by a canonical trans- 
formation. It is necessary to decide which Hamiltonian 
to insert in (II.2). This is not an empty question and 
will be considered in Sec. [V. Meanwhile we assume that 
a suitable coordinate system and Hamiltonian have 
been chosen. ] We now use the Boltzmann equation to 
transform this into a more convenient form: 


of of of 
(1) fle 
Ot ZF eon Ol Ox; 


Of 1/0f 0H 
“( 
at hXN dx; Ok, 


of OH ) 
Ok, Ox; 


BY IN METALS 


1 of 
- f a: ) ak 
4’ at coll 


7 ‘f(a i. H 0H af wh" 
a sy bs weaine.f 


h ak; Ox; h dx; Ok; 


1 OH 1 7) 
=- fi d®k— — f- ( fH)d*k 
Ar ot 4S Ot 
11f0 oH 
— — f(a Jar 
Ant hY dx; Ok; 


i 
fr mn) (11.4) 
ak; 


4’ if 
The fourth integral always vanishes since f and H are 
taken to be periodic in k-space. The second integral is 
the time derivative of the total energy of the electron 
systems, which vanishes for a steady state, and vanishes 
on the average for a periodic system. The third term 
also vanishes on the average for a periodic system, but 
not for the case of a constant electric field, if we use a 
gauge such that g= — Ex. In this case it accounts for 
all the dissipation. For periodic processes we are left 


with 
I , 
f foH Oley dk, 
dar’ 


where the notation ( ).y indicates an average over a 
period. By choosing a gauge with g=0, we see that 
for the electromagnetic case Q=(E-J).,. A general 
criterion for the applicability of (II.1) is that the 
perturbation be expressible by means of scalar and 
vector potentials which are independent of k. We now 
consider terms of the second order. Since fo(Ho) and 
H), the equilibrium values of f and H, are independent 
of time, and the term / fo'H;(0H,/dt)d*k averages to 
zero, the only contribution will come from /,(0H,/d1), 
where H, is the first-order perturbation in energy and 
fy is the first-order part of f— fo(4[o+;). Therefore 


1 
O= -f (nan, ‘Ot)eyd*k 
4n’ 


1 
a fear ‘AL) colt ley he: 
4m! 


This constitutes a real simplification, since it guar- 
antees that we need only calculate individual quantities 
to first order, while the expression on the right may 
involve second-order terms in (0//0/).o1 and indirectly 
in H. This is particularly noticeable in case the domi- 
nant scattering mechanism is elastic, as is impurity 
scattering. the 
only one operating, for though it can take up momentum 


ELECTRONS 


O= (11.5) 


Clearly such a mechanism cannot be 
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from the electrons, it cannot take energy. Thus there 
must, in fact, be another process, which dominates in 
second order though it may be neglected in first order. 
We can avoid consideration of this process if we use the 
first part of (II.7). Akhiezer has stated that impurity 
scattering cannot contribute to ultrasonic attenuation, 
since it cannot absorb energy. We see that in some 
sense this is correct, but that we can obtain nonzero 
ultrasonic attenuation under conditions where an 
elastic process is the dominant scattering mechanism, 
and where we need not explicitly consider any other. 
Actually Akhiezer’s argument could be applied to his 
own model, in which he considered only elastic electron- 
phonon scattering, but included the phonons as part of 
his dissipative system (0). 

Let us consider the Boltzmann equation again, 
writing f= fo(H)+ fi, where H is still the entire Hamil- 
tonian except for the scattering terms. Then, to first 
order, we have 


of 
(2) 
Ot 7 ott 


where = (1/h)d0H)/dk;. Substituting for 0H,/dt in 
(11.6), we obtain 


mA 
“a ( 7 pools 


0H, 
ot 


df 
ot 


ahs 
Vos, 
Ox; 


(11.7) 


of 
"an; cy 
df 
EG Ba dk, (11.8) 
e, 


The first term on the right vanishes on averaging over 


a cycle. The second is T(0S/0t)o, the change in 
entropy due to changes in f caused by collisions as may 
be verified from the statistical expressions for S$. Thus 
we have the equivalent expressions : 


=(((0H/Al) cou))ey =((T(0S/0l) cot) ey 


1 
=f (fraHh/a) et, (II.9) 
4r3 


where the unmarked angular brackets indicate a statis- 
tical average. We emphasize that the collisions referred 
to are those between the dissipative system (6) and the 
external reservoir (c). Collisions between subsystems 
of (5) clearly produce no net effect. It was just such 
collisions which Akhiezer considered, however, namely, 
those between electrons and phonons, which together 
comprised his system (5); he omitted (c). However, he 
had previously concluded erroneously that 7(05/dt) 
of the phonons was small compared to that of the elec- 
trons, rather than equal to it. [The equality follows 


Ls 
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from (1) the fact that T(0S/0t)con=(O0H/0t)cou for 
phonons as well as for electrons by the same argument 
used above, and (2) conservation of total energy in 
electron-phonon collisions. ] Thus he calculated it only 
for the electrons, effectively considering the phonons as 
system (c), and getting a correct answer for the elec- 
tronic part. On the other hand, this invalidates his 
proof that the electrons dominate the phonons at both 
high and low temperatures. However, since the number 
of phonons decreases so rapidly below the Debye tem- 
perature, this must still be true at low enough tem- 
perature. 

It is also of interest to consider the rate at which 
the sum of the wave-number vectors, k, of the electrons 
changes due to the impressed sound wave and to col- 
lisions. The net effect of the two, is, of course, zero, 
when averaged over a cycle, but the two contributions 
are each finite. We shall call them Ak. Then, following 
a procedure essentially like that in Eqs. (II.3)—(IL5), 
we find 


1 of 1 
an scint (—) kdk= — — 
4x’ Ot F cont 4r* 


If H depends on x and ¢ only through the quantity 
6= — (q:x—wo/), we can write 


foH 
—— dk, (1.10) 
h Ox; 


Ak,;= 


(I.12) 


The proportionality between Q and Ak is the classical 
analog of the conservation of wave number and energy 
in electron-phonon collisions. 

Finally we discuss the calculation of 


density, 
e - 
i= — f fet, 
4r’ 


where in general both f and 2; will contain first-order 
terms as well as zero-order, if H,; depends on k. The 
previous definition of fi, however, avoids the first-order 
term in v;, for then 


el OH e 
j=—P J fo(H)—dk+— f fivo,d*k 
dr h Ok; 4 


é 


~ bg! h 


é 
=— | finde, 
“Se 


where F(H)= Jo" fo(H)dH, and the term involving it 


the current 


ne —f. f109;d°k 
ak, 


(1.13) 





ULTRASONIC ATTENUATION 
vanishes because of periodicity in k-space. Thus to all 
orders, fo(H) carries no current. 


III. DYNAMICS 


Most derivations of the phonon-electron interaction 
assume that the displacement of an atom from its 
equilibrium position is always much less than a lattice 
spacing. It is then said that the region where the per- 
turbation is large is negligible, so that perturbation 
theory may be used. Physically it seems clear that a 
simple treatment should be possible if the strain is 
small, or the displacement is small compared to a 
wavelength. This can indeed be done. The crucial point 
is to write the perturbed potential as Vo(x— u)+Vi(x,/), 
where V(x) is the unperturbed potential; u is the 
local displacement, suitably generalized to be a con- 
tinuous function of position, rather than defined only 
at the lattice points; V; is an additional perturbation. 
V, is small, while [Vo(x—u)— V(x) ] may be large. 

We shall remove this difficulty by means of a canon- 
ical transformation generated by 

F= p;' (xi—u,), (III.1) 


which leads to the following relations between the new 
and old systems (we use the summation convention) : 


(III.2) 


/ 
%,=9;- —_— - — Vj, 


at Ox; 
Ou; 
dl 


1 Ou; Ou k Oui 
—( — pi ‘) (>. “i ) ee 
2m Ox; Ox; l 


+ Vo(x’)+Vi(x’,d) 
Ou; 


fs Ou: ; : 
So Pi —Pi— 
Ox; 


ot 


+Vi(x',). (III.3) 


If, as we suppose, we know the solution of the problem 
for Ho, we can now solve the full problem by perturba- 
tion theory, since all perturbing terms in (III.3) are 
small. 

The advantages of this transformation are not 
merely mathematical. First, we note that if the maxi- 
mum displacement is comparable to a lattice spacing, 
there will be a departure from periodicity in zero-order 
in the x frame. By this we mean that if we set V:=0, 
the potential at points separated by a large integral 
number of lattice points may differ by amounts com- 
parable to the total variation of Vo(x) in a unit cell. 
In the x’ frame, however, periodicity will be violated 
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only by terms of first order. Thus Floquet’s theorem 
fails in zero order in the x frame but not in the x’ frame. 
While it is almost meaningless to assign a wave number 
k in the x frame, this is not the case in the x’ frame. 
Mathematically this corresponds to the fact that the 
solutions of the eigenvalue problem for H»(p’,x’) are 
a better basis than those for the problem for Ho(p,x). 

We also observe that the x’ frame is preferable in 
connection with interactions with thermal phonons. 
The latter are, as a matter of course, described in a 
frame corresponding to x’. Thus we write for the dis- 
placement v(g)= uo exp[i(q-g—w/) ], where g is a 
lattice vector labelling a specific atom, rather than a 
point in configuration space. Therefore, we should 
transform the electrons to the x’ frame before con- 
sidering their interaction. The effect of this will be that 
the conservation laws obeyed in electron-phonon col- 
lisions involve H’ and k’ rather than H and k. Holstein" 
has also obtained essentially this result, among others, 
by a detailed calculation in configuration space. A 
similar result is found for impurity scattering, for the 
conservation of energy can only be derived in a frame 
in which the impurity is at rest. In neither case are 
conservation laws exact in the presence of the sound 
wave but the deviations seem to be less important than 
the modifications mentioned above. 

In Sec. II we pointed out that some care must be 
exercised in choosing a Hamiltonian to be used in 
(11.2). We shall now show that H’ is the correct choice. 
When an electron is scattered it changes both its energy 
and its momentum. Scattering mechanisms can absorb 
energy but not momentum. Thus this momentum must 
be transferred to the mass motion of the lattice, and 
acts as a force on the lattice or conversely on the elec- 
tron. If the lattice is in motion, this force does work, 
which on summing over all electrons is equal to 


1 Ou; {Of 
W= fr. ( ) dk, 
4r? at al coll 


To determine the energy transferred to the scattering 
mechanism, we must subtract W from the total energy 
change of the electrons. Another way to see this point 
is to observe that we want to calculate the heat dis- 
sipcated, which differs from the energy change by the 
work done. Again, the energy W is really transferred 
from the electrons to the ultrasonic wave, or from 
system (b) to system (a), and should not be counted in 
the bookkeeping of the transfer from (5) to (c). We 
see from (III.2) that this correction (II1.4) is already 
built into H’. This difference, while conceptually im- 
portant, is numerically negligible in the normal state; 
on the other hand, Holstein" has pointed out that it 
may be crucial in the superconducting state. 

Pippard® made the assumption that the scattering 
can be described by a relaxation time, but that the dis- 


(111.4) 


 T, Holstein, Phys. Rev. 113, 479 (1957). 
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tribution toward which relaxation takes place is a 
displaced Fermi distribution centered at the local 
velocity of the lattice. This assumption entered in two 
ways: first, in the calculation of the actual distribution 
function; second, in the method of calculating dissipa- 
tion, which really amounts to calculating the dissipation 
of H’, not H. From our discussion we see that the latter 
point does not depend on the assumption concerning 
collisions. Furthermore, this assumption itself is, in our 
terms, simply the assumption of a relaxation time in the 
primed frame, which is indeed the only frame in which 
one could reasonably make such an assumption. The 
most important deviations from this assumption are 
expected to be due to departures of the phonon dis- 
tribution from equilibrium. We are neglecting such 
effects in this paper though they may be important in 
some cases. 

We have considered the nature of V; in some detail 
using a Hartree-Fock treatment of the electrons. We 
shall not reproduce this but merely state the final result. 
For long wavelengths the entire perturbation can be 
replaced by (1) a ‘“‘deformation potential” essentially 
similar to that found by Bardeen and Shockley" for 
semiconductor and (2) a long-range electromagnetic 
field whose source is the current and charge density 
introduced in the crystal by the sound wave. The 
deformation potential A(k,x) is equal to the change in 
energy of an electron of wave number k due to the 
local value of the strain and velocity. 

While this is a simplification, it still leaves a large 

task in the case of metals. In the case of semimetals and 
semiconductors, there is a reasonable possibility of 
measuring the deformation potential by elastoresistance 
measurements. The electromagnetic field and potential 
are determined during the solution of the problem by 
Maxwell’s equations. We shall adopt the gauge in which 
g=0. 

In the event that spin-orbit coupling is important, as 
in heavy metals, the only modification is that p is no 
longer equal to my. It can be shown that (III.3) will 
then read 

Ou; Ou; 
H'=H)(p’,x’)—pi'— dite tila 


Ox; 


(111.5) 


Finally we shall compare the currents as calculated in 
the primed and unprimed system. From the difference 
in the velocities, we see that the difference in electric 
currents is 
Ou, 
= Pe Pe om nb. 


ver ‘ax; 


In the first order the second term vanishes, and the 

first term is equal to the nuclear current, so that the 

electronic current j’ is equal to the total current in the 

unprimed system. In second order we shall be interested 

only in the current averaged over a period. To find this 
4 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 


EUGENE I. 


BLOUNT 


we can integrate by parts with respect to x and ¢ in 
(III.5), obtaining 


1 pfaf a : 
ji-ji=— f fs Wa (Fe) uate, (1.7) 
43 al Ox; 


which vanishes by the equation of continuity. There- 
fore, in the average second-order current, j and j’ are 
equal. 


IV. THE COLLISION TERM 


So far we have made no assumption concerning the 
form of the collision term, (0//0f) cou, in the Boltzmann 
equation. We are not primarily interested in this term 
and will use the simplest possible form for it. Even 
this, however, requires a somewhat more careful 
treatment than the usual relaxation time approach. We 
shall divide the present discussion into two parts, per- 
taining to the cases of (a) one band with a spherical 
Fermi surface, and (6) the many-valley model. 


A. One Spherical Band 


In this case, it is usual in the relaxation time approxi- 
mation to write 


(0f/8t)cou=Lfo(H)—f]/r, (IV.1) 


where rf is the relaxation time and need not be constant. 
We require a modification of this procedure. 

In a solid we require that electron paths be con- 
tinuous. This implies that $(0f/0t)coud*k=0. In 
general this is not satisfied by the form on the right 
side of (IV.1). This can be rectified by writing 


(of Ot) cot se [ fo(H+ ¢(x))— f] /r, (IV.2) 


where ¢ is adjusted so that the above condition is 
satisfied. This problem arises only when f depends on x. 

We also note that H here means the total Hamil- 
tonian, including perturbations. In the case of static 
conduction, this problem does not arise, but here the 
choice is important. We base our decision on the fact 
that in collision it is the total energy which must be 
conserved, not the unperturbed energy. In the case of 
pure elastic scattering with constant matrix elements, 
this choice can be rigorously derived. 

In other cases than this last, the relaxation time 
approximation is not so justifiable as in conduction 
problems. In the latter, the simple form of the deviation 
from equilibrium makes possible great simplifications, 
which are tantamount to using a relaxation time. In 
our problems, at high frequencies, the perturbed dis- 
tribution is by no means simple and no such simplifica- 
tion is expected. We use the approximation, anyway, 
since it should give qualitatively correct results, and no 
other feasible procedure has been found. 


B. Many-Valley Model 


By the many-valley model, we mean a model of the 
band structure in which we assume that the mobile 





ULTRASONIC ATTENUATION 
carriers are located in small isolated regions of the 
Brillouin zone. By small we mean so small that certain 
important quantities can be considered to depend only 
on the valleys rather than the value of k. Such quan- 
tities include H;, defined in Sec. II, the frequencies of 
phonons whose wave-vector is k—k’ for k and k’ in 
different valleys, and the values of the squares of 
matrix elements of the scattering Hamiltonian. Herring” 
and Herring and Vogt!* have discussed the transport 
properties of semiconductors to which this model can 
be applied. It is also useful for the understanding of the 
semimetals. 

In this case, with restrictions discussed below we 
have derived a collision term of the following type: 


(Of/dt) ith coun= (fo gi- fa)/Te- (IV.3) 
¢i, T; are constant for each valley and can be deter- 
mined from a set of algebraic equations 

1 
Dd £59; ya fae fi(k), (IV.4) 
4r3 
where g;; is the inverse of C;;, and C;; is the transition 
rate from the jth to the ith valley. These equations 
express the condition that intravalley scattering cannot 
change the population of a valley. 

This form has been derived for impurity scattering 
and degenerate statistics. For nondegenerate statistics, 
it should be a reasonable approximation. In problems 
of interest to us, intervalley scattering will be due to 
impurities, and the major source of error will be intra- 
valley scattering due to phonons. Even in this case, we 
may sometimes be able to justify the approximation. 
In other cases, we see no reasonable alternative to using 
this form as an approximation at high frequencies. 

Finally we note that (IV.2) and (IV.3) can both be 
written as 


(9 f/0t)cou=[fo' ¢(k,x) — fil/7, (IV.5) 


which is convenient for some derivations applicable to 
both models. 

It is not supposed that the two types of models con- 
sidered are applicable to all metals. They do represent 
extreme cases. Other models would be more compli- 
cated, but could be handled by similar methods, the 
greatest complications deriving from the collision term. 


V. GENERAL SOLUTION 


We start with the Boltzmann equation in the form 
(II.8), introducing complex quantities and the form 
(IV.5) for the collision term. Then we have 


eg iw fo’ H'+i(q ¥ v—w) fi, 


. 1 ¢ + lw tH,’ 
Ih — fo’ : = 
1+7(q:vV—w)r 
2 C, Herring, Bell System Tech. J. 34, 237 (1955). 
13 C, Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 


BY ELECTRONS IN METALS 423 


H,' contains the vector potential, which can be 
determined from the wave equation 


w 
g’A—q(q-A)— —A 
Ce 


fo’ v(¢ tiwrHy’) 


1+i(q:v—«)r 
fo’ v(¢ tiwrH He 
1+é(@- ay 
foiwrvv-A 
——_———#k, (V.2) 
1+i(q:v—w)r 
where H, does not include A. w/c? is negligible com- 
pared to g*. If A is parallel to q, (w?/c?)A is negligible 
compared to the term in A on the right side. [See 
Appendix, Eq. (A.9).] We shall therefore neglect it 
from here on. This is equivalent to maintaining elec- 
trical neutrality. Then we have 


c iwe fo'vvr 
- | 14 —qq- — ort gee Se ota 
4ire 1+i(q:-v—w)r 


f= sh dict!” 
1+7(q- sarah: 


d*k, (V.3) 


where I is the unit tensor; or, defining the tensors 


C é 
M=— —(Iq?—9q)-+ior-W 
4 c 


we 


-—f- fo'vy 
1+i(q- V—w)T 


1 fo'v(e+iwrH) 
A=M+— f arent 
1+i(q:-v—w)r 


dk, 
we have 


(V.4) 


Inserting (V.1) and (V.4) into (II.11), we obtain 
tw 

=— —f janine 
(29) 


1 eel 
(amd 14. 


q:V—w)r 


er lw be fo’'H\* atasiasin dE 
=n ‘ ( 
(2m) 1+i(@-v—w)r 


(g+iwrH;’) 
@k (V.5) 


€ Ww fo Hi*vr-A 
= " 
c (27)? 1+i(q-v—w)r 


where the asterisk indicates complex conjugate. By the 
wave equation, A is in phase with J, the electric current ; 


(V.6) 
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therefore, iwA*-j is imaginary. Finally, 


lw 


1+7(q:-v—w) 


we fo Hi*vr 
a 2 
(2r)’cJ 1+7(q:-V—w)r 


1 “esa 


= 


(2m)? 


fo Hy*(¢+iwrH;) 
f dk 


= 


d®k. (V.7) 


(2r)*¥ 1+7(q-V¥—w)r 

Going back to the first part of Eq. (V.5), we see that, 
provided there is no longitudinal current, or charge 
accumulation, no term in the Hamiltonian which is 
either constant or proportional to q-v on the Fermi 
surface can contribute to Q. If we add a constant term 
to H,, however, we must also subtract it from ¢, since 
according to (IV.3) and the requirement of neutrality 


f fo e’k= f fi@k=— f focHidk. — (V.8) 


In either case we would have to adjust A also, but this 
does not enter into our final formula (V.7). 

At this point it will be well to discuss in some detail 
the physics of ultrasonic attenuation by electrons. We 
have seen that the sound wave perturbs the energies of 
the electrons. Therefore, we should expect that they 
will try to distribute themselves so as to minimize their 
energy. If the deformation potential is constant, there 
will be a tendency to bunch if we neglect electrostatic 
interaction. This tendency will be resisted by the scat- 
tering mechanism which will absorb energy in the 
process; we can image this interaction as a sort of 
friction. If we now take the electrostatic interactions of 
the electrons into account, however, this effect vanishes, 
for the electrostatic forces are so effective in preventing 
bunching that they leave practically nothing for the 
scattering forces to do. 

Let us now, however, suppose that we have two 
bands, with different deformation potentials. The elec- 
tric field will still maintain neutrality, but it cannot 
prevent bunching of the electrons in each band. It can 
only assure that they will bunch in such a way as to 
cancel each other. This bunching will now be resisted 
by scattering and attenuation will result. There is a 
close parallel here with magnetoresistance. It is well 
known (see, for instance, Wilson") that if all electrons 
leave the same velocity, there is no magnetoresistance, 
because the first-order Hall effect will act twice in such 
a way as to cancel exactly the second-order “pure” 
magnetoresistance effect (Corbino effect) due to the 
curving of the electronic paths. This depends on the 
transverse Hall electric field leaving the proper mag- 
nitude. If there are electrons of more than one velocity, 


“A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition, p. 215. 
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there is still only one Hall field and it cannot exactly 
cancel the Corbino effect for all velocities. Similarly 
the electric field set up to preserve neutrality cannot 
prevent bunching of individual valleys. 

From this point of view, the case of one spherical 
band is that of a continuously varying deformation 
potential. Electrons in each region of k-space will try 
to follow their deformation potential, and will lose 
energy to the scattering mechanism in the process. 

Our point of view is different from but comple- 
mentary to those of Morse and Kittel. These writers 
focused attention on the changing shape of the Fermi 
surface at a point in real space due to passage of the 
sound wave. We have emphasized the distribution in 
real space of electrons at a point in k-space. [We may 
remark that Kittel seems to have underestimated the 
attenuation by a factor of v,/v. This arises from the 
fact that he assumes a form for the compliance of 


s=sots,/(Atiwr). 


Actually wr should be replaced by (g/—wr) (if 7 is to 
retain its microscopic meaning as he assumes). For 
most relaxation mechanisms g/<wr, but for the present 
case gl>wr. Therefore, wherever 7 appears it should be 
multiplied by 2/2,. ] 


VI. ONE SPHERICAL BAND 


The only band-model which has been specifically 
used in previous calculations is that of free electrons. 
In our formalism, the effect of the sound wave on the 
energy is then limited to the terms pe, ;v;— p;(0u,/ 0) 
or 7(q:V—w)p-u. Furthermore, the products of inter- 
band matrix elements are neglected. These may be 
actually quite sizable in some cases. We shall treat only 
similar terms, but shall first point out what meaning 
they may have in a more general case. 

In general, for one band, we could expand H in 
spherical harmonics on the Fermi surface, using as 
angles those pertaining to the normal (that is, v) 
rather than the radius vector k. The surface density of 
states can be similarly expanded. The approximation 
in the present section consists of assuming the latter 
to be constant while keeping first- and second-order 
spherical harmonics in H;. We have also tacitly assumed 
that the normal modes in the direction of propagation 
are either pure transverse or pure longitudinal. 

We can easily see that assuming spherical symmetry 
the most general form for H, is 


HA, Buamv-ut+mA[q:v v-u—3(q-u)e” ]+3C(q-u)?”, 


where A, B, and C would be 1 for the free-electron case. 
As we showed in Sec. V, we can ignore the term with C, 
and the term — Bmw(q-u)(q- v)/g’. The remaining part 
of the linear term can also be neglected, provided 
Bv,/v&A, which is practically certain. (This argument, 


which could be upset by ‘‘fortuitous” cancellation, is 
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actually corroborated by detailed calculation.) We are transverse and longitudinal components of u_ (desig- 
left with nated #, and u,). For the transverse component, 

H,=Amf{(q: v)(v-u)—4(q-u)e” }. (V1.1) " 

— 1 fovv(q:v) 
Pippard has already calculated the attenuation in the Q=—4) A/?m?) wu,|27 ( f : —dk 
free-electron case. We shall give a derivation of it also, 4?J 1+7(q-v—w)r trans 
since our approach is so different from his. éy oo & 

’ : 1 lo vv(q-v) - WwTe 

We shall assume that ¢ is constant, and therefore -( f ; Dk —M-}. (V1.2) 

zero since the average of (VI.1) is zero; and of course 4dr J 1+i(q-v—w)7 


that 7 is constant on the Fermi surface. We also see 
easily that there are no terms in (V.7) involving both We note the two identities 


1 fo'vv(q- v) —ir 1 fo'vv(q- v)* if 1 1 fo vv(1—iwr) 
, f d’k=- f : k= f folvwdek— — f re. 
, tl4r' 4dr? J 1+i(q:-v—w)r J 


4r°J 1+7(q: V—w)r 1—twr 4° 1+71(q:V—w)r 


trans C 


For the transverse part, the last of these is Using (V.3), we simplify the last two factors to 


—i[ fer? —W,(1—iwr) | 


We thus obtain | 1 tier( = -1) |, L 
4tre cg 


Q=—34|A\2m| wu,|*[4omv?— (1—iwr)mW ,](1—iwr) 


C 


i Wp” Wp” 1 p"WTEr 
(1g, wrg—ilg.—erg) | I+ier( ne -1)}}:- maaan "] 
cg? 


lwTe 1 iwre , : ‘ 
x(1- M,W + pr’, ). (VI.3) Introduce the notation g= g,+ig;= 3W,/ pmo", we have, 
( 3 


using the Appendix, Eq. (A.13), 


A |? Vip | wt,|? ey cg 


2r ia 2 [w,'wre,\? 
(-S) 
cg? cg? 


Then, for the attenuation in nepers-cm we find (using d for density and m*=m 8 as the effective mass) 


| A |? Nm? fw ,'w"r"¢g, 2 dp TZ, 2wp wre, w»' ’ , - 
a= | a-20( —+1 }+w*rg, f a Ls ide (V1.5) 
4A 272 } cg cigs 


dv,rm* cq cg? 


= : (VI.4) 


where we have neglected g,? compared to g,/. So far, we have made no assumptions about relative sizes of wy», 
cq, w, and r'. If now we assume, as is experimentally the case for the good metals (as opposed to semimetals), 
that w,/c is much greater than any attainable g, we can simplify this considerably. 


| A |?.Vm? L—2, cig! cigs 1 3 (gP?+1) 
a= - (1+ )/ (+ ), gy - tan a1] (V1.6) 
Wp'w"rg, Wpiw*t? ge 2q°’ ql 


dv,rm* — g, 


We add only that, in a different high-frequency ap- 
proximation still, cg will become comparable to and 
finally larger than w,. In this limit, we see that the 
term w°*r’g, will eventually dominate (VI.5) and there 


This contains Pippard’s results (23), (24), (25), and 
(26) as limiting cases, and we repeat his formulas 
(modified to include | A |? and effective mass) : 


| A | Nm*o%a*r = will again be a linear dependence, 
a= S yl< 1 
5 ) 2 * lo 4 ” 
Sdv,?m 3m | A\?Nm*w 
a= = ; (VI.8) 
pT dum* 
(UV, 


4|A|?NV mw @ 
Simro, gh 
Sadv,’m j which is however, smaller by a factor (37v,/40)? than 

Ww pT the earlier value and in about the same ratio to the 
> v.)? P. longitudinal a (see below). This should not be taken 
c very seriously, however, since g/ would have to be 


| A |2Nm? 


dv,rm* 
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about 10° at the very least, which, if /~10-*, means 
qg~ 10%. For such values our classical arguments are no 
longer applicable. 

We now pass on to discuss the case of longitudinal 
waves. The Hamiltonian is 


(q-v)? 
H,=Am/(q: ¥(~ -- -1"), (V1.9) 


Substituting this in (V.7), we find, using the Appendix 
liberally, 


ol (q- v)?—4q20? 
Q-s]Ala ™(e “alge eek) 
4r® 1+i(q:v—w)r 
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gq: Ws? 


1 
+(— 
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A|?N se Uge ¥< 
——— —1 
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which again is Pippard’s result (14) and leads to the 
limiting cases 


4 |A)? Nm?*o*w*r 


. a a a are 


gl<l 


gi>1. (VI.11) 


We then see that our methods give the same result 
as Pippard’s. We also determine the way in which an 
effective mass different from the free-electron mass 
affects the result, which is not entirely obvious from 
Pippard’s formula. 

Perhaps the most interesting possibility for use of 
these results is to determine the interaction constant A, 
and see how close it is to naive expectations, and to the 
high-frequency interaction constant determined from 
conductivity measurements. 


BLOUNT 


VII. MANY-VALLEY MODEL 


We shall now discuss the case of the many-valley 
model where we can assume that the perturbing energy 
is constant for each valley. In this case, we can write 
(V.7) in the following form: 


= hiw > A*(6,;U 37 ;—iwt:V;-M- V;7;) 
i,j 


(¢j+twr ;A;) 
inne, “CORN 


1+i(q:v—w)r 
ee f ee ; 
4° J 1+7(q-v—w)r 


1 fo vvd*k 
W,=— 


1+7(q:- ar, 


and indices label valleys. The A’s are the deformation 
potentials. To eliminate the ¢;, we substitute (V.1) in 
(IV.4), obtaining (using the summation convention) 


B;;(¢j+iwrd;) 
=[gi;—5,ju;7 +i(we/c)riv;; M- V7; ] 
X (gj; +iwr ;A;)/7; 
= twg ijAj, 
=iw(B" 


(VII.3) 


(gjt+twrjA;)/r 


where (B-');, is the inverse of B,;; considered as a 
matrix connecting the valleys. Therefore 


Q=- pw i*(gi;—B,;)(B B- 1) egerAr 
= — pA; *L(C- B. C) <7 — gi; JA;. 


In a general case, this remains a very complicated ex- 
pression. We shall confine calculations to a simple case 
which should, however, contain the important physical 
effects. First we shall restrict q to a direction along 
which the norma] modes are either transverse or longi- 
tudinal, not mixed, that is at least a twofold axis. In 
this case for a group of equivalent bands only the com- 
ponent of V parallel to q will survive, and we can use 
only the longitudinal part of the tensor M-. This is 
irrespective of whether the wave is transverse or longi- 
tudinal, and reflects the fact that as long as we are 
considering only a constant deformation potential for 
each valley, all waves are “effectively” longitudinal. 
We then have 


)jrgniAr, 


(VII.4) 
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= tw < — 
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and we also need use only the q-component of V;. Thus 


(q- Virs)(q- Vir5) 
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(VIL.6) 
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This is still a rather messy matrix to invert, so we shall confine our attention now to the case of two bands. 


a = 81g jU mq: VinTm+ (giig2j+81 5821) (q: Vir1) (q: Vere) 
mel 
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where B, g are the determinants of the corresponding 
matrices. We find straightforwardly 
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(VII.8) 
Defining the matrix D= g-B-'- g— g, we have 
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Here we have chosen 7;, 72, and Cj, as the independent 
scattering parameters. Thus when, later, we consider 
cases where Cj2 does not explicitly appear, it does not 
mean that intervalley scattering is not effective, but 
that it is adequately accounted for by its contributions 
to 7; and 7». 

We can expedite the simplification by considering 
what form we might expect the answer to have. We 
know that the average energy cannot contribute to the 
dissipation. Therefore we expect D;; to have an eigen- 
vector pi4;+p2A2 with eigenvalue zero or imaginary. 
The obvious choice for the other eigenvector is A;— Ao. 
Thus we seek ¢ and d such that 


D;: 2= —c+d, Dy,= c+ (p1/p2)d. 


Dd gigi mtm( qe Wir q) 
mel 
» (VER) 
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We obtain q 
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At this point we simplify the expression (VII.8), and 
express it as 


U2 U 
tt —) +4-Vin( 1 —) 
l p2 Pi 


Uin1 U 2T2 
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We note that this differs from (VII.10b) by a factor of 
ipip2/(pi+p2), so that division will give an imaginary 
result as conjectured above. 

Equation (VII.10a), on the other hand, yields, on 
multiplication by the complex conjugate of (VII.11), 


yur |Ul? 
+ {q- Vers? a Gane eee PiT1 
Pl pre 


+w*pipC 12| q: Vir Uere+q: Ve72U 71 | s 


VU, |U2|? 
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+imaginary terms. (VII.12) 


We must now divide this by the absolute square of 
(VII.11). Substituting the values of U and q-Vr from 
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the Appendix, we find for the numerator, ignoring terms 


in v,/2, 
P2aiT) 
| 
1—a, 1—a, 


P2diT, PideTe 
x + ), (VII.13) 
l-—a, 1-a, 


and for the denominator, we take (see below) 


P2a\T) F 
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The terms in the first brackets are from the real part of 
(VII.11), and terms in (2,/v)? have been omitted. The 
second bracket includes the squares of only those 
imaginary terms which could ever dominate the real 
term. This could happen only for gi<v,/v, and then 
only if Cy2(o1+p2)(ri+72) is not much greater than 
(v,/v)*. 

If we for the moment ignore the second bracket in 
(VII.14), we obtain finally, on dividing (VII.13) by 


(VITI.14), 
PideT2 p2QiT; 
Rae 
Pipe i-—a, i—a, 
. (VIT15) 
(pi+pe)" P2Q}T, pideT2 
1+ Cf . ) 
1—a» 


1-— ay 
( is obtained by multiplying (VII.15) by $w*| A,;— A, |” 
We now designate the strain by e, without specifying 
polarization, and write A;— A.= Ee. The energy density 
of the sound wave is A | €|*, where K is the appropriate 


Pid2T2 


w*pip2(1—a,)?(1— ot +Cn( 
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elastic constant for the strain. Following the recipe at 
the beginning of Sec. II, we obtain for the attenuation 
constant, in nepers/cm, 
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We first discuss the two limiting cases. 
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(a) At low frequencies the second term in the de- 
nominator dominates the first term, and we obtaig the 


BLOUNT 


very simple form 


Ej? 1 
qQ= 


‘ 2Kv,C12 (x+1/x)? 


(") (—* ) 4 
y= = 
p2 Vo Bi 
(see Appendix). In this range only the intervalley 
scattering contributes, and we may describe the process 
as a transfer of electrons between the two bands, a 
mechanism first mentioned by Kittel. We see that the 
expression (VII.17) is similar to the free-electron ex- 
pression, as given for instance by Pippard, which is 
proportional to 7, Ci2 being like 1/7. 

(b) As the frequency increases, the intervalley scat- 
tering is unable to keep up with it, and in the high- 
frequency limit we find 


| | *w 1 P2171 pideT2 
( = ) (VII.18) 
2Kv, (x+1/x)?\1-—a, 1-—a 


a= 


The behavior of this expression can be clarified by 
observing that we can write 
a tan'(ql) x (ql) 
8 == ——-}- , (VIT.19) 
1—a gli—tan(gl) 2ql gP 


where b(g/) is a slowly varying function of g/l. (6=3 at 
gi=0 and {r°—1~1.25 at g/= © varying monotonically 
over the whole range.) The most meaningful simpli- 
fication of (VII.18) seems to be the following, in which 
we use (A.13): 


|E 2 
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(c) In the middle range, between the previous limiting 
cases we need only take the reciprocal of the sum of the 
reciprocals of the preceding formulas. Thus in general 
we expect the frequency dependence to be quadratic at 
lowest frequencies, leveling off to a nearly flat region 
in the “middle” range, and finally increasing linearly ; 
with the strong possibility that the middle region will 
not exist, depending on the relative values of the two 
r’s and Cy. Unfortunately we cannot expect the whole 
range to be observable because of other sources of 
attenuation at low frequencies, and the limits of ultra- 
sonic generators at high frequencies. 

We now return to (VII.14) to consider for complete- 
ness the case C}.=0, though this may not be of experi- 


(VIT.20) 
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mental importance. We find for the quotient of (VII.13) 


by (VII.14), 
PideT2 p2d 71 
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In the range where gl), g/x<1 this is equal to 


e e 
i/|o(. “+ ) : 
q°o1'q q'o2°q 


where @; is the static electrical conductivity due to the 
ith band. Thus at lowest frequency in the absence of 
intervalley scattering 


a=|E!*" Kv,€*poq; 


where o is the resistivity tensor which would arise if 
the two bands were in series. 

If in a two-band case q is not along an axis of rotation 
(or perpendicular to a mirror plane), the algebra is 
more complicated, but essentially similar procedures 
may be used. 

In the case of more than two bands, the algebraic 
complications increase rapidly and the writer has not 
perceived a convenient way of obtaining a general 
expression. On the other hand, the problem is always 
finite, and in most cases, approximations will be possible 
which will make the procedure easier. We shall go no 
further than to note a convenient form for writing the 
expression (VII.4). The reader will easily verify that 
for any vectors x, y and any matrix R, 


x*-R-- y= R(x,y)|/|R 


where | Rj is the determinant of R and 


O my 
mm Rn Ry 


a 
| R(x,y)| = as Re Ro» 


Therefore, if we denote C-B-C by T, we can write 
T(A,A) C(A,A) 
T Cc 


0=}0' 

We have derived the results of this section partly 
because they represent the extreme opposite case from 
that of Sec. VI. In the free-electron model the inertial 
effects and the perturbation became confused due to the 
appearance of the velocity in the deformation potential 
and the fact that the deformation potential constant is 
proportional to the energy. This is no longer true in the 
many-valley model, where the effect of the periodic 
crystalline potential is particularly emphasized. 
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In addition to this reason, however, we hope that 
this effect may be of value in the study of various 
aspects of metals, particularly semimetals, which fit 
this model. We shall now discuss in some detail what 
we can hope to learn from measurements of ultrasonic 
attenuation, and finally consider whether the effect 
will be measurable. 

We see from (VII.17) that the intervalley scattering 
parameter Cj. enters prominently. It does not give rise 
to a maximum in the attenuation, as Blatt'® has sug- 
gested for semiconductors, but it can be determined 
from the coefficient of w* provided the other quantities 
are known. Of these, + may be known from other 
experiments relevant to band structure, E the defor- 
mation potential constant may in some cases be deter- 
mined from the mobility at higher temperatures; in 
others, from elastogalvanomagnetic effects. Keyes'® has 
shown that the latter experiment can be used to deter- 
mine the intervalley scattering times. In such cases, 
the attenuation might be used to determine £. 

At higher frequencies, we must turn to Eq. (VII.20). 
Here again E is prominent, but we also have the number 
of electrons .V; in the different bands and their inverse 
effective mass parameters, 8;. In the first term we have 
only the ratios of the .V,’s, and in the second the .V,’s 
appear in the denominator; thus the small number of 
electrons in the semimetals will not be a disadvantage 
in this range. Since the #’s enter in the denominator 
also, elements with masses near mo are at an advantage 
relative to those with very small mass. This is just the 
reverse of the case in, say the de Haas-van Alphen effect. 
We shall not attempt to discuss all the possibilities for 
experiments which arise depending on the values of .V’s, 
8’s, and 7’s and on which of these are known. We shall 
mention in particular only one possible procedure. In 
the region where the first term of (VII.20) dominates, 
the result is independent of 7. Therefore if we can add 
enough of a neighboring element in the periodic table, 
to change .V,/.V2 significantly without changing 7 so 
much that we leave the region, we can introduce a new 
variable and obtain additional information. This might 
be applicable in the case of an element with a very 
small intrinsic concentration in some bands, such as is 
probably the case in bismuth. 

We must now consider whether these effects are in 
fact observable. For this purpose we shall express E in 
electron volts and A in units of 10” dynes/cm*. We 
observe that 1/Cy2 is larger than either pyre or per, 
and write it as 7 times the larger of these, with r greater 
than 1. We shall assume that V,;=Neo='V. Then 
x= (|Bi|/|B2|)/® and (#+1/x)?~B8s/B<, where Bs, B. 
stand for the larger and smaller, respectively, of |8,!! 
and |8./!. We shall also assume that the same band has 
the larger 6 and larger r. We then have in the low- 


15 F, J. Blatt, Phys. Rev. 105, 1118 (1957). 
16 R. W. Keyes, Phys. Rev. 103, 1240 (1956). 
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frequency range 


3F? T> 
a=—X 10-15, t~,”, 
K B> 


We now substitute the plausible values E’~ 20”, 
K=0.5, B5=3, N=10 and w=108, and we obtain 
a=0.1r. Values have been measured down to about 0.01. 

For the first part of (VII.20), we obtain similarly 


2.5E?wX10- |6,|"* | Go| 1/6 
Ceci ia 
Brae! Boga! 


K By? 
The same values of E, K, and gives us a= 2wX10~ 
if we set the terms in brackets equal to 2. In the case 
of bismuth we have 8,~19, if we use Shoenberg’s!’ 
values for the effective mass tensor. Thus we lose a 
factor of 40 from the above number which at w= 5X 108 
(which is about the highest presently available) would 
give a=0.025, probably too low for useful measure- 
ments. However, we have reason to believe on the 
basis of unpublished work that E should be very large 
for bismuth. Therefore, we may hope that the effect 
will be measurable. Bismuth is also a case where a large 
change in (N,/N2) might be possible without decreasing 
7 too much. 
Finally, the second term in (VII.20) yields 


? 1 [ b 
a=— X10" 
K NBs IL Bigg TB29qq 
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If we assume our previous values, and 1 for the 
smaller of the Bigg, we obtain a=1.6X10-"r—" where 
r< is now the smaller r. This should also be observable, 
and in borderline cases, it could be made so by adding 
impurities to cut down r. 

We also note that the observed effect will be smaller 
of (VII.17) and (VII.20), where these are of different 
sizes. 

In summary we may say that it seems very likely 
that there are a number of metals and alloys on which 
useful results can be obtained. These results may serve 
to elucidate one or more of the following: band 
structures, intervalley scattering, and deformation 
potential parameters. 


VIII. SATURATION 


In the previous two sections, we have derived for- 
mulas valid for gl/21. We have not indicated any 
limitations on their applicability, nor did Pippard in 
his derivation of the formulas in Sec. VII. The following 
considerations show that they cannot be valid for the 
limit wr — © , where the dependence of Q must be as 7. 

First, we note that f; can depend only on the 
product wr (or gl) and the strain e. Therefore 


Q= (cw/4x*) S fitHid’k 
17D), Shoenberg, Trans. Roy. Soc. (London) 245, 1 (1952). 
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must be proportional to w(wr)e, where F(wr) denotes 
a function of wr. Secondly, from the definition 


QO= (1/49°) fH (9 f/dt) coud*k 


we see that Q must vanish as 7 goes to © with strain 
constant. Indeed, it must vanish as 77". 

It will be convenient for further discussion to trans- 
form to new coordinates which move with the sound 
wave. We make the canonical transformation generated 
by 


(VIII.1) 


Vs 
G= pi( x ~ 4). 
'q| 


Then we have 


Us 
= —79, 


pi=p, xi 


H includes the perturbation due to the sound wave. All 
dynamical variables and f are now independent of ?’. 
(The scattering term is a special case, and this state- 
ment is not in general true for it. In particular, for 
impurity scattering, the Hamiltonian is essentially 
time-independent in the original frame. Phonons can 
be described in the new frame, and, if there were only 
phonon scattering, the phonon-electron system would 
be dragged along with the sound wave, with no dis- 
sipation. However, with both being scattered by im- 
purities, boundaries, and dislocations which are fixed 
in the crystal and therefore in our unprimed frame [the 
primed frame of Eq. (IV.1)], the scattering Hamil- 
tonian will in general depend on ?’. 

In the new frame the Boltzmann equation becomes 


1yaf aH’ af aH’, af 
( )-() . (VITI.2) 
h Ox; Ok; Ok; Ox; ot coll 


If the right side is zero, we may write f= f(H’). It is in 
phase with H’ and there can be no dissipation. If the 
right side is not zero, we may write it formally like the 
left but with Hs, the scattering Hamiltonian, in place 
of H’. Hs is not in phase with H’ and we can have dis- 
sipation which is equal to 


1 OH s 
o=— f qur+H)— ‘ee, (VIII.3) 

An’ at’ 

If Hs is a small perturbation the value of this (averaged 
over a period) proves to be proportional to Hs*, or 
equivalently, to 77. 

Clearly what has happened is that we are now 
treating Hs as small compared to H’. This is incom- 
patible with our previous first-order solution of the 
Boltzmann equation. We are primarily concerned with 
obtaining a criterion for the validity of our previous 
results, so we shall now include all terms. We find in 
the original frame of reference 
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where f/f; is no longer assumed small. We see that our 
previous treatment is adequate provided the last two 
terms on the left are small compared to the other terms. 
To determine if this is the case, we can substitute for 
fi from our previous results: 
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The expression in brackets is rapidly varying, but we 
see that the second term attains a maximum value of 
v,/v in a region of width (in terms of x=q-v/|q| |v!) 
of 1/gl. The first term reaches a value of g/ in the same 
region, and is therefore dominant and we attach a value 
of 1 to it for estimation purposes. This leaves 


gQlH,/mv"<«1 (VIII.7) 


as the criterion for applicability of our formulas. (This 
argument is admittedly crude but we believe it to be 
adequate for present purposes in lieu of a more detailed 
calculation, which is beyond the scope of this paper.) 
In most metals this is satisfied. In the case of bismuth, 
however, it may well be possible to violate it. Thus if 
e~ 10-5, my” ~10~ ev, E~S ev, g~10* cm“, then (7) 
reads 0.1 cm. It should not be difficult to produce 
larger free paths than this in bismuth. On the other 
hand, by decreasing « and introducing impurities it 
should also be possible to satisfy (VIII.7). Thus we 
have the additional possibility of some interesting ex- 
periments on this effect. 


IX. ACOUSTO-ELECTRIC EFFECT 


Parmenter’ first called attention to the fact that a 
traveling acoustic wave in a metal or semiconductor 


18 R. H. Parmenter, Phys. Rev. 89, 990 (1953). 
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may be expected to give rise to a dc current or, if this 
prevented by insulating boundaries, to a potential 
difference between the ends. He determined the energy 
spectrum of an electron in the presence of the acoustic 
wave. Then he assumed a Fermi distribution with the 
Hamiltonian in the laboratory frame as the argument. 
From this he should have obtained a zero answer, as 
we showed at the end of Sec. II. His failure to do so 
arises from his neglect of changes in the velocity outside 
a narrow disk in k-space about the plane q- v= |q| 2. 
His choice of distribution is, however, open to objection. 
Presumably, we wish to assume a stationary distribu- 
tion function; Parmenter’s choice does not satisfy this 
requirement since the Hamiltonian in the rest frame 
contains the time explicitly. A preferable alternative is 
to use the Hamiltonian in the frame moving with the 
sound wave, as discussed in the previous section. Then 
the current must vanish in this frame by the same 
arguments, and will be Nev, in the rest frame. This 
answer is out of the question, and the error is due to 
the neglect of collisions. 

Van den Beukel'® has attempted to include the effect 
of scattering. His procedure is to consider the electrons 
in an electric field, suffering collisions with thermal 
phonons, and also with the phonons of the sound wave. 
For the latter scattering he uses the formula given by 
Wilson" for phonon scattering. For the thermal phonon 
scattering he assumes a relaxation time. From the con- 
dition that the current be zero a value for the field is 
obtained. We feel that this treatment leaves much to 
be desired for reasons which will be discussed after we 
have treated the problem by methods analogous to 
those used above. 

As indicated at the end of Sec. III, the current 
calculated in the primed frame is, at least to second 
order, the one we want. It is 

Bue, Jet, 
m ¢ 


=f pat-— —f j( met 


where H again does not include the electromagnetic 
terms, which are contained in H’. We start with the 
Boltzmann equation in the form 


as OH, 
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df 
f=—1—+folyt+H). 
dt 


19 Van den Beukel, Appl. Sci. Research 5B, 459 (1956). 
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We can now write the current as 
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which we rewrite as follows: 
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The third term vanishes because it can be written as 
the integral of a complete derivative. The fifth term 
is zero if dg/dk;=0 wherever f #0, as is the case for 
both of our models. The fourth term can be integrated 
by parts yielding to second order 


1 1 0 ¢ 
f fol HR, 
4a’ he Ok, 


which again gives zero if 0¢g/0k;=0. This leaves, to 
second order, after integration by parts 


€ ti OH, 4 B; j 
js t Pk— fu + f'H;')r 
4S hh Ok, 4r* m 


OH, e 
x( - +ek,+-(vX B), 


Ox ti 


e Or 
[ si (q:V—w)d*k 
4ar® al 
Or 


e Voi 
fi hy + fy'H;’) 
4’ h ok, 


OH, é 
x( +ekj+ (vxB), are (TX.3) 
- C 


Ox; 


We shall not consider the last two integrals. The first 
would require treatment far beyond the scope of this 
paper. The final integral would complicate our results 
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without adding essential features. We see that formally 
it is similar to a modification of the effective mass. 
The first term in Eq. (IX.3) is clearly the contri- 
bution of the first order velocity, while the second term 
has the form of a variation of the conductivity. 
At this point we shall pass to the consideration of 
our two models. 


A. Spherical Model 


In this case we can take 87 outside the integral in 
the second term, and write it as 


qite r ! é. 
O+ e( ent ix). ), 


wm* m* r 


where m, is the density fluctuation. The terms in paren- 
theses vanish because the electric and magnetic fields 
are exactly out of phase with the charge density and 
current. Thus, for the total acousto-electric current, 


we obtain 
giTe e€ 1 0H, 
m*a = 4° h ok 


i 


(IX.4) 


Substituting from (VI.1), the second integral becomes 


A [ eq, 
[fom °k+mu.g jj ;— sais] 
m*4rr° 


The second term and the longitudinal component of 
the last term vanish because of the requirement of 
neutrality. The transverse component of the last term 
could be nonzero only for a transverse wave, in which 
case qj;u,;=0. Finally, the first term is 


A “f ( =) 
qi ~ P; 
m*a Ot TF eo 


which, as discussed in Sec. VI, is negligible compared to 
the term in Q. Thus our final result is that 


Ou; 
d®k 
al 


(IX.5) 


Jix=Qqiler/wm*)Q, (IX.6a) 


while the field required to offset this current would be 


E,=Q/(Net,) (IX.6b) 
(using o=.Ve’r/m*). These results depend on the fact 
that for constant 8 and 7 the current is proportional 
to the rate of loss of crystal momentum, which is pro- 
portional to Q as proved in Sec. II. If we take s=0 in 
van den Beukel’s equations (15) and (16), which is 
equivalent to assuming 7 constant, his results can also 
be put in this form (IX.6). 

There is, nevertheless, a significant difference between 
van den Beukel’s results and ours, due to his implicit 
assumption that g/>>1. This assumption appears in his 
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treatment of the function 2: 
sin (xt/h) 


0(«) =———_, 
a/h 


x=E,—E,. 


This is the familiar function which in time-dependent 
perturbation theory, results in energy conservation. It 
is customarily set equal to 6(”), and van den Beukel 
does likewise. This is justifiable, however, only if ¢ is 
so large that the matrix element connecting initial and 
final states is practically constant for all final states 
such that (E;—£;)t/h>1. In the present case the 
matrix element varies greatly in an energy of the order 
of gv, whereas ¢ cannot reasonably be taken greater 
than r. Thus gvr=g/ must be large. Another way to 
look at this is that the time of interaction 7 must be 
large compared to the time it takes an electron to see 
one cycle of the sound wave, (q-v)7!. 

It seems reasonable to try to assign 2 a value by 
averaging it over ¢ with the weighting function e~"’, 
corresponding to the relative number of cases for which 
this value of ¢ will apply. The result is (1--2?7?/h?)—', 
which in our case means [1+(q:v—w)*7?}"' since 
h(q:v—w) is the total energy change. This factor is 
found in the denominator of our expressions if we take 
the real part. In fact, if we carry this procedure out, we 
would get exactly the same result as from the Boltzmann 
equation with r constant and g=0. For values of 
gl<<1 this change reduces the magnitude of the acousto- 
electric effect by q’/’. 


B. Many-Valley 


In this case we assume that 0H;,/dk is zero in the 
regions of interest. We shall again assume that the 
direction of propagation has sufficient symmetry for 
qXje to vanish, or for B to vanish. Then, the first two 
integrals in ([X.3) yield 


9 


qi? 


‘ 6,7; eE-q wie 
q:jo= te >. n*q-—-q{ —iA;,+—— }, (IX.7) 


m 


where 7; is the excess concentration of electrons in the 
ith valley: 


1 


[cit poman. (1X.8) 
4x3 


n,=- 


We shall evaluate Eq. (1X.7) only for the two band 
case as in Sec. VII. Then neutrality requires that 
ny+n.=0. Thus, 


. é ; Bini 
q: jJo=—(m,—n»2)* -i( au é 
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m 
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From Sec. V we find that 


—1 
scoot Sel ihinl-enedhd 
lq)? > q-Wiriq 


In order to evaluate this expression and (,;—/2) we 
require (¢;+iw7;A,). This is given by (VII.3) and 
(VII.8) as 


eE-q 
oe (IX.10) 
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Upipj 
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w(pit+pz) 
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63; _ Pipe 
Ci= <a e 
pits PiPj 


we(—1)**? 
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Therefore 
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(IX.12) 


By straightforward substitution, we obtain 
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where c’=c[ (p1+,2)"/pip2 |. Combining this with the 
terms in A, we obtain for the square bracket in Eq. 


(IX.9) 
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Thus we see that neither factor in Eq. (IX.9) depends 
on p:A;+ p2A>. The final expression is 

ew Pipe | di 


daa 
4m (or+p)?| prtps 


U; U2 
| (- ve ) (p1q-B2T2°q+-p2q-B171°q) 


Pl p2 


+2[4- (G:71—G2r2)-¢}—_— 


en) 
q° (Wirit We72) ‘q 


Uinn Uore 
+(1-Cw)| ( -+ = ‘(on Bire-4 


Pl p2 
+p2q-Bi71-q)+2[q- (8171— 272) . q} 
(iq: Vs72p1— priq: ) | 
q: (Wi7+Wor:)-q |" 


This expression is clearly much more complicated than 
that for the energy dissipation, and we shall not 
attempt a complete description. 

At low frequencies c’>>(1—Cy2c’) (p1+p2) (71 +72), so 
that the term including c’ is dominant. We shall con- 
sider such low frequencies that q-U.71-q=iq-Vi 
=q(o,/e?)q. Then the bracket multiplied by c’ sim- 
plifies to 


carters cen to (3 U; ~) 


(IX.15) 


pitpe Pi p2 


PP tactic ht htt 


(IX.16) 
q° (Wirit+Woer2)-q 


The first term is of order g‘, and we shall consider 
only terms of order g*?. A further simplification is 
obtained by using 

o;=N e*(7i8,/m), 
where @; is the electrical conductivity due to the ith 
valley, and NV; is the number of electrons in the ith 
valley (negative in the case of holes). (IX.16) then 
becomes 


“areas ( 1 
N, 


q:-(o:+02)-q 
In this range then, we can write 
2 eer aero) 
Nev, (q-(o1+e2)-q)? 
aS | 1 


where 


N M No 


This result holds in either degenerate or nondegenerate 
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statistics and, incidentally, would be valid if we 
included the possibility of variation of 7 with k. 

At much higher frequencies, such that g/,, gl2>1, 
c’&(1—Cj2c’)~1. Therefore ([X.15) becomes 


y ew pPip2 7 7. 38 
i= — (8. ay (—+=) o0-6:r-4 
4m (pit+pe) 4 gh gl. 


+p2q°6i71'q)+2p.poLq- (8171—BeT2) " q| 
1 1 T1 T2 
mg ee i 


ka = in(ort 09) ; 
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At highest frequencies, the expression in brackets is 
proportional to |q|, as the numerator and denominator 
in the second term are both dominated by their imagi- 
nary parts. In some cases there may be a range at lower 
frequency where the real parts both dominate, and 
again the over-all dependence is as |q|. In these cases, 
jz is also proportional to q and E» is much greater than 
QO/Net,. 

To estimate the size of the acousto-electric effect, we 
use O/ Nev, 

0 ie? 34 


—~—— ——~—aPX 10-8 volt/cm, 
Nev, N Le, N 


. 
4 
Eww 


where L is the number of atoms/cc and P is the power 
input in watts/cm*. Thus if P~1 w/cm?, a~0.1, and 
N/L=1, the field will be about 10-*yu2/cm. If V/L~ 10-5 
it will be about 100 wo/cm. 

It is clear that the acoustoelectric effect could be 
used for most of the experimental purposes indicated 
for ultrasonic attenuation. For semiconductors it should 
have the advantage of being easier to measure, due to 
the factor V~'. In metals the opposite will be true. 
When both are measurable the comparison should be of 
further interest since the weights of certain factors are 
different in the many-valley case. In the spherical 
model, the exactness of the relation E=Q/Nev, should 
be sensitive to deviations from sphericity. For this 
case, there will of course be deviations due to the non- 
constancy of 7, but such variations can be included in 
our formulas without great effort. 

Note added in proof—Parmenter has recently re- 
considered the acoustoelectric effect,” somewhat along 
the lines of Holstein® and Weinreich.” These authors 
used a phenomenological approach, in terms of mo- 
bilities and diffusion coefficients, to calculate the effect 
in the low-frequency region. Parmenter states that they 
have neglected the forces due to motion of the ions, 


2” R. H. Parmenter, Phys. Rev. 113, 102 (1959). 

21T. D. Holstein, Westinghouse Research Memo 60-94698- 
3-M15 (unpublished). 

* G. Weinreich, Phys. Rev. 104, 321 (1956). 
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which may be much greater than those due to the de- 
formation potential. It is true that they did not specifi- 
cally include these forces, but they implicitly used the 
moving frame of reference used in this paper; in this 
frame such effects are automatically taken care of. 
Therefore, no change in the current should result from 
their specific inclusion. Parmenter does find such a 
change, because of an omission in his work. 

Parmenter works in the laboratory frame and writes 
for the displacement 


s= Set(ez—e!) 


Normally, « would be interpreted as being a coordinate 
in the undisturbed crystal (or the moving frame of 
reference). If this interpretation is used, the compressed 
regions of the crystal occupy less space in the labora- 
tory than the expanded regions; in a laboratory frame 
calculation, this should be expressed through a weight- 
ing factor in the space integral. Parmenter neglects this. 
Its inclusion would precisely cancel his primary result 
[see his Eq. (38) ]. It might be thought that if in the 
foregoing equation, x is taken in the laboratory frame, 
this objection would disappear. In this case, however, 
the velocity of a lattice point would not be simply —wS, 
but would include higher order terms; the second-order 
term would introduce a term in the current which 
would also exactly cancel Parmenter’s result. 

This point can perhaps be clarified by noting that 
Parmenter has ignored the ionic current. If we neglect 
the effects mentioned in the previous paragraph, these 
would be mAds/0t, where A is the dilation and mo the 
concentration of charged ions. This is in fact equal to 
Parmenter’s current and would thus cancel it. Actually, 
however, the ionic current must vanish on averaging 
over a cycle, as it does if the foregoing correction is 
made. 


X. SUMMARY 


We have shown how to calculate the ultrasonic 
attenuation for a general band structure. The major 
obstacle to such a calculation is the collision term of 
the Boltzmann equation. For two cases we have taken 
simple forms for this term and determined the attenu- 
ation. It appears that the results may be of use in the 
study of band structure and other properties, particu- 
larly of semimetals. The phenomenon of saturation is 
discussed and it is shown that this might be observable 
for bismuth. Finally we have discussed the acousto- 
electric effect from the present point of view, which 
differs somewhat from those previously used. 
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APPENDIX. EVALUATION OF INTEGRALS 
U, V, AND W 


For a spherical band, we can write 


1 


, f fo'dg sindddk?dk 
4n*J 1+7(ql cos?—wt) 


1 
Q= — fs sinéd6d gkdk, 
Ar’ 


where /=vr. Since for the degenerate case fo’ is nearly 
a delta-function, we can write (taking += cos@) 


pe dx p £*° dy p 
U= ; - — == f ——=—h, (A.2) 
24_11—twrt+ighx 2gl¥_.1+iy ql 


where c= gl/(1—twr) and y=cx. 
We obtain directly 


h=—}i In[(c—1)/(—c—i) ] 


=}[tan“ (gl+wr)+tan“ (gl—wr) | 


1+q°l?+-w*r?+ 2ghor 
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We can express this as a series in 2,/v. It turns out that 
we never used terms beyond lowest order. Then 
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1+q°P gl 


The following identities are easily seen to be true: 
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Now, we find the formula for the transverse part of W, 


Wi. 


1 fu'ctd'h 
2W.4+W i= et Fe =U, 
1+i(q- ae 
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For the discussion after Eq. (V.2), we need the 
relative magnitudes of w*/c? and (8e?/c’q?)q:- Wr 


-q(iw/r). We start with the ratio 


gl 
rT 1 —a)~iar(2 eS 
1+q7 


This is readily reduced to 
)} (A.8) 


where w,?=4rNe?/m=8nre'pmN*/3m, N being the 
number of electrons in the band, Thus sufficient con- 
ditions for ignoring w* compared to the real part of the 
right side are as follows: 
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In all cases of interest these will be easily satisfied. 
When dealing with ellipsoidal bands we obviously 
must make modifications of these results. If 


2m)k- 8-k, 


if gl>1, 
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where s= +1, we have v= (sh/m)8- kand q- v= (sh/mo)q 
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-6-k. We introduce 
=B!-k, v= (sh/m)§}-k=6"!-v, 
Bk! = | 8} 1a. 


q’=$'-q, 

(A.10) 
Then 

E= Eyts(h*k/2m) = Ect3smv”, 
and 
q: v=q'- v’= (8,.)!|q| | ¥| cosd, 
where 
Bow= 4° 8-G/|q|* cos#=q- v/|q’| | v’| 


Then we have 


1 4dr 
p= || ‘ed ter — |8|—*—(2mo)*| E— Eo|}, 
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(A.11) 
$(8arm*y'?/3h*). 


N=- $p| E—Ep| = |B\~ 


We shall abbreviate 8rm*/3k'=0.022 (cgs) by y, and 
quickly find the following relations : 
|v"| =| NF] 8)", 
v’| =|N | 4] 6/—/6(3y!/m), 


—p=|N|4/8|—'(3y'/m), 
—p|N’|?=3|N|/m. 
(A.12) 


Formula (A.4) for U’ remains unchanged provided 


we use, for /, 
l=1" T(By,)! = (B,,)! (2|E 


The same, must also apply to formulas (A.5) and 
(A.6), since their first identities are completely general. 
On the other hand, we quickly see that 


V= !-V’=8!-q’q’-V’/|q’|*=8-q q-V/q-8-q, 
so that V is no longer, in general, parallel to q. 

If we have an ellipsoidal band, W can be calculated 
as follows 
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Slow Capture of Holes and Electrons by Surface States on Germanium 
and Silicon at Low Temperatures 


S. Roy Morrison 
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Field-effect decay curves at temperatures the order of liquid nitrogen are presented for n- and p-type 
germanium and for p-type silicon. A strongly asymmetric decay is observed, depending upon whether the 
induced charge is positive or negative. The decay is strongly influenced by illumination, temperature, and 
magnitude and sign of the field. Injected minority carriers also affect the decay rate. It is suggested that 
the trapping centers involved are the fast states, or recombination centers at the surface. After a disturbance 
of the charge in these states the approach to steady state is slow due to the limited supply of minority 
carriers arriving at the surface. The results observed are compared with a model which takes surface barrier 


effects into consideration and are found in reasonably quantitative agreement. 


INTRODUCTION 


T has been found that a very slow decay phenomenon 

is associated with the surface states of germanium 

and silicon at temperatures the order of liquid nitrogen. 

If the charge in these states is disturbed from its steady- 

state value, as in a field effect measurement, the rate of 

the return to steady state may be very low. The rate 

depends upon several parameters, including the temper- 

ature, the illumination intensity, and the amount and 
sign of the disturbance. 

It will be suggested below that the surface states 
under observation in these experiments are the surface 
recombination centers. If this hypothesis is correct, the 
decay effects observed should thus be related to surface 
recombination rates. This phenomenon may thus be 
analogous to the slow recombination at bulk recombina- 
tion centers which has been observed by many investi- 
gators on germanium! and silicon.”* In the case of the 
bulk, slow recombination models have been proposed by 
Haynes and Hornbeck?* and Morrison‘ to explain the 
behavior. With the latter model, one might expect an 
analogous occurrence at the surface, for the model is 
based upon barrier effects, and the barrier around dis- 
locations in the bulk material has many characteristics 
in common with the surface barrier. 


EXPERIMENTAL RESULTS 


Field-effect measurements using the potentiometer 
probe method were made on slabs of material the order 
of 0.2 mm thick. The contacts were on the opposite face 
from the metal plate used for the application of the 
electric field. The qualitative behavior did not appear to 
depend critically on the surface etch treatment, similar 
results being obtained using varying mixtures of HF- 
HNO; etchant, and antimony etch (4HF: 2HNO;:4H2O 
+0.2 mg/cc SbCl;). Some attempts were made, particu- 
larly when measuring the ”-type germanium for com- 
parison with theory, to reduce the heterogeneity of the 


1 Fan, Navon, and Gebbie, Physica 20, 855 (1954). 

2 J. R. Haynes and J. A. Hornbeck, Phys. Rev. 90, 152 (1953). 
3 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 
4S. R. Morrison, Phys. Rev. 104, 619 (1956). 


surface barrier. These attempts involved procedures 
such as a thorough desiccation of the sample, and a 
thermal treatment at about 250°K (to establish slow 
state equilibrium at this temperature, before cooling in 
helium to liquid nitrogen temperature). Also, care was 
taken to provide uniform illumination over the surface 
of the sample, to reduce this form of heterogeneity. It 
was found that consideration of such details consider- 
ably altered the decay characteristics in quantitative 
examination (causing the slow decay, defined below, to 
become more linear with time at high disturbances and 
the lifetime for fast and slow decay to become more 
nearly equal for low disturbance, as predicted by the 
theory to follow). 

The decay curves were observed by feeding the output 
of the potentiometer into a dc amplifier and thence to a 
recorder. The sample was illuminated on the side op- 
posite to that used for field-effect measurements by light 
which had passed through a filter to remove infrared. 

The measurements to be described below all involve 
the observation of the changes in conductance following 
the application of an electric field normal to the surface. 
Figure 1 shows the type of behavior almost always ob- 
served in the measurements on n-type germanium. 
When the field is applied, the conductance abruptly 
changes due to the added charge induced by the field. 
If the field is negative (the metal plate negative, the 
germanium positive), the conductance, following the 
abrupt decrease, slowly rises during the period the field 
is applied, to a new steady-state value (times ¢; to ¢2 in 
Fig. 1). When the negative field is removed, at fo, the 
conductance very quickly returns to the zero field steady 
state value. If a positive field is applied, as at /;, the 
conductance rapidly attains its new steady-state value. 
However, when the positive field is removed, the con- 
ductance overshoots the value for zero field, as at ¢4 in 
Fig. 1, then slowly decays back. 

In the following discussions the decay observed after 
making the field more negative (with n-type germanium) 
will be referred to as the “slow decay.” The approach 
to steady state after making the field more positive will 
be termed the “fast decay.”’ The fast-decay portions of 
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3 
TIME IN SECONDS 


Fic. 1. A typical field-effect decay on n-germanium. A negative 
field is applied at ¢,, and removed at fs. A positive field is applied 
at t;, and removed at 44. 


Fig. 1 have an initial amplitude about equal to the slow 
decay, but the initial portion of the decay is not gener- 
ally observed on our chart recorder, as this initial por- 
tion generally lasts only a fraction of a second. All that 
is observed on the recorder is the tail of the fast decay. 
The characteristics of both the slow and the fast decays 
of Fig. 1 are found to be dependent on the field strength, 
the illumination of the sample, and on the temperature. 
The effect of these parameters will be discussed under 
separate subheadings below. 
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Fic. 2. Fast decay on n-type germanium. A positive field is 
applied. The decay curve approaches the solid line for fields with 
V >350 volts and ¢>10 seconds. 


Effect on the Decay Characteristics of an 
Electric Field Variation 


In Fig. 2 is shown a typical plot of the conductance 
change as a function of time for the fast decay with 
15 ohm-cm n-germanium as observed on the recorder. 
The field is applied at time zero; Ac= |o—c.,|, where 
g~ is steady-state conductance with the field applied. 
Here the applied field effect voltage is recorded as a 
parameter, as the absolute field strength could not be 
accurately determined with the experimental arrange- 
ment used. The temperature is the order of liquid nitro- 
gen, the illumination intensity a convenient arbitrary 
value. It is observed that for fields greater than that 
produced by about 350 volts, the portion of the decay 
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Fic. 3. Slow decay on n-type germanium. A negative field (metal 
plate negative, germanium positive) is applied. 


characteristic illustrated becomes independent of volt- 
age. Also shown in Fig. 2 is the value of the conductance 
change at time zero to illustrate that the apparent life- 
time is very low near time zero. The method of obtaining 
this value will be discussed below. The unit of conduct- 
ance change used in this figure and to Fig. 6 corresponds 
to the change due to the addition of 1.6X 10° electrons 
per cm? in the conduction band. 

Figure 3 is a plot of the conductance change with time 
for the corresponding slow decay, when a negative field 
is applied. It is observed that the effective “lifetime’’ is 
very high near time zero, the conductance varying 
almost linearly with time. However, at large time, or, 
more specifically, when the conductance change is small, 
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the “lifetime” decreases and the decay becomes more 
exponential. 

Thus, comparing Figs. 2 and 3, when Aq is small, the 
apparent lifetime is about the same for both the fast 
and slow decays. Only for large Ao does the asymmetry 
arise, in which condition the “‘lifetime”’ is small for the 
fast decay, large for the slow decay. 

A plot of the fast decay where Ac is plotted as a 
function of the logarithm of time, is shown in Fig. 4. A 
display of the results in this form enables a more detailed 
examination of the decay characteristics at very short 
times. The method used to obtain the values for times 
less than 1 second in this plot is as follows. We shall use 
Fig. 1 in the discussion. If we shorten the time 44—(/3 
sufficiently (using positive pulses), the overshoot at ¢, 
is decreased. This is interpreted as indicating that during 
the pulse time steady state is not reached, and the sur- 
face levels have only captured a charge corresponding 
to the overshoot. Thus by varying the pulse length the 
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Fic. 4. Fast decay on n-type germanium. The method by which 
data for ¢<1 are obtained is explained in the text. 


amount of charge capture during the fast decay can be 
plotted as a function of time, as in Fig. 4. 


Effect on the Decay Characteristics of a 
Variation in Light Intensity 


The variation of the slow-decay characteristics of 
n-germanium with illumination intensity is shown in 
Fig. 5. Here no absolute value was determined for the 
illumination intensity, and the intensity is expressed in 
terms of the photoconductance, that is the fractional 
change in conductance due to the illumination. The field 
used was that corresponding to 1000 volts on the field- 
effect plate. It is observed that the decay is very sensi- 
tive to illumination, and the rate increases rapidly with 
a very small intensity applied. The corresponding varia- 
tion of the fast decay with illumination intensity is 
shown in Fig. 6. 
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Fic. 5. Slow decay on n-type germanium vs illumination in- 
tensity. For illuminations J, to J;, the corresponding values of 
the photoconductance Ao/goo are 3.3X10~, 4.5X 10-4, 6.8X 10~4, 
1.0X 10-3, 1.1% 107%, 1.51073, and 1.7 10-, respectively. 


Effect on the Decay Characteristics of a 
Temperature Variation 


It is observed in Fig. 3 that, although the slow-decay 
curves are nonexponential, they are close enough to 
exponential to be approximated by a time constant r, 
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s. ROY 





T 


SLOPE OF THIS LINE 
CORRESPONDS TO 0.72 ev 
ACTIVATION ENERGY 


UMINATION I 


x 
Me ILLUMINATION Ip > Io 








“LIFETIME” IN SECONDS 


b 




















8x10" 
Ls 


Fic. 7. Temperature dependence of the decay constant; 
n-type germanium, |’ =380 volts. 


particularly for low Ac. The variation of this time con- 
stant 7 with temperature is shown for two illumination 
intensities 7, and /,, where /,>J/,, in Fig. 7. The applied 
voltage was 380 volts. It is found that as the tempera- 
ture increases, the time constant decreases, and at rela- 
tively high temperature, the illustrated variation in 
illumination intensity has no observable effect. It is also 
found that the activation energy corresponding to the 
slope of the logr vs 1/T curve appears to approach a 
value at high temperature close to the value of the 
energy gap in germanium. 

It is observed that the decay constant is insensitive 
to temperature at low temperatures. Because of this 
observation, the exact temperature was not monitored 
in most of the experiments discussed. The temperature 
was Close to that of liquid nitrogen, but in some instances 
may have varied as much as five or ten degrees. 

Other Observations with n-Germanium.—A study of the 
wavelength response of the slow decay has been made. 
It is found that the decay rate varies with wavelength 
of illumination in a manner characteristic of absorption 
of light in germanium. 

An investigation has also been made to determine the 
the effect of injected holes on the decay times. A sample 
of n-germanium was prepared with indium fused into 
one side of the slab, the field-effect voltage being applied 
on the other. It is found that hole injection increases 
the decay rate. 

Observations with p-type Silicon and Germanium. 
Effects similar to those described above also appear in 
studies of 20 ohm-cm p-silicon and 12 ohm-cm p-type 
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germanium. In these cases, the sign of the effect is re- 
versed, the slower decay occurs upon making the field 
more positive (metal plate more positive). The ratio 
Acequii/ Actor (Fig. 1) is different also. Using the surface 
treatment described earlier, with p-germanium, the ratio 
is the order of 0.5; with m-germanium the ratio is the 
order of 0.1 to 0.2, and the p-silicon the ratio is nearly 
zero. 

The slow decay characteristics for p-silicon at liquid 
air temperature with applied field and illumination as 
parameters are shown in Figs. 8 and 9. Here the photo- 
conductance Ag; is in arbitrary units. The fast decay 
was not measurable with the present methods, as it was 
virtually complete in 10~ second, the limit of our ap- 
paratus, with applied fields down to 80 volts. At this 
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Fic. 8. Slow decay on p-type silicon (liquid nitrogen 
temperature) with varying applied field. 


voltage and below, the latter part of the fast decay was 
in principle measurable, but the experimental error 
with such low fields was too great to attach much signifi- 
cance to the results. 

Consistent with the minority carrier theory of the 
following section, the asymmetric decay on p-silicon was 
measurable at the temperature of dry ice. The results 
are shown in Fig. 10. As was shown earlier, the same 
curve is obtained whether a negative field is removed or 
a positive field applied. In this p-silicon case, the appli- 
cation of a dc positive field was not practical as slow 
symmetric decay, involving effects not of interest here, 
occurred, masking the asymmetric decay effects of 
interest. However it was found that if a positive field 
were applied, then quickly removed (a pulse field), the 
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unwanted symmetric decay, with time constant the 
order of 10 sec, could not follow it, and only the asym- 
metric decay (corresponding to the removal of the field) 
was observed. Thus, in Fig. 11 the slow decay corre- 
sponds to the removal of a field which has been applied 
the order of 0.5 sec. The curves shown for the fast part 
of the asymmetric decay were obtained, as usual, by 
shortening the pulse length until even the fast decay 
could not follow it. 

Fast and slow decay curves for p-germanium at liquid 
nitrogen temperature are shown in Fig. 11, for two 
illumination intensities. 

PHYSICAL MODEL! 


It has been demonstrated by several workers® that 
there are two classes of surface states on the germanium 
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Fic. 9. Slow decay on p-type silicon (liquid nitrogen tempera- 

ture) as a function of illumination intensity. Ao, = photoconduct- 

ance (arbitrary units). V =550 volts. 


surface, the “‘slow”’ states, and the ‘‘fast’’, or ‘“‘recom- 
bination” states. It is of major importance to discrimi- 
nate in this work between the two possibilities. However, 
evidence is available from the results of Morrison’ and 
Statz and his co-workers,* who found a strong tempera- 
ture dependence in the decay associated with the “slow” 
states. It was found’ that the ‘‘lifetimes” associated 


5 Subsequent to the preparation of this paper, Banbury, Cajdov- 
ski, and Nixon have reported ac field effect measurements on 
germanium at low temperatures [Bull. Am. Phys. Soc. Ser. II, 3, 
376 (1958) ]. From anomalous results observed, they have inde- 
pendently developed a similar physical model to describe the 
behavior of the germanium surface at these low temperatures. It 
is of importance that their observed effective mobility was almost 
equal to the bulk mobility, as predicted by the model. 

6 Reviewed by R. H. Kingston, J. Appl. Phys. 27, 101 (1956). 

7§. R. Morrison, Phys. Rev. 102, 1297 (1956). 

8 Statz, deMars, Davis, and Adams, Phys. Rev. 101, 1272 
(1956). 
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Fic. 10. Asymmetric field effect on p-type silicon at dry ice tem- 
perature. The curves are extrapolated to their initial value (¢=0). 


with the slow states became very long as the tempera- 
ture decreased, varying from seconds at room tempera- 
ture to almost infinity at about 200°K. However, it is 
seen in Fig. 7 that the relaxation under study here in- 
volves “lifetimes” the order of seconds at 160°K, and 
an extrapolation to 200°K indicates times the order of 
milliseconds for that temperature. Further evidence 
arises from the strong effect of illumination and minority 
carrier injection on the results observed here. No corre- 
sponding effect has been observed connected with the 
slow states. Thus it seems reasonable to conclude that 
the phenomenon observed here is not associated with 
the slow states, and we will assume the trapping ob- 
served involves the recombination centers. 

The model which seems best to explain all the ob- 
served characteristics is with the band structure of 
Fig. 12, and physical arguments as follows: When a 
positive field is applied to -germanium (Fig. 1), the 
recombination states trap extra electrons. Thus after 
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Fic. 11. Decay on p-type germanium at liquid nitrogen tem- 
perature. Illumination J,>J,. Solid curves represent application 
of +320 volts, dotted curves removal of the voltage. 
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Fic. 12. Surface energy 
level diagram. 





the immediate rise of the conductance upon application 
of the field, the induced electrons quickly decay into the 
surface levels and the conductance decays to its new 
equilibrium value. When the field is removed, the sur- 
face is left with too many electrons in the surface levels. 
The steady state condition is restored through recom- 
bination of the trapped electrons with holes in the 
valence band. As the supply of holes is limited, the rate 
at which the surface is restored to its steady state value 
may be slow. 

It is considered that hole capture from the valence 
band rather than direct electron ejection back into the 
conduction band controls the slow decay. This is based 
on the observation that the parameters affecting the rate 
of slow decay are those expected to affect the density of 
bulk holes. If holes are injected by using a junction, the 
rate of decay increases. Only that wavelength illumina- 
tion which gives rise to electron-hole production in- 
fluences the rate. The temperature dependence of the 
rate is as expected for the temperature dependence of 
the bulk hole density (Fig. 7); at low temperatures the 
holes are produced mainly by illumination and the 
density is temperature insensitive, but as the tempera- 
ture is raised, the thermally induced holes become domi- 
nant and the density becomes insensitive to illumination 
but sensitive to temperature with an activation energy 
the order of 0.72 ev. Thus the evidence appears quite 
strongly indicative of hole capture as being the dominant 
method of removing excess negative charge from the 
surface states in these experiments. 

In order to develop an expression to represent the 
recombination process outlined above, it is convenient 
to estimate the rate of hole capture at the surface levels. 
It is possible that the rate of hole capture is close to the 
rate at which holes strike the surface, due to the influence 
of the potential well in the valence band, shown in 
Fig. 12. For a hole approaching the surface is expected 
to become trapped in the well where it will remain until 
captured, at the low temperatures under consideration. 
There is no way to directly test this possibility, as the 
system is not defined well enough to accurately calculate 
or measure the rate at which holes approach the surface. 
However, an order of magnitude check can be made, 
assuming that in the high-temperature region of Fig. 7 
the density of holes is in thermal equilibrium. With the 
rough approximation that the rate at which holes ap- 
proach the surface is that corresponding to their thermal 
velocity with 0.3m, for the effective mass, we find that 


at 175°K, holes approach the surface at a rate of the 
order of 5X 10° cm~ sec~!, Experimentally, the initial 
disturbance of the surface states from equilibrium can 
be calculated to be the order of 10° cm~? charges, with 
a measured “lifetime” of 0.7 sec. This agreement with 
the theoretical value is adequate considering the experi- 
mental error and the gross theoretical approximations 
used, and is thus at least indicative that a large fraction 
of the holes approaching the surface are captured. 

In the analysis to follow, the simplifying assumption 
will be made that the rate of hole capture is insensitive 
to m,, the surface charge density. This assumption is 
indicated by the experimental observation that the rate 
of slow decay (hole capture) is close to a constant, 
almost independent of m,, for large variations in n, 
(Fig. 3, etc.). The suggestion of the preceding paragraph 
is a sufficient, but not a necessary, condition for this 
assumption to be valid. 

With the conclusion that the rate of electron excita- 
tion from the surface levels into the conduction band is 
negligible, the expression for the rate of change of charge 
density m, on the surface levels can be written in a form 
such as 


dn,/dt= A \no(N,—n,)e~°V'** 
+A2(N.—n,)e-Y "7 —apo, (1) 


where mo and fp are the electron and hole density in the 
bulk material, NV, is the density of recombination states, 
V is the height of the surface barrier, and A; and A: are 
constants. The quantity apo represents the rate of hole 
capture, the first term represents the rate of electron 
capture from the conduction band, and the second rep- 
resents the rate of hole ejection into the valence band. 
It is easily seen from an examination of Fig. 12, an 
energy level diagram illustrating the accepted band 
structure, that the first two terms must be dependent 
upon the height of the surface barrier. Such a depend- 
ence is included in Eq. (1). 

There are several points to emphasize in the expres- 
sion (1). As discussed above, the last term is assumed 
independent of surface properties, except for a slow 
dependence which may arise through the “constant” a. 
Thus in steady state the first terms settle at a value 
independent of the surface condition. An increase in the 
density of trapped electrons m, must be compensated 
by a decrease in V, the barrier height, for steady state. 

The relative magnitude of the first two terms is not 
of great importance in the first analysis, since the vari- 
ables are in the same form allowing addition of the 
terms. However, if the assumption is valid that most 
holes arriving at the surface are captured, it seems un- 
likely that the second term, representing hole ejection 
from the surface states, is important. 

The barrier height V depends on two parameters, , 
and in our experiments, the applied electric field. For 
small changes in m,, the barrier height will change pro- 
portionally. As expression (1) is zero for steady state, 
and as the change in conductance is porportional to the 
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change in ”,, we find that after a field is applied or re- 
moved, the excess conductance should decay according 
to a relation of the form 


dAc/dt= BLexp(—BAc)—1]. (2) 


Here B=apy; eAV/kT=Bdc. 

The assumption has been made that the variation of 
N.—N, is slow compared to exp(—eV/RT) with a varia- 
tion in ,, or that V,>>n,. This assumption must be 
tested for each set of readings, as the value of n, is 
variable, depending on the slow state charge which has 
been frozen in. There are two indications of the validity 
of the assumption, first the linearity with time of the 
high voltage slow decay, which arises with the domi- 
nance of the barrier, and second, the ratio of Agequii/Actot 
(Fig. 1). If the barrier dominates, Ao.quii Should be very 
small, as the barrier must return to its initial value to 
restore steady state [Eq. (1) ], and the restoration of 
the barrier infers the capture of all the induced charge. 
If the coefficient dominates, from (1) m, must be about 
the same with or without the field, so there is little 
trapping of the induced charge, and Agegquii is close to 
Actot- 

For the n-type germanium discussed above, Agequii/ 
Aotot is the order of 0.15, indicating a reasonably strong 
barrier effect. With p-silicon at liquid air temperature, 
this observation is even more marked. The steady state 
conductance with the field on is, within experimental 
error, equal to that with the field off. In this case the 
slow decay is very close to linear with time. With p- 
germanium the opposite holds. In the investigations 
made the value of Aogequii (Fig. 1) was about 50% of 
Aotot. In this case the slow decay is close to exponential 
or more rapidly varying than a simple exponential and 
the decay curves are not amenable to the approxima- 
tions made in the analysis being undertaken for n- 
germanium. In this m-germanium analysis it would ap- 
pear likely that one of the major sources of disagreement 
between the theory and experiment will arise in the 
neglect of the variation of the coefficients in Eq. (1). 
The case of p-silicon would be expected to provide much 
closer agreement, but the extremely strong asymmetry 
makes experimental measurements considerably more 
difficult. 

Experiments have been initiated to study the transi- 
tion between the dominance of the barrier and its co- 
efficient, with satisfying preliminary observations. It is 
felt that an analysis of this transition region may pro- 
vide more useful information about the surface states 
themselves. 

In the following section the experimental curves for 
n-germanium will be compared with the form suggested 
by Eq. (2). This form has been proposed in recent pub- 
lications to describe many cases where barrier effects 
are dominant. It has been applied to effects occurring 
with the slow states on the germanium surface,’ to re- 
combination characteristics at dislocations,‘ and has 
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Fic. 13. Fast decay on n-type germanium plotted according to 
1—exp(8Ac) = Ao exp(—7#t), with B= —1.4. The 680-volt readings 
are denoted by X, the 500-volt readings by ©, and the 340-volt 
readings by dots. 


been analyzed as a possible source of excess noise.’ It will 
be observed below that the present study appears to 
exhibit the characteristic behavior expected in a far 
more lucid fashion than the earlier studies. 
MATHEMATICAL ANALYSIS 


It is clear that an equation of the form of (2) is reason- 
able to fit the experimental data qualitatively. The 
strong asymmetry between positive and negative dis- 
turbances which is seen in Figs. 2, 3, and 4, is also 
apparent in Eq. (2). If BAe is large and positive in 
Eq. (2), the rate of change of Ao is (— B). If Ac is large 
and negative, the rate of change is B exp(— Ao), a 
much higher rate. Another qualitative observation is 
that for the “slow decay” dAo/dt= — B, and Ao should 
be linear in time. This is observed in Fig. 3, where 
dAa/dt is observed to be approximately independent of 
Ao for large Ac. 

For a more quantitative comparison, Eq. (2) can be 
integrated to yield 

1—exp(8Ac) = Ao exp(—!), (3) 
where Ao is the constant of integration, y=@B. It is 
difficult to plot the experimental data in this form unless 
the value of the constant 6 is known. This constant can 
be determined by trial and error, as has been done in 
an earlier publication,’ but with the more complete data 
here, an easier method is available. 

The value of Ao is 1—exp(@Ago). In the case of high- 
voltage fast decay, BAao is large and negative, so Ao is 
close to unity. Thus, when Ao approaches zero during 
the high-voltage fast decay, Eq. (3) reduces to 

BAo= —exp(—y!). (4) 

Thus with these conditions the decay should be ex- 
ponential and independent of the initial disturbance. 

9S. R. Morrison, Phys. Rev. 99, 1904 (1955). 
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Fic. 14. Slow decay on n-type germanium. plotted according 
to 1—exp(8Ac) = A; exp(—vt), with B= —1.4. 


This effect is observed in Fig. 2, where it is seen that 
with disturbances greater than that corresponding to 
V’ = 340, and for times greater than 6 sec, the decay 
curve is approximately exponential and independent of 
the initial disturbance to experimental error. Extra- 
polating this saturation region back to time zero yields 
a value for 8, according to (4). This is shown by the 
solid line. 

Using this value of 8, 8= —1.4, we can now express 
the data of Figs. 3 and 4 in the form of Eq. (3). The fast 
decay is shown plotted in this manner in Fig. 13, the 
slow decay in Fig. 14. It is observed that the curves are 
linearized quite well by Eq. (3). The method used in 
plotting the fast decay should yield a line with slope of 
unity, such as the solid line in Fig. 13. The agreement 
is thus far from perfect, although suggestive of the 
validity of the model. 


DISCUSSION 


This phenomenon under study is a very interesting 
effect in itself, and appears to be a clear illustration of 
the effect of the surface barrier in rate processes. It 
appears to provide a useful means of calculating the 
effective bulk hole density, and to provide a method of 
studying surface recombination. However, it does not 
seem to provide much direct data at this time about 
the actual band structure at the surface. 

This failing arises principally because the effect is 
easily observable only under thermally nonequilibrium 
conditions. The density of charge in the recombination 
centers depends on the rate at which bulk holes reach 
the surface; the surface states become charged up until 
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the rate of electron capture is equal to this hole capture 
rate. Thus the energy of the surface states is not a 
parameter, so the energy of the surface states cannot be 
calculated from the data. The density of surface states 
N, appears as a parameter in the form V,—n, [Eq. (1) ] 
but as #, is not known, V, cannot be calculated. The 
height of the surface barrier V can be calculated, but 
n, cannot be found from this without a knowledge of 
the charge in the slow states. 

The values of E, and V, may be determined in future 
experiments by an analysis of the decay in the “high- 
temperature”’ region of Fig. 7, where it is thought that 
the system is close to thermal equilibrium. Or the value 
of ., may be determined through a study of the varia- 
tion of .V,—n, with a variation in the charge on the 
slow states or with a large applied field. Experiments to 
utilize these possibilities are planned. 

The model used in this paper to account for the ob- 
served phenomena shows good semiquantitative agree- 
ment with the experimental results. However, the re- 
sults clearly are not in complete quantitative agreement. 
Assuming that the basic theory described above is cor- 
rect, there are three areas in which the observed errors 
could arise aside from the probable errors inherent in 
the detecting devices. The first is, of course, approxi- 
mation in the theory. By allowing severe complications, 
improvements could be made in this respect. The second 
is nonuniformity in the field, in particular edge effects 
or nonuniformity of illumination. As the equations are 
nonlinear, these effects could seriously alter the decay 
characteristics. With appropriate experimental care, 
these problems also could be minimized considerably. 
The third source of error is heterogeneity of the surface 
properties. If the surface barrier, and hence the value 
of 8 in Eq. (3), varies from area to area on the surface, 
the observed decay characteristics will be considerably 
different from the theoretical predictions. It is not clear 
at the present time how to improve the surface charac- 
teristics in this respect. 

Little has been said regarding the interpretation of 
these measurements in terms of surface recombination. 
However, it is apparent that if the model is valid, the 
results are very intimately associated with surface re- 
combination. The major difference between the field 
effect case discussed heré and the illumination response 
is in the fact that with illumination the minority carrier 
density also varies with time upon switching the light 
on or off. Thus the mathematics becomes somewhat 
more complicated. An analysis similar to that presented 
earlier for dislocations‘ should be applicable. 
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The energy transfer between adjacent resonances in nuclear and electron spin systems is analyzed in 
terms of the overlap of line-shape functions. The procedure is an enlargement on the original proposal of 
Kronig and Bouwkamp, and consists of taking partial account of off-diagonal elements in the spin-spin 
interaction, which are omitted in Van Vleck’s truncated Hamiltonian. If the frequency of these off-diagonal 
elements is sufficiently small, they give rise to an additional kind of spin-spin relaxation, observed by 
Gorter and co-workers. They are also responsible for cross-saturation effects in paramagnetic salts of the 
type observed by Townes and co-workers. A crucial experiment is described which can be explained by 
spin-spin interactions, but not by the assumption of a hot-phonon region. Implications of the cross-relaxation 
for the operation of solid state masers are discussed. Special consideration is given to magnetically dilute 
substances and inhomogeneously broadened lines. Paradoxically, the latter will usually still undergo a 


homogeneous steady-state saturation. 


1. INTRODUCTION 


INCE Waller’s fundamental paper' on spin relaxa- 

tion and Gorter’s early experiments? much 
attention has been paid to the question of thermal 
equilibrium in magnetic spin systems. Casimir and du 
Pré* postulated the existence of such equilibrium within 
the spin system to explain the spin-lattice relaxation 
effects of Gorter and co-workers. Kronig‘ already 
realized that thermal equilibrium in the whole spin 
system would only be established if the dipolar inter- 
actions between different spins was sufficient to 
“bridge the gap” between the various spin levels of 
an individual ion. 

With the advent of magnetic resonance techniques, 
the problem of magnetic relaxation gained new impetus. 
It was generally recognized that the populations of 
spin levels which are equally spaced readily attain 
the Boltzmann ratio, but the establishment of a 
Boltzmann distribution between spin with 
unequal spacing takes a much longer time. An early 
illustration®.* is the saturation in high magnetic field 
of one nuclear spin resonance without affecting the 
other species in the same crystal. The Li’ and F'® spin 
systems in LiF are better isolated from one another in 
high fields than they are from the lattice. In magnetic 
fields below a hundred oersteds, however, they come 
more readily into equilibrium with one another. Use of 
this physical phenomenon has been made to reduce the 
relaxation time of a spin species by giving it the same 
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energy splitting as another species and thus bringing 
it into contact with another spin system with a shorter 
spin-lattice relaxation time.*~* 

It is the purpose of this paper to analyze in some 
detail the transition region of nearly equally spaced 
levels. For equal spacing a Boltzmann distribution over 
the different spin levels is established in a time of the 
order of 7. For unequal spacing they come into 
equilibrium with the lattice first with their respective 
relaxation times 7). The Casimir-du Pré hypothesis is 
not valid in this case. In the intermediate region of 
approximately equal spacing, different parts of the 
spin system may come into internal equilibrium in an 
intermediate time, which we shall call the cross- 
relaxation time and designate by T. It will be shown 
that double flip-flops of neighboring spins in which 
the Zeeman energy is ‘“‘nearly” conserved are responsible 
for this effect. The small balance of energy is taken up 
by the dipolar or internal energy of the spin system. 

This raises the important problem of the equilibrium 
of the Zeeman (and quadrupolar or crystalline splitting) 
energy on the one hand and the dipolar interaction on 
the other, which is discussed in a very lucid manner by 
Abragam and Proctor.6 These authors assume the 
existence of a mixing field H* larger than the local 
dipolar field H,. The energy splittings for H<H* are 
sufficiently small to allow for a rapid exchange of 
Zeeman and dipolar energy. Abragam and Proctor do 
not discuss the dynamics of spin interactions which 
would give a theoretical justification for the experi- 
mental observation of such mixing. One purpose of 
this paper is to provide a semiquantitative discussion 
of those processes which transform Zeeman and dipolar 
energy into each other. 

Such processes can also give a quantitative explana- 
tion for the cross-saturation effects of adjacent electron 

7G. Feher and H. E. D. Scovil, Phys. Rev. 105, 760 (1957). 


5H. S. Gutowsky and D. E. Woessner, Phys. Rev. Letters 1, 
6 (1958). 
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spin resonances reported by Giordmaine and others.° 
Their suggestion of phonon heating over a certain 
frequency interval is ruled out by a cross-maser 
experiment described in this paper. The importance of 
cross-relaxation effects for band width characteristics 
and low-frequency limits of solid state masers is discus- 
sed. Preliminary discussions of these spin-spin interac- 
tions have been given.” 

Finally, these processes are also responsible for the 
temperature-independent relaxation at intermediate 
frequencies discovered by de Vryer, Gorter, and 
others." In a recent paper by Verstelle, Drewes, and 
Gorter™ an interpretation of those results in terms of 
the same processes discussed here has been announced. 


2. CROSS-RELAXATION TIME 
Consider the spin Hamiltonian 
H=KatKertHK int, (1) 


Her is the sum of the crystalline field couplings of the 
individual ions or the quadrupole couplings of the nuclei. 
The Zeeman energy in the applied field is given by 


Hm= — Ls BH-g;-Si. 
The interaction between the spins consists of dipolar, 
pseudodipolar, and exchange terms: 
HKins=A+B+C+D+E+F, 
A=D pi [Aut (Gg Brij 4+ Bis) 
X (1—3 cos’, ;) S025, 
B= Lri ($4i;+ (—4) (gig 8777+ B;;) 
~*~ (1 —3 cos’; ;) }(S4iS_j+S_:S,,;), 
C=L i (— 43) (gg 8774+ Bi,) sind,; 
X cod, e~ "#4 (S.0S,;+S,0545), 
D=>D >i (— 9) (gig rij 7+ Bi,) sind,; 
X cos, e+ #4 (S_jS.;+S,:S_;), 
E=) >i i (gig Bris 7+ B,;) sin, je? 44S, 5S, ;, 
F=D > + (gig rij +B,;) sin’9, et? *S_S_;. 
6;; and ¢,; are the polar angles of the radius vector 
connecting ions 7 and 7 with respect to the z-axis. 
Consider the simple case of a Kramers doublet with 


identical spins. Take the z-direction along H. The 
Zeeman splitting of each individual ion is 


hvy.= + g6H. 


(2) 
(2a) 
(2b) 
(2c) 


(2d) 
(2e) 
(2f) 


® Giordmaine, Alsop, Nash, and Townes, Phys. Rev. 109, 302 
(1958). 

Shapiro, Bloembergen, and Artman, Bull. Am. Phys. Soc. 
Ser. II, 3, 317 (1958). Proceedings of the Symposium on Solid- 
State Masers, U. S. Army Signal Research and Development 
Laboratories, Fort Monmouth, New Jersey, June, 1958 (un- 
published). 

4 F, W. de Vryer and C. J. Gorter, Physica 18, 549 (1952). 

2 Smits, Derksen, Verstelle, and Gorter, Physica 22, 773 (1956). 

8 Verstelle, Drewes, and Gorter, Physica 24, 632 (1958). 
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It is assumed to be larger than the interaction with 
other ions. Hint will be treated as a perturbation. The 
problem, which was already considered by Kronig and 
Bouwkamp,! is to determine the rate at which Zeeman 
energy and dipolar energy come into mutual equilibrium. 
Since total energy of the spin Hamiltonian remains 
conserved, the formulation can also be put in the form: 
What is the probability that a quantum hy. gets 
absorbed by a rearrangement in the dipolar lattice? 

Consider repeated operation of the interaction 
Hamiltonian. Take products of the type--- (S52) 
Xx (S+mS—n) og (S4iS2;)° ae (SspSza) (S4rS_s). They turn 
the spin 7 in the external field and rearrange the dipolar 
lattice. It would be difficult to carry through such a 
high-order perturbation calculation. 

A hybrid method between the perturbation calcula- 
tion and the method of moments" is therefore used. 
Simple first order time-dependent perturbation theory 
is applied to the terms C and D (and possibly E and F). 
The repeated effect of the diagonal and semidiagonal 
terms A and B is absorbed in a line-shape function g(v). 
The transition probability for the Zeeman energy Av1.2 
of a spin to be converted into dipolar energy is 


w= (27) =h|C|?N-1g(v=0). (3) 


The characteristic time for this conversion process is 
called 72; to indicate its intermediate position between 
T; and T2. The shape function g(v) has a symmetrical 
maximum around the frequency v2. Its second moment 
around this frequency is given by 


h2(Av2) 
Tr{L(A+B) i>: SeiS45— Dj>i S2iS4j(A +B) P} 


Tr{ Da SeiS45 P} 
(4) 





This moment has the same order of magnitude as, but 
is not identical with, the second moments of Van Vleck 
for transitions induced by an external radio-frequency 
field. 

If the assumption of a Gaussian shape with the 
correct second moment (4) is made, the cross-relaxation 
probability becomes for g:=g;, Si=S;, Bi;=0, 


h*X fe'B4S(S+1) Lj riz sin*8;; cos’; 





(2m)4(Av?)! 


Ww 


— 23°H? ; 
xexp{ . (5) 
2h?(Av*) 


The cross-relaxation time 72; increases very rapidly 
as the splitting of the energy levels of an individual ion 
becomes large compared to the spin-spin interaction. 
This is the reason why the processes with Am= +2, 
caused by the terms E and F are negligible. They 
would lead to an expression in which the exponent in 


4 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 





CROSS-RELAXATION 


the Gaussian is 4 times larger than in (5). Hence their 
contribution is negligible. 

When the splitting approaches zero (H—> 0), the 
expressions (3) and (4) have to be modified. All terms 
of the dipolar interaction then become important. 
Truncation is not permissible. The second moment 
increases and also the matrix element in Eq. (3) is 
increased because the E and F terms also contribute. 
In the case that H is not much larger than the dipolar 
field, the formula of Kronig-Bouwkamp, who first 
considered the problem under discussion, should be 
valid: 


w=[ (Ac*)ot }! exp{ — 978° H?/2h? (Aw*)ot}. 


It is seen that the cross-relaxation time T2, becomes 
identical with 7, in the limit H — 0. If, on the other 
hand, T72>T7;, the Zeeman part and the spin-spin 
part come separately into equilibrium with the lattice. 
The hypothesis of Casimir and du Pré is not valid in 
that case. The interesting region is 7;>72>T7>. In 
this domain the relaxation phenomena mentioned in 
the introduction occur. 

A warning should be raised against too liberal use of 
the Gaussian shape, which is so convenient for computa- 
tional purposes. The value of g(0) may be larger by 
several orders of magnitude than the Gaussian would 
predict. Important situations, in which the tails are 
considerably enhanced, include the case of strong 
exchange interactions A;; and the case of random 
paramagnetic dilution. Calculation of the fourth, and 
higher, moments of g(v) shows the enhancement of the 
tail concomitant with a narrowing at the center. 

Interesting new situations arise when three or more 
levels are considered or when more than one magnetic 
species is present. Some simple examples are shown in 
Fig. 1. In Figs. 1(a) and 1(b) the isolated atoms are 
assumed to have three energy levels. In case 1(a), two 
of them are closely spaced; in 1(b) one is approximately 
halfway between the others. They may correspond to a 
Ni** ion, or nucleus with J=1, in an axially symmetric 

+3/2 


3 3 “M2 
2 
%, 
2 
Y, Vg Vg y uy, Vg 
y 
8 +1/2 
1 | -172 
(o) (b) (c) (d) 


Fic. 1. Some representative situations of double transitions in 
which the energy is nearly conserved. The a and 8 transitions 
take place simultaneously on neighboring spins. (a) Three levels, 
two of which are closely spaced. Example: the Ni** ion in an 
axial crystalline field with a small magnetic field. (b) Three 
levels, with one approximately halfway between the others. 
Example: Ni*+ in intermediate field. (c) Two closely spaced 
pairs of levels. Example: Cr**+* or a nucleus with J=} in an 
axial field, with a small magnetic field parallel to the axis. (d) Two 
Kramers doublets with nearly equal spacing. Example: two Cutt 
ions with different nuclear spin orientations, or two nuclear spins 
J] =} with nearly equal y in a relatively weak external field. 
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field with weak or intermediate external magnetic field, 
respectively. Case 1(c) corresponds to a case with S 
or [=}. Case 1(d) corresponds, e.g., to two species 
T.=Ig=}, with slightly different gyromagnetic ratios. 

The dipolar interaction between the ions may 
induce transitions in which the sum of Zeeman and 
crystalline field energies is nearly conserved. These 
transitions are indicated by the arrows. It should be 
noted that the two arrows in each case belong to 
different ions, The balance of energy is again taken up 
by the spin-spin energy. 

The probability per unit time for the process 
that ion 7 increases its energy by an amount fy, and 
ion 7 decreases its energy by Avg, the balance of energy 
h(vg— va) being taken up by the spin-spin interaction of 
the whole array of dipoles, is then given by 


wij=h| (Ey,Ej|5;;| E-thva, Ej—hvg) |?gas(v=0), (6a) 


where 3;; is the interaction between ions i and 7. 

If m, is a good quantum number in case 1(d) and 
the gyromagnetic ratio has the same sign for the two 
species, the matrix element corresponds to the Am,* 
= —Am = +1 transition from the interaction B in 
Eq. (2) and its square is given by 


| IC; |?= Ye (La— Ma) (Lat mat 1) (Ista) 


X ([g— mgt 1)g2g7684(1—3 cos’6,;)*r,-®. (7a) 


If, however, the gyromagnetic ratios g; and g; have 
opposite sign, the transition which nearly conserves 
energy has Am= +2 and is determined by the F or F 
term in Eq. (2). This is also true for cases 1(a), (b), 
and (c), if a magnetic field parallel to the axis of the 
crystalline field is applied. In the case of Cr*** ion 
in a small parallel field one has, for example, the 


transition m,“«= 3 — 4 and mf= —} — —3. 


|5C i; |? = (81/16) g))*B'7,;—* sin’d,;. (7b) 
The shape function gag(v) is calculated by the 
moment method. The total second moment is 


Irag?= —Tr{[3C(X 3C,;) — (X 3, HC PY / 
Tr{LX Hi; F}. 


The total Hamiltonian 3C has to be truncated in a 
manner appropriate to the particular problem at hand."® 
If m, is a good quantum number, this truncation is 
straightforward. The line shape has a maximum at the 
frequency va—vg; gas(v=0) will be appreciable, if 
h(va—vg)/g8 is not much larger than the local fields. 

It is instructive to obtain an estimate of gag(v=0) in 
terms of the observed magnetic resonance lines ga(v) 
and gg(v). The second moments of these shape functions 


(8a) 


are determined by the expression which results if 
> %,; in Eq. (8a) is replaced by S,. The rigorous 


16 Ishiguro, Kambe, and Usui, Physica 17, 310 (1951). 
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expression (6a) is replaced by 
wiz=h| weul* ff gal oDga”)8(0— vod” (6b) 


If a Gaussian shape is assumed for ga(v) and ge(v) with 
second moments (Ay,)* and (Avg)?, respectively, the 
integrations in (6b) which represent the overlap between 
the two resonances can be carried out explicitly. The 
result is 


wiy= (2m) | HC5| 7 (Ave)?+ (Avg)? 4 
X exp{ — (va—v)*/2[ (Ava)*+ (Avy)? }}. 


This expression is not rigorous and should be used with 
extreme caution. Equations (6a) and (8a) should be 
preferred, but gag(v=0) is of course not determined by 
(8a) alone. All higher moments are necessary in 
principle. The assumption of a Gaussian with the 
second moment given by Eq. (8a) may still lead to 
large errors in the tail. 

A cross relaxation time T2 can be defined by the 
relation 


(8b) 


(272°) 7 => ; wip?. (9) 


This derivation has physical validity and significance 
in the range 7;>72>T>». The right-hand side rep- 
resents the probability that spin 7 will absorb a quantum 
hva, while an arbitray spin 7 emits a quantum hvg; p° 
represents the probability for a spin j to be in the 
upper state of a vg transition. 

It is noteworthy that there is no need for very 
closely spaced levels. Figure 1(b) shows that the only 
requirement is that some spacings are nearly equal. 
If closely spaced levels exist, as in Fig. 1(a), no matrix 
element between them is required. The Zeeman energy 
of the m= +1 levels of Ni** in an axial crystalline field 
with parallel magnetic field can come into Boltzmann 
equilibrium with the spin-spin energy via the indicated 
process. 


3. CONSERVATION OF ANGULAR MOMENTUM 


In the experiments of Abragam and Proctor, as in 
other adiabatic (de—) magnetization experiments, the 
angular momentum of the spin system is not conserved. 
Nor is it in the processes of Kronig and Bouwkamp or 
in the Am= +2 processes considered in the preceding 
section. For those who are familiar with the magneto- 
mechanical experiments of Einstein-de Haas and 
Barnett,'® the answer is obvious that the balance of 
angular momentum is transferred to the rigid lattice 
and appears as a rotation of the whole crystal. Since 
the question of angular momentum has been raised on 
more than one occasion, a brief general proof will be 
given that the transition probabilities which have been 
derived are correct, even though the question of 
angular momentum has been ignored. 

The coordinate ® giving the azimuthal orientation 


16 C, J. Gorter and B. Kahn, Physica 7, 753 (1940). 
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of the rigid crystal with respect to a fixed coordinate 
system is introduced explicitly. The angle ¢;; measures 
the azimuthal orientation of the spin pair 7 and 7 with 
respect to a coordinate system attached to the crystal. 
The z axes of the two systems of reference coincide. 
Replace j; in Eqs. (2) by ¢i;+. The angular momen- 
tum associated with the rotation of the crystal is 
represented by the operator (#/i)(0/d6). The total 
angular momentum around the z-axis is given by 


hoa 
J,=> 3 wr, 
1 0® 


It can readily be verified that this operator commutes 
with the Hamiltonian (1): 


[J.,K ]=0. 


The spin angular momentum })°;S.; alone does not 
commute with the dipolar interaction, but total angular 
momentum is indeed conserved. If the spin system 
undergoes a transition Am= +2, the angular momentum 
of the crystal changes by — 2h. The change in rotational 
energy associated with this change in rotation is 
negligible because of the very large mass of the crystal. 
The value of the square of the matrix element |3;;|" 
is not changed by the explicit introduction of ® and 
the free rotational wave functions for the crystalline 
lattice. 


4. CROSS-RELAXATION RATE PROCESSES 


The rate equations governing the populations of the 
various spin levels should now be modified to take 
account of the cross-relaxation of Sec. 2. They will be 
written down explicitly for the cases of Figs. 1(a) and 
1(d). Extension to other, more complicated, situations 
is straightforward. 

Case 1(a).—Let m1, n2, and n; represent the popula- 
tions in the three levels. The equilibrium values at 
the lattice temperature are m,", ns" and n;°. The energy 
difference /v2;=FE2—F, is so much larger than the 
dipolar interaction that no cross-relaxation has to be 
considered to the ground level £;. The splitting hv3.= FE; 
— Ez is only slightly—say, two to ten times—larger 
than the dipolar width. Cross-relaxation has to be 
considered due to the overlap of the v3; and v2 res- 
onances, although their maxima are experimentally 
well resolved. The populations m. and mn; can now 
change also by the cross-relaxation processes. Note that 
the population is not affected. 

(On2/0 t)cross rel 
= (On3/ '8t) cross rel = wl n3— no— (n3— N2) aa | 
+N- Wr wi (m3ni— nen) — (n3ni— N21) aa |. 
Here w corresponds to the Kronig-Bouwkamp process 
described by Eq. (3). The w,;, which are given by 
Eqs. (6) or (8), correspond to the double flips indicated 
in Fig. 1(a) and their inverses. 





CROSS-REL 

The equilibrium value of the population to which the 
cross-relaxation mechanism tends asymptotically is 
not given by the Boltzmann distribution at the lattice 
temperature. The equilibrium value is determined by 
the requirement that the expectation value of the total 
spin Hamiltonian (1) changes by the work done 
during the variation of the external field. The processes 
are adiabatic in the sense that no heat is transferred to 
or from the lattice. 

In the limit of high temperatures, k7>>/Av31, the 
dipolar interaction energy can be defined separately 
from the Zeeman and crystalline field energy. Let 7; be 
the lattice temperature, 7.‘ the initial “Zeeman 
temperature” defined by Av32k~* In(n2/n;), T,' the initial 
dipolar temperature, defined by Faip= (Hint®)/RTs, 
and 7,4 the final temperature after the spin system 
has come into internal equilibrium adiabatically. This 
equilibrium is to be understood in a partial sense, as 
only those levels participate between which cross- 
relaxation processes are important. 

The usual relations between populations and spin 
temperature exist. 

(hyv32) ( 1 RT aa). (10) 


(n3— M2) sa= 3(N—11) 


The adiabatic condition can be written 


= ff Matty=1(v—m) (re) TC ‘RT ,')— (1/RT ga) | 


+Tr( Hine?) (1/275) — (1/RT aa) ). (11) 


In the high-temperature limit, ”:;/N may be replaced 
by 3 

Introduce next the spin-lattice relaxation mechanism 
and radio-frequency fields at v1; and v23. The complete 
rate equations then become, in the same notation as 
used for three-level masers,'’ 
dn; 
— = W3(m—n3) +W 32(mo— 1 


dl 
hv3) 
t0u(n o——iis-— iN ) 
kT, 
hv39 
+w . Ne—-N3— 3 4.V- ‘) 
kT, 


hvsa 
(w+4 Ey 2.)| mm tN\- | (12) 
1 


hve 
3— No + 4N— ) 
kT 


l 


dns 
—_—_= W 30(23— a 


dl 
hve, 
+ 20nf m= 3N =| 
kT, 


—(wti Dd; wa) [mn 


hv32 
ral 
RT 4a 


~ 17 N, Bloembergen, Phys. Rev. 104, 324 (1956). 
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This set of equations should, strictly speaking, be 
supplemented with an equation describing the direct 
relaxation of the dipolar energy to the lattice. It will 
turn out that in many applications the details of this 
process and the exact value of T,4 are of no importance. 

Case 1(d).—Consider a lattice with NV, ions with two 
energy levels separated by hv, and Ng ions with two 
energy levels separated by hvg, va—vgKva. The cross- 
relaxation processes contribute the following term to 
the rate equations for the difference in population of 
the two a-levels and the two B-levels: 


(dAng/At)cross= — (OAng/A1) cross 


NB 
=—2Ng1 > wil (natng- — na ng*) 
7=1 
— (natng-—Na Mgt) aa}. (13) 

In the high-temperature approximation, kT>>hyvg, 
Eq. (13) can be put in the form 
(OAnta/ Ot) cross= — (1/T 21%) { Ata— (Ana) aa} 

+ (1/ ‘T 28) { Ang— (Ang) aa}, 
where (1/T2:*) = (N/Na)(1/T21%), and pf=} is sub- 
stituted in Eq. (9). 

The complete rate equations in the presence of 
spin-lattice relaxation'* and an applied radio-frequency 
field at the frequency vz become 

—) 
kT, 


d(Ang) 1 
_- = —2W,Ana—-— (an—49 
T 


1 hVa 
(an 4Na— ) 
T 2° kT sa 
1 hvg 
+. —(an- Ne <— ), 
To RT 2a 
d(Ang) 1 hvg 
senpaeenay aes (an—4N5— ) 
dl TY? kT 


1 hve 
+—T[ Anw—3Na ) 
T> i" h T aa 


1 hvg 
$2 Ee (a1,- 3 Np ) 
Tx? kT 


ad 


dl 


(14) 


These rate equations will now be used to interpret 
a number of relaxation experiments. Although in 
practice the energy level diagrams are often considerably 
more complicated than those shown in Fig. 1, Eqs. (12) 
and (14) for cases 1(a) and 1(d) contain all the essential 
features. The construction of rate equations for cases 

'8To avoid further nonessential complications, spin-lattice 
processes in which the two species participate in a coupled 


fashion, such as those considered by I. Solomon [Phys. Rev. 99, 
559 (1955) J, are ignored, 
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1(b) and 1(c) and for more intricate situations should 
be straightforward. 


5. INTERMEDIATE RELAXATION IN 
LEIDEN EXPERIMENTS 


Paramagnetic dispersion and absorption have been 
found at intermediate frequencies (1/72)>>w>>(1/7)). 
This dispersion is independent of the lattice temperature 
and may show maxima as a function of an applied dc 
magnetic field.’ A simple theoretical model, patterned 
after the treatment of spin-lattice relaxation by Kronig 
and Gorter,'* for this new type of relaxation is presented 
here. A similar explanation has also been announced by 
the Leiden group.” 

Let AH exp(iw!) be a small periodic magnetic field 
in an arbitrary direction. In general the energy levels 
will shift by (@£/0H)AH exp(iwt). There is a periodic 
variation of the populations An exp(iwt) and a con- 
comitant variation in the magnetic moment. Let us 
take model 1(a), which applies to the Ni** ion. Sub- 
stitute the periodic variation on the left-hand sides of 
Eqs. (12). If w>>wie, wis, Wes, the spin-lattice relaxation 
terms are negligible. The applied field is not at a 
resonance frequency and hence W3:=W2.=0. The 
periodic variation of the populations in this region is 
described simply by 


iw(3— n2)=2(w+4 > w,;)[me—n3—(m2—M3) aa}. (15) 


The solution is 


N3— N= (N3— Ns) aa( 1 +itwT9)71. (16) 
Here Tx =}(w+} > wij) is determined by Eqs. (3) 
and (6). The population ; remains constant. 

The susceptibility must now be calculated. The 
magnetization is given by 


M= 4 (n3— n>) (M33— Mo)+ 3 (n3+ No) | M33+M 2) 
+,M,,+ contributions from off-diagonal 
elements of the magnetic moment operator. (17) 

Only the first term on the right-hand side is frequency- 

dependent in the range of interest. Its contribution 

goes to zero as w>T 211. 

The adiabatic value (m3—m2)aq is calculated from 
the condition that the work done by the variation of 
the external field is equal to the sum of the changes in 
Zeeman energy and interaction energy, with the 
restriction that only effects arising from a variation 
in m3—m» should be taken into account. 

With the relations 


hy. 
n3—n2=4N— 


0(hv32) 
kT” 


M;33;— M2.=———_, 
OH 


O(3— M2) 


("3— M2) aa= AH exp(iwt), (18) 


ad 


19 See reference 2, Chap. 4. 
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Eq. (11) can be put in the differential form 


(hyv32)? (Hint?) 
) fain x 
ad kT 





(hv 32) Ohv32 ( 0 


4 N- — 
kT OH oH kT 


This can be further transformed into 

re) (Hint?) N h Ovz9 
(—) i~a ———— r 
ODT aa 2N (hv32)?+( Kin?) 3 kT OH 


Combining Eqs. (16), (17), (18) and (19), one finds for 
the part of the susceptibility which undergoes the 
intermediate relaxation 


(Hint?) X a (=) 1 


. (19) 


x’ ~ i" = 
éN (hv32)?+ (int?) 


———a 
1+iwT 2 


0H 


The behavior of x’ as a function of frequency is shown 
schematically in Fig. 2. The solid curve is for the 
larger separation of the two levels, the dotted curve 
has a smaller value of 32. There is the usual spin-lattice 
relaxation. For w>7 ' the susceptibility drops to its 
“adiabatic value.” Then the intermediate relaxation of 
part of this adiabatic susceptibility occurs at w= T2171. 
The dispersion is temperature-independent and is a 
very sensitive function of the separation of the levels 
because of To. 
Experimentally, the susceptibility is usually plotted 
at constant frequency versus applied dc field. There 
may easily occur a maximum in this plot, because for 
certain values of the external field some pairs of levels 
of the chromium, manganese, and ferric salts may 
become nearly equidistant. This will make 72; about 
equal to w!. For the Cu** ion, which has a Kramers 
doublet, such a maximum of x’(w) vs H should not 


occur, in agreement with observation. With the 











1 a -t a. 
y Ty 5 

Fic. 2. Qualitative behavior of the real part of the susceptibility 
in a dilute paramagnetic salt as a function of frequency, showing 
spin-lattice relaxation and cross-relaxation. The solid curve is 
for the case where the difference in spacing between the energy 
levels is slightly larger than the dipolar field; the dotted curve is 
for the opposite case. There may be several regions of cross- 
relaxation in systems with many spin levels. 
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multiple levels of the Cr+++, Mnt+, and Fet+++ ions, 
and the presence of several nonequivalent sites in the 
unit cell, the occurrence of several intermediate 
relaxation regions is assured. The theory for such 
multilevel situations can be patterned after the simple 
case 1(a) given here. The algebra will become quite 
involved. Since in most experiments polycrystalline 
powders have been used, an average over all orientations 
of H with respect to the crystalline fields should be 
taken. This makes a detailed comparison of published 
relaxation curves with theory too cumbersome. 

Relaxation experiments should be carried out in 
dilute single crystals. Contributions of individual pairs 
of levels to the susceptibility may be separated. The 
experimental data should be plotted versus frequency 
at constant H, because then the energy levels of the 
ion remain fixed. 

In concentrated paramagnetic salts the dipolar 
interaction may indeed be sufficient to connect all 
levels with a reasonably short 721, close to the value 7», 
so that the Casimir-du Pré hypothesis has validity. 
In very high fields or for very large crystalline fields, 
the validity of the hypothesis should break down 
even for the concentrated salts. The lumping of the 
crystalline field with the dipolar field in the expressions 
for the adiabatic susceptibility should be avoided. It 
is permissible only in polycrystalline powders of 
concentrated magnetic salts. 


6. THERMAL CONTACT IN NUCLEAR 
SPIN SYSTEMS 


The classic experiments on nuclear spin temperature 
and thermal contact between spin systems have been 
carried out in lithium fluoride.* It was found that the 
Li and F nuclear spins are well isolated from each other 
in external fields larger than a few hundred oersteds. 
They then come separately into equilibrium with the 
lattice in times of the order of several minutes. However, 
they come into equilibrium with each other in 6 seconds 
in a field of 75 oersteds and in less than 0.1 second in a 
field of 40 oersteds. 

The appropriate model of spin levels is case 1(d). 
Although Li’? has J=$ and four equally spaced levels 
rather than just two, Eqs. (14) can still be used. 
These two coupled linear equations of the first order 
will in general give two relaxation times \~! determined 
by 
{ (1/712) + (1/T 21%) —A} { (1/7) + (1/T28)—d} 

— (1/T*T 2°) =0. (21) 
A linear combination of two exponentials adapted to 
the initial conditions describes the complete decay to 
the lattice temperature. 

The interest here is in the situation that To.**®«KT «4, 
The two spin systems come into adiabatic equilibrium 
at Ta with a characteristic time [ (7%)"'+ (To) A 
= NgT2:*/(Na+Ng). The experiment is carried out in a 
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short time interval, so that subsequent decay to ‘a 
cannot take place. 

In agreement with the experimental results, the heat 
contact should set in rather suddenly below a critical 
value of the external magnetic field. Equation (8b) 
indicates that two Gaussian resonances separated by 
twice their full width at half maximum have a cross- 
relaxation time of T.:~10+*7T,. This shows that two 
well-resolved resonances may indeed mix in a time 
shorter than 7). If they are separated by three times 
their full width, the mixing time is T::~10772, which 
will usually be longer than 7). Substitution of the 
second-moment values for Li’ and F'® into (8b), with 
use of Eqs. (7a) and (9), gives T::=10" sec at Hyp=75 
oersteds. This is many orders of magnitude longer than 
the observed value of 6 seconds. The Gaussian function 
is of course extremely sensitive to small variations in 
the effective second moment. It is tempting to invert 
the procedure and use the observed cross-relaxation 
time as a measure of the overlap and hence as an 
exceedingly sensitive tool to measure the line shape far 
in the wing. 

In the case of LiF, for example, the wings will have 
some bumps. It should be noted that the Zeeman 
energy is more nearly conserved when two Li’ nuclei 
flip Am,;=2, for each Am=—1 of the F'® nuciei. The 
square of the matrix element |3¢;;|? in Eq. (6a) for 
these processes is smaller by a factor ((Av*)zi/v1i) 
X[(ve—2vri)/ve P3X10- for Hyp=75 oersteds, but 
this is more than offset by the enormous increase in 
the Gaussian function, which now has (vpe—2prz;)? 
instead of (vyr—vzj)? in the exponent. The factor in 
square brackets is included to take account of the 
partial cancellation of terms in the second-order 
perturbation calculation, as will be discussed in more 
detail in Sec. 7. In terms of the moment method one 
may say that the truncation of 3¢ should not exclude 
terms /,1j/,;. Inclusion of such terms gives rise to 
small bumps in g(v) near the frequency ve—2vzj. If 
the approximation of the overlap integral (6b) is used, 
one finds the value of the cross-relaxation time is 3 
seconds, which is in excellent agreement with the 
experimental value of 6 seconds. At Ho=40 oersteds, 
the cross-relaxation time should be 0.06 second, again 
in agreement with observation. 

Experiments by one of us (P.S.P.) are under way to 
determine accurately the shape of the overlap as a 
function of the external field. Cross-relaxation time 
measurements may also be useful to detect quadrupole 
background broadening. Similar experiments are also 
being carried out by various other workers.” #! 

It can be concluded that all observations on energy 
transfer between nuclear spin systems are consistent 
with the theory of spin-spin interaction presented in 


2 R. T. Schumacher, Phys. Rev. 112, 837 (1958). 
21M. J. Weber and E. L. Hahn, Bull. Am. Phys. Soc. Ser. I, 
3, 329 (1958). 
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Fic. 3. A reproduction of the resonances in Cu(NH4,)2(SO4)2 
-6H,O observed by GANT, taken from Fig. 1 of reference 9. 
Resonance 5 is saturated. The arrows indicate a process of 
multiple spin flips by which the energy is spread through the 
structure and cross-saturation occurs. Each arrow represents the 
simultaneous flip-flop of two spins. The change in Zeeman energy 
is equal to the length of the arrow. Zeeman energy is conserved 
for two arrows of equal and opposite length. Four spins are 
involved in such a process. 


this paper. In particular, the discussion of Abragam 
and Proctor is entirely justified. Their condition that 
a spin process be adiabatic in the thermodynamic sense 
can now be made more quantitative: 


1 dH 1 ; 


ae es 


This condition is usually not fulfilled if yHo>5(Aw*)!. 
For such high external fields, however, the difference in 
magnetization in an adiabatic change of Hy and the 
constant magnetization in a rapidly changing Hp is 
less than 5%. 


7. CROSS-SATURATION EFFECTS IN 
PARAMAGNETIC SALTS 


A series of stimulating experiments on paramagnetic 
resonance saturation and relaxation at liquid helium 
temperatures in magnetically dilute gadolinium magne- 
sium nitrate, chromium potassium cyanide, and 
copper ammonium Tutton salt have been reported by 
Giordmaine, Alsop, Nash, and Townes.” Since the 
most detailed experimental results were obtained on 
Cu(NH4)2(SO4)2-6H.O, attention will be focused on 
this salt. There are two nonequivalent Cu** ions in 
the unit cell and the paramagnetic resonance spectrum 
consists of sets of four lines, corresponding to the 
four orientations of the copper nuclear spin. A reproduc- 
tion of these eight lines as observed by GANT™ is 
shown in Fig. 3. The spacing of the hyperfine compo- 
nents in one set was about 100 oersteds. The other set, 
which had more closely spaced lines, was separated by 
about 100 oersteds from one hyperfine component in 
the first set. The full width at half-maximum of each 
component was 20 oersteds. This width is caused 
mainly by interactions with proton spins. The dipolar 

* See reference 9. This paper will henceforth be referred to as 
GANT. 
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interactions between the copper ions in the diluted salt 
would give only 3 oersteds. The relaxation time 7,)= 20 
sec, 

The most striking observations were cross-saturation 
effects, i.e., on steady-state saturation of one of the 
eight lines, some or all of the others would also show 
saturation. Furthermore, if one resonance was inverted 
or saturated by adiabatic rapid passage, it was observed 
to recover very rapidly in intensity with a characteristic 
time of 10-°— 1074 sec7}. 

An interpretation of these results is proposed in 
terms of the spin-spin interactions described by Eqs. 
(14). This interpretation is very different from the 
hot-phonon theory proposed by GANT. 

It has already been shown in the case of nuclear 
resonance that the combination of spin-lattice and of 
cross-relaxation gives rise to two characteristic times 
given by Eq. (21). In the case that T2<7}, these two 
times are just T:,; and 7T;. The short time, 10~ sec, 
may be identified with 72. In this time the intensity 
of a resonance is shared with adjacent resonances and 
since there are a total of eight resonances, the intensity 
of a saturated transition results in a time 72; to within 
15% of its equilibrium value. 

The cross-saturation is described by the steady-state 
solution of Eqs. (14). Note that the ions a and 8 may 
be two copper ions in different crystallographic positions 
or similar Cu** ions with different nuclear orientations. 
The a Cu** ion is saturated by a resonance field at va 
with an induced transition probability Wa. 

If terms of the order of h(va—vg)/kT, and h(va— vg)/ 
kT a are neglected compared to unity, the steady-state 
solution of the relative intensity of the a transition may 
be written in the form 


Xa” 1 1 T2°/T 2° ; 
=1/| i+w. | —— ) | (22) 
Xa,0 Te TP1+T2'/TY 


a,0 


If To8=T2%KT), it is seen that the a resonance is 
saturated as if it had an effective relaxation time 
{(1/T*)+ (1/T¥)}-". 

This relaxation is at the root of the apparent dis- 
crepancy between the determination of 7; from the 
steady-state saturation experiments by Eschenfelder™ 
and the Leiden results** on spin-lattice relaxation in 
dilute chromium salt. In the latter case, one measures 
the rates (1/7 \%), (1/7y*), and (1/7 ”) for the various 
spin levels, or averages of these quantities over all 
orientations in the unit cell and crystallites in the 
powder. In the steady-state saturation, one measures 
the much faster rate >>; (1/7\’), summed over all 
resonances j which, through cross-relaxation, are also 
saturated. 


* A. H. Eschenfelder and R. T. Weidner, Phys. Rev. 92, 869 
(1953). 

* Van der Marel, van den Broek, and Gorter, Physica 23, 361 
(1957). 
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The intensity of the 8-resonance showing the cross- 
saturation is simply 


(X’"/Xz, 0”) —|= tags & 0’) = 1) 
X (14+Ne72%/NaT i). (23) 


For Na=Ng and T.°«T}', the a and B resonances are 
saturated to the same degree. The 8 resonance remains 
unsaturated only when 7»;*>T7/°. 

Is it reasonable to expect cross-relaxation times 
between 10~' and 10~ sec for the resonances of GANT 
shown in Fig. 3? A superficial application of Eq. (8b) 
seems to indicate that the spin-spin cross-relaxation time 
is longer than 7}. For a separation of the resonances by 
100 oersteds and a calculated dipolar width of less 
than 3 oersteds, Eq. (8b) would give T2~et™T». 
This result is an erroneous application of the theory. 

The shape of a line in a crystal with random magnetic 
dilution is not a Gaussian with Van Vleck’s value of 
the second moment. The experimental line shape is 
narrower in the center and much more intense in the 
wings as first shown by Abrahams and Kittel.” If the 
magnetic dilution is f, and Z the number of nearest 
neighbors, the chance for an ion to have a neighboring 
magnetic ion is Zf. The second-moment contribution of 
a magnetic nearest neighbor is roughly Z~ times the 
second moment in the concentrated salt. If Z/<«1, the 
situations in which more than one neighboring ion is 
magnetic may be ignored. An expression replacing 
Eq. (8) which should approximate the overlap of wings 
in dilute magnetic materials would be 


Z(V_— v3)" 


}—— =}, 
2[ (Ava? cone (Avg")cone_] 
with f=10-?, Z=8, (Ava)cone= (Avg*)cone= 200 Mc/sec, 
Vo — Va= 280 Mec; sec, this yields yds Ul Baa 

This admittedly very qualitative argument gives 
order-of-magnitude agreement with the experimental 
cross-relaxation times. It should be realized that theshape 
of far wings is not well known and the argument here 
is that a reasonable shape of the wing can give the 
required overlap. 

A more potent mechanism in the case of eight 
copper resonances is provided by the observation that 
quadruple spin flips can exactly conserve the Zeeman 
energy. 

A process of simultaneous double flip-flops is indicated 
in Fig. 3. Two ions make a downward transition at the 
frequency va, while ions at frequencies vg and yg go up. 
Consider in general four spins a, a’, 8, 8’ with S=}. 
The effect of nuclear spins and local fields of other spins 
in the crystal is lumped with the Zeeman energy. 
The a, a’ spins are initially upward, the 8, 6’ spins 
downward. If all spins are reversed, energy is conserved: 


T= (Zf) ‘(Ap )is35 > ex 


Vat Va! — Vg— vg =0. 


2° C, Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953). 
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The matrix element of the dipolar interaction which 
connects the initial and final ‘“Zeeman-state” derives 
its most important contribution from a double applica- 
tion of the operators of type B [Eq. (2b) ] because of 
the assumed inequalities of the type 


(A| <|va—vp| <r. 
The matrix element is consequently 


BagBa'pLh(vg— Va)+ Aaa’ +A pp:+ Aas: +A pa} 
+ Barg: Bal (vg: — var) + Aaa’ +A pe+ Aap +A par}! 
+ Bas: Bga'[ i (Va— vg) + A aa +A pp + Aapt Aas} 
+ BarpBap:(h (va — 18) + Aaa’ +A pp'+ Aapt Aaa}. 


The matrix element vanishes if the dipolar interactions 
of the type A given by Eq. (2a) are ignored. Then the 
energy denominators of the first term and the second 
term, in which the two flip-flops occur in reverse order, 
would have opposite sign. Similarly, the third and 
fourth terms would cancel each other. If the af pair 
and a’8’ pair are very far apart, the dipolar terms 
Aaa’, Asp’, Aas’, and Aga will be small. They are calc- 
ulated from Eq. (2a) by allowing a change in quantum 
number of one constituent, AS;=-+1. It is reasonable 
that the probability for a simultaneous act of two pairs 
vanishes, if there is no physical interaction between 
the pairs. 

The probability per unit time for the quadruple 
spin flip is then obtained in the usual way by squaring 
the matrix element and integrating over a narrow 
frequency range around the maximum. 

The order of magnitude can be estimated by consider- 
ing the case that a@@ are a pair of nearest neighbors, and 
so is a’B’. The distance between the two pairs corre- 
sponds to the average distance in the diluted salt. The 
probability for this initial situation is (Z/f)*. It is not 
necessary to introduce additional factors of § to specify 
a8, a’B’ among the eight possible states. The equal 
spacing between components appears to make double 
flip-flops possible in most configurations. The probability 
then becomes 


w=h-| A| dilute’gmax (v) (ZfPL | B| neighbor” ‘TN? (Va Vg » FP, 


or 
T 2 = (T2)dilute (Zf)?| B | neighbor ‘ W(ve- Vg °, 


With Zf=10" and Bheighbor/h(va—vg)~}, one finds 
Tx ~10'T2 in excellent agreement with the observations. 

Worded in a different way, the true line shape of 
each resonance is not Gaussian, but has small bumps 
which fall just under an adjacent resonance. These side 
bumps are of a similar nature to those shown by 
Van Vleck. He omitted these in the truncation of the 
Hamiltonian for the purpose of calculating the second 
moment. Here we should not cut off the terms in 
Sie5-s between different ions although we do omit 
other terms in the dipolar interaction. The bumps in 
the wing are extremely important, because the interest 
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is in processes which may be more than a million times 
slower than T2. The exact values of the cross-relaxation 
times will be sensitive to the exact positioning of the 
lines, but values of JT. ranging between 10°7, and 
10°7, can hardly be avoided. It is believed that this 
is the most effective mechanism in the copper salt. 
It explains the rapid transfer of energy to the wing 
components if the central resonances are saturated and 
can also account for the asymmetry and partial cross- 
saturation if a line in the wing is saturated. 

The possibility of spin-spin processes had been 
ruled out by GANT on the basis of the observation that 
a strong microwave field applied at a frequency 
between the two resonances does not produce saturation. 
The assumption hidden in this argument is that the 
energy would have to be transported from resonance 
Yq to vg via the small fraction of spins resonating in 
intermediate fields. The essence of the spin-spin 
processes is, however, that a jump from resonance 
Va —> vg can be made, the balance of energy being taken 
up by a large number of transitions within the res- 
onances vq and vg, or, even better, as explained in the 
preceding paragraph, the jump from resonance vq — vg 
is accompanied by a simultaneous jump v,— ¥%, with 
Vat Vy = vgs. 

From a similar viewpoint it may be said that the 
radio-frequency field, off resonance, still produces 
transitions at the frequency y, while the balance of 
energy is again taken up by multiple spin rearrange- 
ments. The transition probability for such an induced 
transition is reduced by a factor g(v—va)/gmax(0). In 
order to produce saturation of the a-resonance the 
microwave intensity should be stepped up by a factor 
10° or more, if applied far away from resonance. 
Sufficient power cannot be fed into the spin system in 
the far wings to combat spin-lattice relaxation in the 
center of the resonance. 

It is therefore concluded that spin-spin interactions 
offer a possible explanation for the cross-saturation 
effects of GANT. Further discussion of and comparison 
with their hot-phonon theory will be postponed until 
the final section. 


8. INHOMOGENEOUS BROADENING AND 
HOMOGENEOUS SATURATION 


In sufficiently diluted magnetic substances the line 
width is usually determined by local variations of 
nuclear spin arrangements or a distribution of crystal- 
line field parameters. Inasmuch as the dipolar interac- 
tions between the ions contribute only a small fraction 
of the observed second moment, the line is said to have 
an inhomogeneous broadening. 

This type of inhomogeneity should be carefully 
distinguished from that produced by a gradient in the 
external fields or by the use of a polycrystalline 
anisotropic material. In the latter case spins in different 
parts of the crystal or in different crystallites have 
different resonant frequencies. Different spin popula- 
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tions in different parts of the resonant curve can only 
come into equilibrium by spin diffusion in space.?¢ 
This is a very slow process and inhomogeneous satura- 
tion—“eating a hole’”’—occurs readily.” 

In the former microscopic type of inhomogeneous 
broadening, adjacent spins will have quite different 
resonant frequencies. The situation is then more a 
problem of spin diffusion in the frequency domain 
rather than in space. The problem can be considered as 
the cross-effect between two resonances a and @ both 
of which have the same continuous distribution. A 
qualitative solution can readily be given. Assume that 
the resonances with a dipolar second moment (Av*) 
are distributed uniformly over a frequency interval 
(1/T2*). Take a frequency vq in this distribution. The 
probability to make a cross-transition to vg is of the 
order of Ts" if mt3Ts*<vg<vt}Ts and is 
essentially zero outside this interval. The probability 
that the vg of an adjacent spin is indeed in the required 
interval is T;*/T . The most probable time to cover a 
frequency interval 7;~' is therefore 72(T2/T:2*). To 
diffuse across the whole distribution (T2/T2*)? steps 
have to be taken. The time required for an absorbed 


quantum to diffuse through the inhomogeneous 


resonance”® would be T34/T.**. 

This random step model ignores the existence of 
quadruple and higher-order spin flips of the type 
indicated in Fig. 4. Under certain conditions this 


mechanism may be faster than the diffusion process. 
If the time (T»21) multiple or T2*/(T2*)* is shorter than 7}, 
the inhomogeneous structure will show homogeneous 
saturation in the steady state. If by a short pulse a 
small fraction near the center of the structure has been 
saturated or inverted, this “hole” will be distributed 
evenly over the entire structure in a time T;‘/(T,*)’, 
and subsequent return to the lattice temperature 
will occur in a time 7}. Such effects, depicted in Fig. 4, 


Fic. 4. Inhomogeneous line, saturated by a short radio-frequency 
pulse at va. The line recovers to the dotted curve in a time 72 
= T+4/T,** by simultaneous flip-flops indicated by arrows. Further 
recovery to equilibrium takes a time 7). 


26 N. Bloembergen, Physica 15, 286 (1949). 

27 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 

28 A. M. Portis, Phys. Rev. 104, 584 (1956), has considered 
spin-diffusion in the frequency domain in more detail. His method 
would give a characteristic time 7T2°/T2**. The multiple spin 
flips will always give an answer shorter than this time, and should 
then always be taken into account. We are indebted to Professor 
Portis for correspondence on this point. 
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have been observed by Bowers and Mims” in nickel 
fluosilicate. 

These effects are apparently the same in nature as 
those which occur between the eight resonances in 
the copper Tutton salt. The only difference is that there 
the eight resonances are discrete, while in an inhomo- 
geneous structure a continuous distribution occurs. 
With the possible exception of extremely dilute magnetic 
substances (less than 1:10‘), it appears that homo- 
geneous saturation should be the rule rather than the 
the exception. In the steady-state saturation factor 
VYHYT,T>2, the value of T: should usually be taken as 
T;*, the inverse of the observed total width. An 
alternative way of stating this fact is to say that 
Eq. (22) for the saturation factor has to be used with 
T2/T2* resonances in parallel. 

Finally, the general case of two inhomogeneously 
broadened structures will be discussed briefly. 

Consider two rectangular inhomogeneous resonances 
A and B. It is tempting to argue that if the center of A 
is saturated the energy will diffuse to the edge of the 
A distribution. Then the Gaussian overlap of the true 
resonance shapes which are represented by the dotted 
lines will take it to the edge of B whence it will diffuse 
further. Due to the narrow width of the true resonances, 
the middle step is very slow. A much faster way can 
again be devised—e.g., by a sixfold spin flip. The three 
arrows in Fig. 5 show the three simultaneous flip-flops 
which conserve energy and transfer one spin from the 
A to the B resonance. 

No attempt will be made here to develop a mathemat- 
ical theory of random walk with multiple steps. The 
distribution of splittings will in general not have a 
rectangular shape. For a Gaussian shape, the random 
walk theory for an harmonically bound particle may be 
applied, but multiple steps will again complicate the 
picture further. 


9. A CRUCIAL EXPERIMENT: THE CROSS-MASER 
EFFECT. FURTHER IMPLICATIONS 
FOR MASER OPERATION 


It has been shown that spin-spin interactions can 
account satisfactorily for all observations made by 
GANT. They have used the model of a “hot-phonon”’ 
region to explain the results. How can a choice be made 
between these two different interpretations? 
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Fic. 5. Two rectangular inhomogeneous line structures. The 
energy contact is not through the wings of the true line shapes, 
but through multiple spin flip-flops, indicated by the arrows. 


* K. D. Bowers and W. B. Mims, Bull. Am. Phys. Soc. Ser. 
II, 3, 325 (1958). 

% Noise and Stochastic Processes, edited by N. Wax (Dover 
Publications, New York, 1954), c.f. p. 305, 
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Fic. 6. The simplest energy 
level diagram required to 
detect a steady-state cross- 
maser effect. 


— 





In the first place, the experiments on LiF and other 
nuclear spin systems at room temperature show that 
spin-spin processes are capable of producing cross- 
saturation. A “hot-phonon” region is out of the question 
in this case, as the lattice vibrations are a good thermal 
reservoir at room temperature. The existence of 
similar spin-spin processes must therefore be admitted 
in electron-spin systems. Since they alone can give 
a satisfactory explanation of the observations, there 
is no need to invoke a second mechanism. 

An attempt has been made to show the existence of 
cross-saturation effects in dilute K;Cr(CN). at 77°K. 
At this temperature the spin-lattice relaxation should 
take place predominantly by Raman processes. Phonons 
of all frequencies participate and constitute a thermal 
reservoir without limited heating. Unfortunately, 
T, at 77°K is too short so that no saturation could be 
obtained. 

There is, however, another positive criterion. There 
is one thing a spin-spin contact can do which hot 
phonons cannot do. Spin-spin interactions can produce 
not only cross-saturation, but even cross-maser effects. 
They can, in other words, establish a contact at negative 
temperatures." This is already contained in Eq. (23). 
Xq’’ can be negative, if X.’’<0, and the last factor is 
sufficiently close to or larger than unity. This will be 
true when Na~Ng, T2°*K<T)'. The system of energy 
levels of an harmonic oscillator has no upper bound 
and such a systen cannot attain negative temperature.” 
The a-system at a negative temperature could therefore 
heat the phonons at most to an infinite positive tempera- 
ture. The hot-phonon mechanism could never give 
Xs" <0. 

A critical experiment would require a salt containing 
one ion, species a, with three spin levels and another, 
species 8, with two spin levels. The first ion should be 
made emissive at the frequency » by three-level 
maser pumping. The x”’(vs) of the well-resolved but 
nearby resonance vg should then be observed, as 
indicated in Fig. 6. 

Unfortunately such a paramagnetic substance is not 
readily available, and the actual experiment was 
performed on two nonequivalent Cr atoms in K3(0.995 
Co)(0.005 Cr)(CN)s. The spin levels are sketched in 
Fig. 7. The magnetic field was applied in the ab plane 
which contains the z-axes of the crystalline fields for 
both ions. The magnetic field was near 1080 oersteds 


3tN. F. Ramsey, Phys. Rev. 103, 20 (1956). 
2 J. H. Van Vleck, Suppl. Nuovo cimento 6, 1081 (1957). 
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Fic. 7. Energy levels 
of two nonequivalent 
Cr*** spins. The transi- 
tions indicated corre- 
spond to the experi- 
mental points in Figs. 8 
and 9. It is also possible 
to observe the v32 transi- 
tion of B, while saturat- 
ing either A or B. 


and made angles of 4°30’ and 16°30’ with the principal 
crystal field axes of the two ions. The transition 
frequencies v2 fell in the L-band, the pump frequencies 
veg in the X-band, The maser cavity was tunable at 
Y-band frequency by a sliding coupling diaphragm. 
1 \,/4 section on both sides provided good electrical 
connection with the fixed guide. Data were taken at 
+.2°K on a small crystal to get reliable values for x”. 

The ordinary self-saturation curves of the ions at 
Y-band, i.e., Xa" (ves) vs Hy 4?(vo4) and Xp’ (v4) vs 
H+, p?(vo4), are shown in Fig. 8. The two ions saturate 
at different power levels because of the different 
matrix elements in the two different orientations. These 
data will be needed in the subsequent analysis. 

In Fig. 9 the L-band susceptibility X4’’(v32) of ion A 
is plotted as a function of power saturation at X-band 
of ion A (closed points) or ion B (open points). The 
magnetic field was held fixed at 1087 oersteds. The 
X-band tuning was changed. The two X-band res- 
onances are 210 Mc/sec apart, the L-band resonances 
are just resolved at 50 Mc/sec. Note that the ‘“cross- 
maser” effect is stronger than the “self-maser”’ effect. 

This last situation is no longer true if the L-band 
resonances are separated further. Figure 10 shows the 
data, when H»)=1080 oersteds, but makes angles of 
10°30’ and 22°30’ with the axes at the two Cr ions in 
the unit cell. The Z-band resonances are now separated 
by 150 Mc/sec, the X-band resonances by 250 Mc/sec. 

Finally, the L-band resonances of ion B have been 
observed under the same conditions as the data in 
Fig. 9, except that the magnitude of Hp was changed 
by 15 oersteds. These data are represented by curves 1 
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X-BAND POWER IN CAVITY (IN MILLIWATTS) 


Fic. 8. Self-saturation curves for the X-band transitions of 
ions A and B. Magnitude and orientation of the field are the same 
as in Figs. 9 and 11. The solid curves obey the theoretical expres- 
sion (1+cH,/;)". 
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and 4 in Fig. 11. The data of Fig. 9 are repeated for 
comparison. For ion B the self-maser effect is stronger 
than the cross-maser effect. 

An interpretation of these data in terms of the 
hot-phonon theory is now attempted. Cross-maser 
action may result from cross-saturation between the 
two X-band resonances. The location of the bottom 
levels, as illustrated in Fig. 7, is such that none of the 
frequencies 242, ¥13, ¥14 lies in the vicinity of the observed 
transitions. Their existence will be ignored in the 
following discussion. 

At most, ion A can be saturated to the same extent 
as ion B when Hg2(v24) is applied. With the aid of the 
dotted lines in Fig. 8 the value H47(v24) is obtained, 
which would give the same saturation of X4'’(vo4). 
With the self-maser curve in Fig. 9 one can plot the 
corresponding maser effect given by the crosses and the 
dotted line. This computed curve practically coincides 
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Self- and cross-maser effects of ion A. Full circles: 
Xa’’(v32) vs Ha42(ve4). Open circles: X4’’(v32) vs Hg? (v4). The 
magnetic field of magnitude 1087 oersteds makes angles of 
4°30’ and 16°30’ with the crystalline field axes of the two ions. 
The crosses are points calculated on the basis of maximum 
phonon interaction at X-band and zero phonon interaction at 
L-band. The inserts represent the observed line profiles. 


Fic. 9. 


with the observed curve for the cross-maser effect. 
If L-band hot-phonon interaction were admitted, the 
dotted curve would be pushed towards the axis x’” — 0. 
Then a discrepancy would result. The data of Fig. 9 
could be explained by a complete phonon heat inter- 
change between the X-band resonances (210 Mc/sec 
apart) and no phonon contact between the L-band 
resonances (50 Mc/sec apart). This explanation is 
unlikely, but possible. 

The data of Fig. 10 show that the cross-maser effect 
becomes much smaller when the X-band resonances 
are separated by 250 Mc/sec rather than 210 Mc/sec. 
This would indicate a drastic decrease from 100% 
phonon contact at 210 Mc/sec separation to less than 
30% contact at 250 Mc/sec. 

The situation becomes impossible, however, if we 
try to explain also the self- and cross-maser effect on 
ion B, given by curves 1 and 4 in Fig. 11. Again the 





CROSS-RELAXATION 


construction with Fig. 8 is used. If there really is 
100% phonon contact at 210 Mc/sec separation between 
the X-band resonances, the cross effect on ion B 
should have been much larger and y”’ of curve 1 should 
have gone through zero at 3 milliwatts instead of 70 
milliwatts. The conclusion is that the hot-phonon 
theory cannot account for all observations of Figs. 8-11. 
If the contact by spin-spin interactions is adopted, a 
quite natural explanation results. Since the X-band 
resonances are far apart, cross-saturation at X-band 
is assumed to be small. The contact between the L-band 
resonances can be estimated from the pair of curves 
3 and 4 in Fig. 11 to be about 80%, which is reasonable. 
If we take the pair of curves 1 and 2, for both of which 
the X-band resonance of ion A is saturated, one gets 
70% for this contact. It is possible that a small cross- 
saturation at X-band is still present. Presumably this 
would then also be caused by spin-spin interactions. 
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Fic. 10. Self- and cross-maser effects of ion A. Full circles: 
Xa'"(v32) vs Ha?(v24). Open circles: X4'’(v32) vs Hp? (ve4). The 
magnetic field of magnitude 1080 oersteds makes angles of 10°30’ 
and 22°30’ with the crystalline field axes of the two ions. The 
inserts represent the line profiles as a function of frequency. 
Due to different values of dv/@Ho for different resonances the 
observed profiles vs Ho have different widths. 


The smaller cross-saturation in Fig. 10 also follows 
readily from the much reduced overlap of the L-band 
resonances. It is also clear why the absolute value of 
the self-maser effect is increased. The L-band A 
resonance does not have to “drag along” the L-band 
B resonance to the same extent as in Fig. 9. 

Spin-spin interactions alone can account for all 
observations of Figs. 8-11. Hot phonons do not have to 
be invoked at all. 

The entire resonance at the frequency v32:appears to be 
inverted. The bandwidth over which a paramagnetic 
salt in a three-level maser is emissive is equal to the 
entire width of the observed resonance curve. Even if 
it has a so-called inhomogeneous line width, the maser 
effect will be homogeneous. This statement is contrary 
to one made by GANT. It is of great importance for 
the operation of a three-level maser. It is, within wide 
limits, immaterial whether the paramagnetic resonance 
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Fic. 11. Self- and cross-maser effects of ions A and B. A Curve 1: 
XB’ (v32) vs H4?(vo4), at Ho=1072 oersteds. @ Curve 2: x4’’ (v3) 
vs H 4?(v24), at Ho= 1087 oersteds. O Curve 3: X4”" (vse) vs Hg? (v2), 
at H o=1087 oersteds. a Curve 4: Xa/’(v32) vs Hg*(vo4), at Ho 
= 1072 oersteds. Curves 2 and 3 are the same as in Fig. 9. The 
inserts represent the line profiles as a function of frequency. 
Due to different values of dv/dH o for different transitions, the 
observed profiles vs Ho shown in Fig. 9 have a different appearance. 
The angles between Ho and the principal axes of the two non- 
equivalent ions are 4°30’ and 16°30’ for all four curves. 


is broadened homogeneously or inhomogeneously on 
a microscopic scale. The saturation will occur homo- 
geneously over the entire pumping frequency resonance 
and the salt will amplify over the entire maser frequency 
resonance. 

This statement is in agreement with observations on 
the band width of a traveling-wave maser, and the 
observed gain-bandwidth product of various cavity- 
type masers. It has been pointed out previously* by 
one of us (N.B.) that three-level maser action is 
incompatible with a dominant interaction with hot 
phonons. The steady-state condition would then be 
one of three hot-phonon regions and three saturated 
resonances. 

The lower frequency limit v2; of a three-level maser 
is set by the overlap of the resonances 13 and 79. 
The steady-state solution of Eq. (12) in the limit of 
heavy pumping W3,:— ~, m.—n3— 0 becomes 
LAN —(wyotwt}4 Yj wi) vs2t+ wove 
SRT Weg twat2(wt} DL; wis) 


nN3—No= 


The condition for maser action becomes now 
Wea >> (W32+wt4 > Wij) V32. 


This cannot be fulfilled if the cross-relaxation time 
becomes much shorter than 7): 


w+} } WijPW21, We. 


This will be a reason for maser failure at low frequencies 
and with more concentrated paramagnetic salts. The 


33 Degrasse, Schulz-Dubois, and Scovil, Bell System Tech 
J. 38, 305 (1959). 
34 N. Bloembergen, Phys. Rev. 109, 2209 (1958 
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overlap is of course a very sensitive function of v3: 
and concentration. 

The experimental results of Strandberg ef al.*® are 
also reinterpreted. It is clear from the spacing of energy 
levels in Fig. 3. of this reference that the cross-saturation 
effect can account very well for the operation of the 
S-band maser without invoking hot phonons. 

Strandberg** has shown that the hot-phonon theory 
should lead to a different relation between saturation 
level and incident power. We have found that the 
steady-state saturation curve of the Cr*** resonance in 
MgO follows the theoretical curve (1+7°H,77,T.*)“ 
with constant 7,7,* very well to over 90% saturation. 
The saturation curves of Fig. 8 point to the same conclu- 
sion. The bottleneck for energy transfer in dilute 
paramagnetic substances is between the spins and the 
lattice. 

In more recent experiments with dilute gadolinium 
ethylsulphate and chrome alum, Davis, Strandberg, 
and Kyhl*? have measured the true spin-lattice relaxa- 
tion time. The interpretation of the data in this paper is 
in general agreement with the present conclusions, 
with the exception of the interpretation of Fig. 4. It 
was found that the recovery (relaxation) rate of the 
microwave susceptibility increased rapidly above a 
certain critical level of monitor power. This should not 
be ascribed to phonon heating at high monitor power 
levels, but is probably a consequence of the conventional 
rate equations. The recovery rate is (1/7,)+7*H mow 
Xg(v). The measured relaxation is consequently 
T1(1+¢H mon*), where c is a constant. 

Although it has been shown that phonon heating is 
neither a necessary nor a sufficient condition for the 
explanation of relaxation effects in the dilute para- 
magnetic substances studied, it may well exist on a 
limited scale. Due to the spin-spin processes the 
warmed phonon region should be at least as wide as 
the region of homogeneous spin saturation. Note that 
the phonon bandwidth is now a consequence rather 
than a cause of the homogeneous saturation. Suppose a 
paramagnetic resonance at 3000 Mc/sec in K;(0.995 
Co) (0.005 Cr)(CN)¢ has a spin-lattice relaxation time 
T,=10~ sec and is saturated over an effective band- 
width of 60 Mc/sec. Suppose further that Raman 
processes are excluded. Let AT be the temperature 
difference between the phonons in the interior of the 
crystal with linear dimension a=0.4 cm; c=1.5X 10° 
cm/sec is the velocity of sound, and 7 is the heat 
transfer coefficient at the surface. Equate the power 
absorbed by spins to the power carried away by the 
phonons: 

1fh 12mv*Av 2c 
- (—)wier = ——— — RAT. 
4X\ kT - «6 


35 Strandberg, Davis, Faughnan, Kyhl, and Wolga, Phys. Rev. 
109, 1988 (1958). 

36M. W. P. Strandberg, Phys. Rev. 110, 65 (1958). 

37 Davis, Strandberg, and Kyhl, Phys. Rev. 111, 1268 (1958). 


PERSHAN, AND ARTMAN 
With N=1.7X10" ions/cc, n=1 and T=4°K and 
v=3X10° cps, one finds AT=0.3°K. Although this 
temperature rise is rather small, it indicates that a 
significant rise in phonon temperature may well occur 
in concentrated paramagnetic salts, especially when 
T; is also short. The interesting relaxation phenomena 
found by van der Marel*-*8 in concentrated salts at 
low temperatures appear to indicate phonon heating. 
Recent experiments by Bowers and Mims” in nickel 
fluosilicate show that the acoustical impedance mis- 
match at the surface measured by 7 is not important. 
It makes no difference whether the crystal is cooled by 
helium vapor or liquid. Perhaps the phonon scattering 
in real crystals with physical and chemical imperfec- 
tions is stronger than present theories indicate. Heat 
conduction experiments by Dransfeld® appear to show 
that the scattering of microwave phonons by electronic 
spins is not the most important scattering mechanism. 
Much further work is needed to clear up the phonon 
aspect of the problem, but in dilute paramagnetic 
salts above 1°K the phonon heating problem plays a 
minor role. 


10. CONCLUSION 


The results obtained in this paper may be summarized 
as follows: 


1. In most dilute paramagnetic substances, in 
particular in dilute K3Cr(CN)s, Cu(NH,)2(SO4)2 
-6H,O, and NiSiFs-6 HO, phonon heating plays a 
secondary role, if any, in the relaxation mechanism. 

2. High-order spin-spin interactions, such as mul- 
tiple simultaneous flip-flops, account for observed 
cross-saturation and cross-maser effects. 

3. These processes determine a “cross-relaxation”’ 
time 72 which is intermediate between 7; and T>. 

4. This time JT. determines how fast two nearby 
resonances or two spin systems are brought to the same 
effective temperature. 

5. This time also determines the intermediate- 
frequency temperature-independent relaxation found 
by de Vryer and Gorter. 

6. The existence and the extent of thermodynamic 
equilibrium in a multilevel spin system are characterized 
by a large number of cross-relaxation times. 

7. Even so-called inhomogeneously broadened lines 
will usually show a homogeneous steady-state satura- 
tion, unless the inhomogeneity has a macroscopic 
spatial distribution. 

8. Paramagnetic salts used in multiple-level masers 
are emissive over the full width of the magnetic 
resonance. 


38 Van der Marel, van den Broek, and Gorter, Physica 24, 101 
(1958). 
%® K. Dransfeld, Bull. Am. Phys. Soc. Ser. IT, 3, 325 (1958). 
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9. The low-frequency limit of such masers is deter- 
mined by the overlap of adjacent resonances. 
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Formulas for the low-temperature lattice specific heat are developed on the basis of the general adiabatic 
and harmonic assumptions, independently of special models or numerical procedures. Explicit simple 
formulas are obtained for @p(0), the equivalent Debye characteristic temperature at O°K, and for the 
curvature of 6p(T) at 0°K. Discussions are given of the resulting dependence of @p(0) on physical parameters 
and the significance of the formula for @p(0) as a check on the basic assumptions, of the absence of a linear 
term in 6p(T), and of the dependence of the curvature on the dispersion of elastic waves. @p(0) is calculated 
for Ge as 374.0°K; an error of +2°K is estimated as due to errors in the elastic constants whereas the 
computational error is negligible. @p(T) is calculated for Ge for [7 /@p(0) ]<0.11 using two models. The first 
is a simple model of the frequency spectrum which gives results like typical force-constant models, and 
disagrees with measurement. The second is a model of the frequency spectrum based on the direct measure- 
ments by inelastic neutron scattering; this model shows much greater dispersion, and gives much better 


agreement of @p(7) with measurement. 


I. INTRODUCTION AND SUMMARY 


HE technique of low-temperature specific heat 

measurements now provides sufficient accuracy 
at temperatures low enough to permit reasonable 
extrapolation to O0°K in many cases. Accordingly, 
attention may be focused on the limiting behavior at 
0°K, which is a point of particular simplicity for 
theoretical discussion, as will be shown below. The 
observed specific heat curves show substantial devia- 
tions from the Debye approximation rather close to 
0°K, even for simple monatomic lattices. Considerable 
work has been devoted to explaining these deviations 
as properties of various microscopic models of the 
dynamics of crystal lattices, and conversely, successful 
explanations support the validity of these models and 
the assumptions underlying them.! Several workers 
have paid particular attention to the limiting behavior 
at O°K. Blackman! has emphasized the occurrence of 
deviations from the limiting 7* law at substantially 
lower temperatures than the Debye approximation 
would give, on the basis of calculations on various 
force constant models. Bhatia and Horton? discuss the 
limiting curvature of the equivalent Debye charac- 


* Work supported by the Office of Naval Research. 

1 For recent reviews with many illustrations of specific heat 
behavior see, for example, M. Blackman, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1955), Vol. VII, Part I, p. 325; D. H. 
Parkinson, in Reports on Progress in Physics (The Physical 
Society, London, 1958), Vol. XXI, p. 226. 

2 A. B. Bhatia and G. K. Horton, Phys. Rev. 98, 1715 (1955). 


teristic temperature, @p(7), at 0°K, and point out that 
6p(T) could curve upward although it usually curves 
downward. 

Barron and Morrison* emphasize the importance of 
fitting specific heat data near 0°K, not only with terms 
in T* but also T* and 7’. Bhatia and Tauber, and 
Betts, Bhatia, and Wyman‘ have developed approxi- 
mate methods for evaluating the limiting value of 
6p(T) at O°K based on expansions in harmonic poly- 
nomials. (Older methods may be found in Blackman.') 
Horton and Schiff’ have applied similar approximate 
methods (refined somewhat) to the evaluation of the 
curvature of @p(7) at 0°K, and confirmed an upward 
curvature for a particular model of Pb. De Launay® has 
tabulated accurate values of 6p(0) for cubic lattices 
over a range of elastic parameters and has also tabu- 
lated the curvature for a special force-constant model. 

Most of the discussions of the low-temperature form 
of C, or p(T) in the above references, are complicated 
by the use of special force-constant models, or by special 
computational approximations, such as Houston’s 
method.? In this paper we develop general expressions 


3T. H. K. Barron and J. A. Morrison, Can. J. Phys. 35, 799 
(1957). 

4A. B. Bhatia and G. E. Tauber, Phil. Mag. 45, 1211 (1954); 
Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1956). 

5 G. K. Horton and H. Schiff, Can. J. Phys. 36, 1127 (1958). 

6 J. de Launay, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, 
p. 219. 





460 Yr. @. MARCUS 
for C, and @p(T), independent of special models or 
methods of calculation. We emphasize that the formu- 
lation starts from three basic assumptions, believed to 
have wide validity: the adiabatic assumption, the 
harmonic assumption, and (to a more limited extent) 
the periodic assumption. The Debye approximation on 
which the representation @p(7) is based, is formulated 
in generalized form, without the assumption of isotropy. 
Thus it is exact in the limit 7—0°K, under the three 
basic assumptions, and provides a very convenient 
theoretical reference point for discussion of the lattice 
heat capacity. Relations among measurable quantities 
which make no further assumptions provide a test of 
the basic assumptions. The relation for @p(0) in terms 
of elastic constants involves no microscopic information 
and so provides such a test. To bring this out and to 
simplify the computation of @p(0), a discussion is given 
of the form of that relation and of the nature and 
number of physical variables which determine 6@p(0). 
On the other hand, the curvature of @p(T) at 0°K is 
related to an average value of a microscopic quantity, 
the ratio of the first dispersion coefficient of the com- 
plete frequency spectrum (see Sec. IT) to the fifth power 
of the corresponding sound velocity. This ratio is then 
averaged over direction and mode type. Measurement of 
the curvature thus provides values of this averaged mi- 
croscopic quantity and is therefore a test of a particular 
microscopic model but not of the basic assumptions. We 
note briefly that the fact that @p(7) is parabolic at 0°K, 
with no linear term in 7, is a general consequence of 
time-reversal symmetry of the equations of motion of 
the lattice. 

Our discussion emphasizes the relationship between 
the specific heat and the complete frequency spectrum, 
and expresses relations in terms of integration over the 
Brillouin zone to sum over all vibration modes. No use 
is made of the density of modes in frequency, or fre- 
quency distribution function, as is usually done. 

The general formulation is then applied to the 
interesting case of Ge, where recent work has partially 
determined the frequency spectrum, and standard 
force constant models fail to explain the measured 
behavior of the specific heat. The calculation of 6p(T), 
its value and curvature at 0°K, are made by highly 
accurate numerical techniques, with no significant 
error for these purposes. @p(0) is found to be 374.0°K 
on the basis of recent low-temperature elastic-constant 
measurements, with a calculated error of +2°K due 
only to errors in those measurements. This appears to 
be significantly different from existing measurements 
below 5°K, possibly corresponding to failure of the 
basic harmonic or adiabatic assumptions.’ However, 


7 After completion of this paper, new precise measurements of 
the specific heat of germanium (and silicon) by Flubacher, 
Leadbetter, and Morrison were kindly communicated to the 
authors in advance of publication through the courtesy of Dr. 
Morrison. These give a value for @p(0) of germanium of 374+2°K 
[Phil. Mag. 4, (1959). 
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the measurements vary considerably from specimen to 
specimen, so additional measurements would be quite 
desirable. 

6p(T) is then calculated for Ge on the basis of a 
simple model of the frequency distribution itself, which 
uses all the known structural and elastic-constant 
information. This model, referred to as the simple 
dispersion model (S.D.M.), introduces a typical or 
normal amount of dispersion into the elastic spectrum 
for waves in any direction, and has the correct @p(0). 
It gives a 6p(T) typical of force-constant models, and 
disagrees significantly with the available measurements, 
by showing too shallow a minimum. The complete 
spectrum is then estimated by using the results of 
inelastic neutron scattering for the spectrum in certain 
directions. The approximation involved in this is 
justified by the dominance of the transverse [111] 
elastic modes whose spectrum has been measured, and 
shows much greater dispersion than the S.D.M. assumes 
or force-constant models would give. This model of the 
spectrum leads to a much deeper minimum in the 
6p(T) curve, in strikingly better agreement with the 
existing measurements. Calculation of the initial curva- 
ture is also made, and used to extrapolate the curve to 
0°K, but no data exist to check it. 


II. BASIC RELATIONS 


Basic Assumptions and the General 
Heat Capacity Formula 


The general model of the elastic and vibrational] 
behavior of a solid used here, whose analysis leads to 
a precise description of the heat capacity, rests on three 
broad basic assumptions. These are: (1) the adiabatic 
assumption, which states that the lattice motion may 
be described entirely by the coordinates of the nuclei; 
(2) the harmonic assumption, which assumes the forces 
acting on nuclei displaced from equilibrium are pro- 
portional to the displacement; and (3) the periodic 
assumption, which assumes the lattice is periodic and 
satisfies periodic boundary conditions.*® 

Under the above assumptions the heat capacity at 
constant volume of the specimen may be written as a 
sum of oscillator heat capacities of a complete set of 
vibration modes in the form® 


“Ef, 


8 The periodic boundary conditions are assumed for convenience 
in obtaining a simple description of the vibration modes. If surface 
effects are negligible, which is the case of interest here, this 
boundary condition is equivalent to any other, and is not a special 
restriction. 

9 A derivation of (1), with a discussion of the complete classifi- 
cation of vibration modes may be found, for example, in M. Born 
and K. Huang, Dynamical Theory of Crystal Lattices (Oxford 
University Press, Oxford, 1954), Chap. II, Eqs. (4.22), (6.24), 
and (6.25). 


Ketix? V 
ask. (1) 
_ (e'—1)? (2m)! 





LATTICE SPECIFIC 
In (1), 7: %w,(k)/KT, w;(k)=the angular frequency 
of a normal vibration mode of wave number k (magni- 
tude 27/A, \=wavelength), 7=mode type number 
(i=1, 2, 3 for the acoustic modes; i=4 to r for the 
optical modes), K= Boltzmann’s constant, #= Planck’s 
constant over 27, T= Kelvin temperature, V = volume 
of the specimen, and the integration is over the first 
Brillouin zone (B.Z. for short) or unit symmetrical cell 
in k space in which the mode density is V/(27)*. It is 
convenient to refer to the function w,;(k), 7=1 to 1, 
k in the B.Z., as the complete frequency spectrum of the 
solid—to be distinguished from the density of states or 
frequency distribution function, which gives the number 
of states per unit frequency range, but is sometimes 
called the frequency spectrum. 


Low-Temperature Expansions 


At low temperatures, only small values of w; are 
important ; otherwise x; is large and the Einstein specific 
heat function, Ke*'x,?/ (e7‘—1)*, is exponentially small. 
Hence only the acoustical modes, for which w—0 as 
k—0, contribute to C, and we get an appropriate 
limiting form for C, by assuming a series representation 
for w;(k), of which the first two terms are 


wi(k) =2;(0,¢) kL 1—0,(0,¢) RJ, (2) 


In (2), 2;(0,¢) is the sound velocity in the direction 8, ¢, 
the direction of k (i.e., 2; is the velocity of long-wave- 
length elastic waves), k is the magnitude of k, and 
b;(8,¢) is a measure of the first appearance of dispersion 
in the frequency spectrum at small & and will be called 
the first dispersion coefficient. The fact that (2) contains 
only odd powers of & is readily verified for all the 
lattice models referred to here, but is in fact a funda- 
mental result, and follows from the time-reversal sym- 
metry of the equations of motion. We assume (2) for 
the later development but a brief discussion of its basis 
is given in Appendix I. 

Putting (2) into (1) now gives a general low-tem- 
perature expansion of the heat capacity, of which the 


first two terms are 
3 1 
tae 
4r i=l 1;°(8,¢) 


(—) T 
h 90 
V (KT \? 107° 
“ey 
NN h 63 4, 
In (3), the upper limit of integration for k has been 
made infinite, thus neglecting terms exponentially small 


compared to powers of 7, and use has been made of 
the integral 


fr 


i=1, 2,3. 
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gentres 
—dx = (2n+2) '¢(2n+2), 


(e*™—1)? 


(4) 
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where ¢ is the Riemann zeta function: 


oe ¥ 
¢(2n+2)=> ; 
p=1 pent? 


§(2)=9°/6, ¢(4)=24/90, (6) =1°/945, 


Also N, the number of nuclei in the specimen, has been 
introduced in each term, so that (3) gives the reduced 
(i.e., dimensionless) heat capacity per degree of freedom, 
a reduced specific heat. 

Equation (3) as derived above is a precise formula as 
T—0°K, provided the three basic assumptions are 
satisfied. It is worth noting, however, that the periodic 
assumption is not really needed to establish (3), which 
holds in the limit in which only long waves are excited; 
hence the details of the lattice structure do not affect 
their behavior.” 


etc. 


Debye Approximation and the Equivalent 
Debye Theta Representation 

A convenient representation of the specific heat uses 
the characteristic parameter of the Debye approxi- 
mation. This approximation makes, in addition to the 
three basic assumptions above, the additional gross 
assumptions that the elastic waves show no dispersion, 
and that a single maximum frequency or frequency 
cutoff, wm, exists for modes of all types, in all directions. 
(However, elastic isotropy is not required.!!) Only 
acoustical modes are considered, but the cutoff is 
chosen to provide the correct total number of degrees 
of freedom. Then using only the first term of (2) in (1), 
the angular and radial integrations separate, and 
putting the latter in terms of a reduced frequency 
variable x gives the approximate formula : 


V /KT\? ~~ § 
ia (—) ( J e aa) 
(2n)®\ h sx '=1 05(,¢) 
tm Ketxtdx 
effet) 
eo (#—1) 
- m= hwm/KT=6p/T, 


© Equation (3) would be expected to hold for liquids or frozen 
disordered structures (e.g. glasses, alloys) at sufficiently low T. 
However, homogeneity on some scale smaller than the important 
wavelengths would be needed for the sound velocities to have 
meaning in (3) [strictly, this requires an infinite specimen in the 
limit O°K, but for ordinary-sized homogeneous specimens there is 
a range of temperature which is close enough to 0°K for (3) to 
hold accurately but for which the inhomogeneity that is a con- 
sequence of finite size is still negligible]. The periodic assumption 
used above is convenient for classification of the modes, since it 
gives precise meaning to the quantum number k for all modes, 
but that the assumption is not needed is indicated by the fact 
that k has disappeared from (3). A justification of (3) for a non- 
periodic material would introduce modes of definite k only for 
sufficiently long wavelengths, but we shall not need any extensions 
of this kind, and shall not pursue them here. 

4 The Debye approximation as defined above does not assume 
isotropy, as is usual but not necessary. Therefore it represents 
accurately the low-temperature behavior when only long waves 
are excited, and the solid behaves like an anisotropic continuum. 
This is the immediate answer to disprove Eucken’s speculation 
that anisotropy causes deviations from the Debye approximation 
(see Blackman, reference 2, p. 363) which is answered rather 
indirectly by Blackman. 


(5) 
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where 6p is the characteristic parameter of the Debye 
theory, the Debye theta. If there are N nuclei par- 
ticipating, x» or equivalently Op is fixed by putting the 
total number of modes equal to 3N; hence 


V sKT\* 3 1 ig 
(—) ( f : aa) f xtdx=3N. (6) 
(2m) h 4x i=l v3 (0,¢) 0 


Dividing (5) by (6) gives 


ai 3 tm etytdx (-) 
3NK %i%_ (e7—1)?  \Op 


6p/T e*x'dx 
xf -=D(T/6»). (7) 
0 (e7—1)? 


We note the low-temperature form 
C,/3NK&D(T/@p) = $x*(T/0n)*+O(e*'7). (8) 


In (8), the only power appearing is 7*, and an approxi- 
mation to D(T/@p) by this term alone holds within 
0.7% for T/@p<0.09, which includes most of the region 
of interest in the discussion here. 

Any specific heat curve may now be represented as 
a function of T by specifying an equivalent Debye 
theta as a function of 7, @p(T), defined by 


C,/3NK=D(T/6p(T)), (9) 


where the function D(x) is defined by (7). Comparing 
the representation (9), in the low-temperature form (8), 
with the general expansion (3), leads to an expansion 
of @p(T) in the form 


: i 2 
#0(T)=60(0)| 1-c(—~) +.. | 
8p (0) 


The parabolic form of (10), or absence of a term linear 
in 7, is a consequence of the special form of (2) dis- 
cussed above (i.e., odd powers of & only) leading to 
the special form of (3) (odd powers of T only). Thus the 
no-dispersion assumption for the elastic waves, w,(k) 
»,(0,¢)k, holds especially well at small k, hence the 
Debye approximation holds especially well at low 7, 
as shown by (10). 
In (10) 


(10) 


Op(0) = (6m?) *#(h/K)(N/V) vol 37; (11a) 
1 3 


1=— 
12r 44, = i=1 9, 3(0,¢ 


(11b) 


where the relative velocities v,;(0,¢) are defined b 


0,:(0,¢) =; (0,¢)/v0, 


and v=an arbitrary reference velocity. Making the 
special choice t= ([¢11/p ]', where ci; is one of the elastic 


(11c) 
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moduli, and p is the density, @p(0) may be written 


éut 
I;-4, 


Mip'/6 (12) 


h 
9p (0) = (6n?)\—_N,! 
K 


where Nw=Avogadro’s number and M=(pV/N)Nw 
=the average “molecular weight” of the atoms in the 
crystal. Similarly 


1007? N\i Ts 
c=—om'(—) =, 
V/ I;33 


1 3 b;(8,¢) 
[;=— Q 


127 dn 


; (13) 
i=1 173°(0,¢) 


Note that 6p(0) is identical with the Debye parameter, 
when the latter is defined as above, since only the T° or 
continuum term remains in C, as T—>0°K, ie., the 
Debye approximation as T— 0°K is accurate.!! 


Discussion of Limiting Form of 0p(T) 


The formula for @p(0), (11) or (12), is important in 
providing a precise relationship between two separately 
measured quantities. These are (1) the heat capacity 
(in the limit T— 0°K) and (2) the elastic wave velocities 
v;(0,¢), i=1, 2, 3, which in turn depend on the elastic 
moduli and the density in a precisely known way. In 
addition the volume per atom, V/N, enters, or, equiva- 
lently, the mass per atom, M/N,, (on introducing the 
density) as in the form (12). Equation (12) shows a 
simple dependence on ¢i;, M, and p, while the dimen- 
sionless integral 7; is a function just of the ratios of 
elastic moduli; J; is a difficult function to calculate, 
but is well defined by (11b). An experimental test of 
(11) or (12) is then a test of the three basic assumptions 
mentioned above, since within these assumptions, the 
relation is exact. 

Note that (11) seems to contain some microscopic 
description or model of the material, in that NV, the 
number of atoms, enters, hence apparently (11) does 
not relate two purely macroscopic measurements. In 
fact this dependence on N, although convenient, is 
unnecessary, and of no significance, since N enters also 
in the formula for the specific heat per degree of 
freedom, which provides the other experimental way of 
determining @p(0) ; i.e., from (8) 


4nt 3NKT®\! 
#0(0)=(— - 
5 C,(T) 


A quantity for which there are two directly and inde- 
pendently measurable expressions is @p(0)N-', or, 
equivalently, the intensive quantity 6p(0)(V/N)!; the 
inverse cube of the latter, times 7°, is the heat capacity 
per unit volume (within a numerical factor). Actually V 
is a somewhat arbitrary quantity, since a consistent 
discussion of a material could be given in which two 
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nuclei are counted as one unit, without altering (11). 
This would have physical justification if these nuclei 
were known to be much more tightly bound to each 
other than to the rest of the crystal.!? 

The coefficient C in (10) which measures the curva- 
ture of the reduced equivalent Debye theta curve 
[@n(T)/@n(0) vs T/@n(0)], in contrast to @p(0) does 
depend in an intrinsic way on microscopic information 
or models. Thus (13) shows that C involves a particular, 
weighted average of the first dispersion coefficients 
b;(0,¢) (i=1, 2, 3) over direction in the crystal. Micro- 
scopic information or models, such as force-constant 
models, are required to fix 5;(6,¢). Conversely, measure- 
ment of the low-temperature specific heat provides a 
knowledge of that averaged microscopic information, 
and a test of given microscopic models. Although clearly 
6p(0)>0 always, C may have either sign, depending on 
an average of 5;(6,¢) over direction. In general, we 
expect that b;(6,¢)>0, hence C as well, since the elastic 
wave velocities, dw/dk, must eventually decrease as k 
increases, and become zero near the Brillouin zone 
boundary [since w(k) is a periodic function of k]. 
However, the first deviations of the spectrum from the 
no-dispersion approximation could occur with the 
opposite sign and the elastic wave velocities could 
increase over a limited range of k. Then, particularly 
if such deviations occur in heavily weighted mode types 
and directions, @p(T)/@p(0) might have an initial 
curvature upward. Such behavior has been suggested 
by Bhatia and Horton? for Pb on the basis of a par- 
ticular force-constant model, and also by Horton and 
Schiff® for the three-constant, nearest-neighbor model, 
and we have verified the sign for the latter model, 
using (13) and evaluating the integral by highly accu- 
rate numerical methods (see Appendix II). 


III. EQUIVALENT DEBYE THETA AT 0°K FOR 
CUBIC CRYSTALS 
For cubic symmetry, the formula (12) for @p(0) 
simplifies to 
6p(0) =60' f (11,72), (14) 
where 


60’ = 2.515 X 107%; M—tp— "6 (cgs units), 


1 1 7 
f(ri,r2) = |: ~ z. — 1] : 
12 i 


, 23 
TM gy i=l Up; 


n= (Cu—¢12)/2¢n, 
r2=C44/C11, 
vo=Le1/p }}. 


Applying (14) to Ge, and using the computation pro- 


Uyi=V5/Vo, 


12 Tt is noteworthy, that if the assumptions which lead to (11) 
are known to hold accurately for some specimen, then (11) offers, 
in principle, a way of measuring the ratio of the two characteristic 
quantum constants, 4 and K, by macroscopic measurements. This 
is an aspect of the fact that at temperatures approaching 0°K, 
quantum effects are manifested on a macroscopic scale. 
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cedures described briefly in Appendix II, and the 
elastic constants of McSkimin"® gives 6p (0) = 374.0°K. 
The explicit values of the five quantities whose numeri- 
cal values determine 6p(0) are!® 


¢u= 1.3156 10"? dynes/cm? (at — 200°C), 

€12= 0.4945 X 10! dynes/cm? (at — 200°C), 

c44= 0.6840 X 10"? dynes/cm? (at — 200°C). 
p=5.338 g/cm’ (at O°K), M=72.60. 


The calculation is accurate to better than four figures." 
The error in @p(0) is therefore due to errors in the five 
numerical constants and arises mainly from errors in 
the velocity measurements, which determine cy), ¢12, 
and ca. Using the error of +3% in measured sound 
velocities quoted by McSkimin!® leads to a possible 
error of +3% in 6p(0), or about +2°K." (The error 
due to using elastic constants at — 200°C instead of at 
0°K is about —0.1%.) 

This value of 6p(0) may be compared with a value 
obtained from the specific heat measurements below 
5°K of Keesom and Pearlman,'® who estimate 6p(0) 
= 362°K+6°K. This seems to be significantly lower 
than the value calculated above, and indicates either a 
systematic error, or a breakdown in the basic assump- 
tions, such as the harmonic assumption or possibly the 
adiabatic assumption. The value of 362°K is based on 
an average of all specimens and data, and also on a fit 
involving a term linear in T, C,=aT+6T*. Without 
the linear term, the value of @p(0) would be even lower. 
Examination of the data for individual specimens shows 
considerable variation. Thus specimen SXII has @p(0) 
=368°K and a downward curvature (C>0), as ex- 
pected, whereas specimen PXI has @p(0)=350°K and 
an upward curvature (C<0). These variations, the 
substantial discrepancy in @p(0) from the elastic and 
thermal measurements and the significance of this 
discrepancy, make it desirable to have more measure- 
ments on Ge in the helium-temperature region.’ 


IV. THE 6p(T) CURVE FOR GE 


Calculation of the specific heat at a finite temperature 
requires a knowledge of the complete frequency spec- 
trum w(k). Such knowledge could become available in 


18H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 

4 J. de Launay® with accurate integration procedures and the 
same constants also obtains 374.0°K (p. 300). We have developed 
a simple highly accurate procedure for evaluation of f(r,r2), and 
also prepared a chart of contour lines of constant {(r1,r2). These 
procedures and results will be published separately ; see P. Marcus 
and A. Kennedy, Bull. Am. Phys. Soc. Ser. II, 3, 226 (1958). 

15 The error in 0p(0) can be expressed in terms of errors in the 
elastic constants (ignoring errors in M and p) by 

Adp (0) Aci Acie Aas 
——— =0.36—-— 0.12 +-0.26—-, 

@p(0) Cu C2 C44 
which holds at the values for Ge. The errors in ¢11, ¢12, and ¢4, may 
then be easily expressed in terms of errors in the three particular 


measured velocities. 
16 P, H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
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a number of ways, illustrated by the following four 
possibilities : 

(1) w(k) could be measured directly by techniques 
like inelastic neutron scattering or diffuse x-ray scat- 
tering. As yet, however, only partial frequency spectra 
in a few special directions are available. 

(2) The frequency spectrum could be calculated for 
a force-constant model, such as those used in Born’s 
theory of lattice dynamics.’ Such a model could, in 
principle, describe the dynamics of any lattice which 
satisfies the basic assumptions, provided enough force 
constants are used. In practice, however, only a limited 
number of force constants can be determined from 
known crystal properties, and force constants between 
high-order neighbors must therefore be assumed neg- 
ligible. The resulting limited force-constant model 
serves as a parametric representation of the crystal 
properties, with the force constants as parameters or 
fitting constants. This representation thus has an 
arbitrary character, although it may rest on plausible 
physical arguments in particular cases, but does give 
rise to a definite specific heat curve which can be com- 
pared with measured curves. Good agreement between 
these curves is an indication of a possible reasonable 
model for the crystal, although such agreement does not 
establish the model. 

A calculation of this kind has been made for Ge by 
Hsieh"’ using the Smith model for diamond-type lattices 
(2 nearest neighbor force constants and 1 next-nearest 
neighbor central force constant). The reduced @p(T) 
curve in Fig. 1 shows a considerable discrepancy from 
the available specific heat data of Hill and Parkinson, 
and Estermann and Weertman.'* The deviations of 
this calculated @p(T) curve from the Debye approxi- 
mation, for which @p(7) is a constant equal to @p(0), 
are much less than observed. 

(3) A useful model may also be constructed by 
working directly with the frequency spectrum, hence 
avoiding the tedious step of calculating this from a 
force-constant model. A model of this kind, which 
uses all the elastic constants and the lattice structure in 
a plausible way to fix the frequency spectrum, is 
arrived at as follows. The initial downward curvature 
in 6p)(T) at T=0 arises from the dispersion of elastic 
waves, which lowers w at given k (compared to the 
absence of dispersion), hence raises C, at given T be- 
cause the waves are more easily excited, and hence 
lowers 0p(T). Now the dispersion in a one-dimensional 
lattice due to nearest-neighbor interaction is enough to 
produce changes in @p(T) of the same magnitude as in 
three dimensions.'® Hence we can make a definite model 
with about the right amount of dispersion by assuming 
the simple dispersion formula of the one-dimensional 


‘7 Y, Hsieh, J. Chem. Phys. 22, 306 (1954). 
18 R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952); 
I. Estermann and J. R. Weertman, J. Chem. Phys. 20, 972 (1952). 
19 P. Marcus and A. Kennedy, Bull. Am. Phys. Soc. Ser. II, 1, 
142 (1956). 
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chain holds in each direction, for each of the three 
acoustic mode types, namely 

wk wk 
ws(k) =11(0,¢)4( sin )/ = 
2km(8,¢) 2kn(8,¢) 


1=1, 2, 3. 





(15) 


The two parameters in (15), 2;(6,¢) and ,,(0,¢), are 
fixed by the acoustic wave velocity and the value of k at 
the Brillouin zone boundary in the direction 8, ¢, respec- 
tively, thus using all the elastic and structural knowl- 
edge of the crystal. In addition (15) yields the correct 
value of @p(0), contains the correct total number of 
acoustical modes, and introduces a plausible amount of 
dispersion into the spectrum, so that it should be useful 
as a standard model whose specific heat may be com- 
pared with measurement. The nature of the deviations 
will then suggest the way in which the actual frequency 
spectrum deviates from the standard behavior (15), and 
modifications may be introduced. 

Calculations of @p(T) based on this model, which 
will be called the simple dispersion model (S.D.M.), 
have been made for Ge and are also shown in Fig. 1. 
The curve is similar to Hsieh’s curve, and is shallower 
than the experimental curve. Such a difference could 
arise from a greater dispersion in the actual spectrum 
than is assumed in the $.D.M. (or occurs generally in 
near-neighbor force-constant models) as will be shown 
later.” 

(4) It is of considerable interest to make use of the 
recent data on the actual spectrum of Ge in certain 
directions, obtained with inelastic scattering of neutrons 
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Fic. 1. The reduced equivalent Debye theta curve of Ge, 
6n(T)/@n(0) vs T/@p(0) for the simple dispersion model, Hsieh’s 
model, and the experimental data of Hill and Parkinson, Ester- 
mann and Weertman, and Keesom and Pearlman 


* It is of interest that the simple dispersion model applied to 
diamond (carbon) gives rather good agreement with recent 
measurements of D. L. Burk and S. Friedberg, Phys. Rev. 111, 
1275 (1958); these calculations will be published separately. 
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by Brockhouse and lyengar,' since this shows that 
the transverse modes in the [111] and [100] directions 
have considerably more dispersion than the simple 
dispersion model assumes. The limited amount of direct 
information has been utilized in a calculation of @p(T) 
by assuming the w(k) curve in any other direction is 
similar to that in the [111] or [100] direction, when 
expressed in reduced form. Namely, we assume 


w(k) k ‘ k ” 
= + anf ) 
,(0,¢)Rm(8,¢) Rm(8,~) =! | NR (8,9) 


i=2,3 (16) 
where a, is independent of direction and 2;(0,¢), km(8,¢) 
are the same as in (15). Equation (16) refers to the two 
transverse modes, and the longitudinal modes are 
assumed given by (15) for simplicity. (We refer to this 
model as the modified dispersion model, M.D.M.) 
Since the transverse modes dominate, contributing 90°, 
of the specific heat (see Appendix II), this assumption 
is not critical. The a, are determined by fitting the 
observed [111 ] dispersion curves. (The [100] dispersion 
curve is similar, so for simplicity the [111] form is 
used throughout, see Fig. 3.) The nature of the fit is 
shown in Fig. 3 and discussed, with numerical values, 
in Appendix ITI. 

The results of a specific heat calculation with this 
model are shown in Fig. 2; slightly different curves are 
given for the two sets of neutron data, which give an 
idea of the accuracy of determination of @p(T). There 
is a marked improvement in the agreement with the 
measurements. Particularly striking is the appearance 
now of about the right depth and position of the deep 
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Fic. 2. The reduced equivalent Debye theta curve of Ge, 
@p(T)/@n(0) vs T/@n(0) for the simple dispersion model, modified 
dispersion model I (based on data set I of Brockhouse and Iyengar, 
1957), and modified dispersion model II (based on their data 
set II, 1958), and the experimental data of Fig. 1. 

*1B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 108, 894 
(1957) (data set I), and a more complete discussion in Phys. Rev. 
111, 747 (1958) (data set II). We are indebted to the authors for 
information in advance of publication. 
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minimum; the calculated curves may, however, be 
slightly too low.” 

For each @p(T) curve in Fig. 2 the initial parabola 
was determined by a separate calculation using (13). 
This served to extrapolate the calculated curves accu- 
rately to 0°K. The measurements give no information 
on the curvature of this initial parabola, which is a 
good approximation at least to 7/@p(0)=0.01. The 
measurements below 5°K, as noted above, give no 
useful values, and additional measurements would be 
desirable. Numerical estimates of C are given in 
Appendix III, but the scatter of the neutron data 
leaves a considerable uncertainty in this quantity. 
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APPENDIX I. EXPANSION OF THE FREQUENCY 
SPECTRUM IN POWERS OF k 


The equations of motion of the lattice, under the 
assumptions of Sec. II, are satisfied by plane waves 
u,e“* “9, provided w and & satisfy a secular equation. 
This equation is a polynomial in w? (since only a second 
time derivative occurs in the equations of motion) with 
real coefficients which are analytic functions of k, and 
the force constants. Now the wave with —k in place of k 
but the same w is also a solution of the equations of 
motion (and the periodic boundary conditions), since 
complex conjugation and time reversal leave the equa- 
tions of motion unchanged but change the sign of k in 
the plane wave solution. Thus the equation for w? is 
the same for —k as for +k and the coefficients, A », of 
the various powers, w?", of w? must satisfy A,(k) 
=A,(—k). This requires that in an expansion of A, in 
powers of k,, ky, kz, in any term the sum of the powers 
of k,, ky, k: must be even. Hence in a fixed direction A , 
is a function of k®, the square of the magnitude of k, or 
A ,,(k’,8,¢). For the acoustic modes, w* approaches k? as 
k—0, and since the coefficients of the polynomial 
equation for w* depend only on k’, any additional 
terms in the expansion of w* in powers of & obtained 
from this equation can only bring in additional even 
powers. 


APPENDIX II. CALCULATION PROCEDURES 


We write Eq. (1) in the reduced form in terms of 
reduced variables as 


Rie 1 
Se ee f AQh(t,¢), 
SNK 12,4, 


2 A test of this assumption is provided by measurements”! of 
the frequency of one of the transverse modes at the Brillouin 
zone boundary. On the hexagonal face (for direciions other than 
{111]}), the values of w given by (16) are lower than the measured 
values. This suggests that this model overestimates the dispersion 
of the transverse modes, hence overestimates the specific heat, 
and underestimates the values of @p(T), as is indicated in the 
comparison with the experimental data in Fig. 2. 


(17) 





P Sa, 


k.,* l 3 ex ivi 
h(t, ¢) —— f > ———_X?? 72"dz, 
be Jp inn (Xs)? > 


o° 


(18) 


and 
X= (h/KT)vkm 
yi(2) =wi(R)/0Rm 
2=k/km, 
ko? = 22° N/V 


(a dimensionless function of ¢, ¢), 


(the reduced dispersion curve), 


[ = (2x/a)* for the face-centered cubic 
lattice, cubic cell side a]. 


For the simple dispersion model 


yi(2) = (2/m) sin(w2/2); i=1, 2,3 (19) 


and for the modified dispersion model 


5 
yi(z)= >> anz***t!; i=2,3 


n=1 


but y:(z)= (2/2) sin(w2/2) as in (19) (values of a, for 
Ge are given in Appendix III). The limiting form of 
h(t,¢), as T— O°*K, is 


-T\32 V 2m 3 
jap et 
h N 15 i=1 9? 


The angular integration is based on the geometry of 
the Brillouin zone for the face-centered cubic lattice 
(the well-known 14-sided figure with 6 square faces and 
8 hexagonal faces shown, for example, by Mott and 
Jones**) which provides a convenient means of in- 
corporating the cubic symmetry. The minimum integra- 
tion region consists of three triangular areas, $ of a 
square face and two regions each 75 of a hexagonal face. 
In the coordinates 4(=cos@), ¢ (where 6 and ¢ are 
polar coordinates with respect to the axis through the 
face center), the integral is a simple double integral 
over a nearly rectangular area. The integral is done 
using high-efficiency Gaussian integration formulas 
(6 points in both ¢ and ¢ coordinates) and gives an 
accuracy of more than six significant figures. 

The calculation is greatly simplified by the fact that 
in each of these models the radial integrals (18) are 
functions of one parameter only, X,;. Thus, the process 
of evaluating them by numerical integration at the 108 
points in the angular integration mesh, for various 
values of temperature, is avoided. This dependence on 
the parameter X has been approximated by suitable 
polynomials in 1/X or X for the different ranges of 
interest of 1/X (1/X is near 0 for the low-temperature 
region). These approximations are accurate to better 
than four significant figures. 

It is interesting to note the relative sizes of the 
various contributions to the heat capacity: 


(20) 


%N. F. Mott and H. Jones, Properties of Metals and Alloys 
(Oxford University Press, Oxford, 1936), p. 70. 
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The major contribution is from the transverse modes, 
which have lower sound velocities, i.e., are more easily 
excited, than the longitudinal modes. The hexagonal- 
face contribution dominates that of the square face 
since, in addition to the fact that the hexagonal faces 
subtend a solid angle more than three times as great, 
they contain those directions near the [111] direction 
which have the lowest sound velocities. 

A correction has been made to the calculated curves 
for the contribution to the specific heat due to the 
optical-mode vibration. This is assumed to be given by 
a single Einstein specific heat formula using the Raman 
frequency w/2r=300 cm™.!® The plotted curves in- 
clude this correction, which affects the value of 6p(T) 
less than 0.005% for T/@p< 0.07, and is 0.14% at 
T/@n=0.10. 

APPENDIX III. FITTING FORMULAS FOR 
MEASURED DISPERSION CURVES 

The dispersion curves for the transverse modes are 

based on the measured curve in the [111] direction. 


hexagonal face 


Transverse modes, 
square face 


hexagonal face 


Longitudinal modes, 
square face 
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Fic. 3. The measured reduced dispersion curves w;/vikm vs k/Rm 
for Ge with approximating polynomials: (a) [111] direction, 
based on data set II of Brockhouse and Iyengar, 1958; (b) [111] 
direction, their data set I, 1957; and (c) [100] direction, their data 
set IT, 1958. 
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TABLE I, Data of Brockhouse and Iyengar.* 








1958 
Data set II 


1957 
ay, a — 0.687 
a2 
a3 
Uz} 


® See reference 21. 


The dispersion curve in any direction is assumed to be 
of the same form, in reduced k, as in the [111 ] direction, 
with the initial slope determined by the sound velocity.”? 


Thus 
«; k 4 k \2nt1, 
-—+ba(—) " i=23 (16 


ViRm | a n=1 


™m 
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The dn, for the two sets of neutron spectrometry 
data, are given in Table I. Figures 3(a) and (b) show 
the data and the fitting polynomial; Fig. 3(c) shows the 
measured data in the [100] direction with the assumed 
dispersion curve. The a, were fixed by least-squares 
fitting of all the data. 

The longitudinal modes are approximated by the 
dispersion curve of the $.D.M.; a comparison with the 
neutron spectrometry data is shown in Figs. 3(a) 
and (c). 

The coefficient C, fixing the limiting curvature of 
the reduced @p(T) curve [see Eq. (13) ] is determined 
for these models by the coefficient a:. Values for this 
curvature coefficient C are 98 for M.D.M. I, 62 for 
M.D.M. II, and 38 for $.D.M. 
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Deduction of the Volume Dependence of the Cohesive Energy 
of Solids from Shock-Wave Compression Measurements* 


G. B. BENEDEKt 
Division of Engineering and Applied Physics, Harvard University, Cambridge, Massachusetts 
(Received November 19, 1958) 


By applying the Mie-Griineisen equation of state to measurements of the compression of solids by strong 
shock waves, it is possible to determine the volume dependence of the cohesive energy. The method for 
carrying out this deduction is presented along with a detailed exposition of the underlying assumptions. 
The method is applied to six metals Be, Al, Co, Ni, Cu, and Ag for which the experimental data are most 
extensive. The volume dependence of the cohesive energy for these six metals is presented in both analytical 


and graphical form. 


I. INTRODUCTION 


HE cohesive energy of a crystalline solid is the 
energy release upon assembling the constituent 
atoms from infinity to form the ordered array charac- 
teristic of that crystal. This energy is of fundamental 
significance in the theory of solids because it is a 
measure of the detailed nature of the spatial distri- 
bution of charge throughout the solid. The dependence 
of the cohesive energy ® on the size of the atomic 
polyhedron is the most important factor which deter- 
mines the lattice constant and the compressibility of the 
solid. Because of the crucial role of the cohesive energy 
in determining the density of the solid it is possible to 
deduce the volume dependence of @ from measurements 
of the volume compression under pressure. The timeli- 
ness of such a deduction arises out of recent advances 


* This research was supported by the Office of Naval Research, 
The Signal Corps U. S. Army, U. S. Air Force, and the U. S. 
Atomic Energy Commission. 

+ A large portion of this work was carried out while the author 
was a Summer Staff Member of the Los Alamos Scientific Labora- 
tory, Los Alamos, New Mexico. 


in the theory of cohesion,'? and in the experimental 
methods for high-pressure compression of solids.’ 

The new theoretical advances® consist in the appli- 
cation of the “quantum defect” method! to the calcu- 
lation of the volume dependence of the cohesive energy 
for multivalent metals with nonoverlapping cores. 

The new experiments make use of strong shock waves 
to generate pressures which are typically in the 150 000- 
to 500 000-atmos region, but can be as large as 1 300 000 
atmos. Under such stresses the volume compression of 
the solid is typically as large as 20%, but it can be as 
large as 40%. 

The present paper applies the Mie-Griineisen 
equation of state to the shock-wave data obtained by 
the Los Alamos group,* to deduce the volume 
dependence of ®. A general procedure for this deduction 


1H. Brooks and F. Ham, Phys. Rev. 112, 344 (1958). 

2H. Brooks, Suppl. Nuovo cimento 7, 165 (1958). 

3 Walsh, Rice, McQueen, and Yarger, Phys. Rev. 108, 196 
(1957). 

4 Rice, McQueen, and Walsh in Solid Stale Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1958), 
Vol. 6. 
5H. Brooks (private communication). 
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is developed and applied to six metals: Be, Co, Ni, Cu, 
and Ag, and 24ST aluminum® for which the shock 
compression measurements are most extensive. 


Il. THE MIE-GRUNEISEN EQUATION OF STATE’ 


The Mie-Griineisen equation of state relates im- 
plicitly the strain of a solid to the applied stress and 
the temperature. This equation of state owes its 
simplicity to two assumptions. The first is that the 
applied stress is limited to hydrostatic pressure. The 
second is that under this stress the unit cell can always 
be described by means of a single parameter which is 
usually taken to be its volume. The latter assumption 
is satisfied by those solids possessing cubic symmetry, 
and is approximately true for solids with hexagonal 
symmetry providing that the c/a ratio remains close to 
the ideal value of 1.633. 

If the solid is envisioned as a lattice whose periodicity 
is disturbed only by the lattice vibrations, it is possible 
to write its Helmholtz free energy as a sum of two 
terms. The first is the free energy ® required to assemble 
the atoms from infinity to form the rigid lattice. This 
term is the cohesive energy. To this must be added the 
Helmholtz free energy of the lattice vibrations. Since 
the Helmholtz free energy F, of a normal mode of 
lattice vibration, whose frequency is »,, is given by 
F,=kT \nf2 sinh(hv,/2kT) ], it follows that the total 
Helmholtz free energy of the solid can be written as 


3N hy,(v) 
F=(0)+kT > nf 2 sinh( : -)| (1) 
2kT 


w= 4 


In the interest of normalization the free energy F, the 
cohesive energy ®, the number of atoms N, and the 
volume » are all taken to be per unit mass. In Eq. (1) 
we note that ® and », are implicit functions of the 
volume only. In the case of a metal it is possible to add 
a term which represents the temperature dependence of 
the free energy of the conduction electrons.* This term 
is much smaller than those already included and hence 
will be neglected. 

Since the hydrostatic pressure (P) on the solid is 
related to the volume dependence of the free energy by 
the thermodynamic relation 


P=—(aF/av)r, (2) 


the desired implicit relation between P, v, and T is 


obtained by differentiating (1). This yields the Mie- 


Griineisen equation of state: 


ele ¥(v,T)Uvin(2, T) 
p=— ————., (3) 
Ov v 

. 24ST deste is an alloy of aluminum consisting of 4.5% 
Cu, 0.6% Mn, and 1.5% 

TE. Griineisen, Handbuch der Physik (Springer-Verlag, Berlin, 
1926), Vol. 10, p. 1. 

*S,’Visvanathan, Phys. Rev, 81, 626 (1951). 
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where 
3N 0 mre, 
( om Zz. (- v,) 3 U,, 
u=l 0 Inv u=l 
1 
: nn 


vib= > U, 


u=l 


The quantity y is the average of the logarithmic 
volume derivative of v, weighted over the energies U, 
of each mode of lattice vibration. This quantity will 
be referred to as Griineisen’s parameter. This parameter 
should be distinguished from the y’ in Griineisen’s 


relation 
1/ dv C.f—1/ dv 
@O-E@) 
v\ 0T/ p vLv \OP/J 7 


In this relation y’ is given by 


y=2(- 


as may be seen® by differentiating Eq. (3) relative to 
the temperature to give Eq. (7). In the high-tempera- 
ture region, y’=~y; but at low temperatures the weight- 
ing factors in the two averages can lead to a difference 
between y and 7’. 

U, is the energy of the wth mode of lattice vibration, 
and LU’, i, is the total vibrational energy of the solid. 


0 Inv, OU, 
0 Inv - Lor 


Ill. THE SHOCK-WAVE HUGONIOTS 


The shock-wave compression experiments subject 
the back surface of a sample pellet to an explosively 
established high pressure. As a result a shock wave 
passes into the pellet. The shock wave is characterized 
by a shock front which moves through the sample with 
velocity U,(t). Behind the shock front the material in 
the pellet moves with a velocity U, which is in general a 
function of time and position behind the shock front. 
Henceforth, we shall denote as U,(t) the particle 
velocity of the material directly behind the shock front. 

It can be shown with great generality” that if the 
shock front is thin, that the density p’, pressure P’, and 
internal energy/unit mass EF’ directly behind the shock 
front can be related to the density po, the pressure Po, 
and the internal energy per unit mass Ep before the 
shock front by means of the velocities U, and U,. In 
particular, the application of the conservation of mass, 
Newton’s second law, and the conservation of energy 
across the shock front yields the following relations of 


oT. H. K. Barron, Phil. Mag. 46, 720 (1955). 
1 R. Courant and K. Friedrichs, Supersonic Flow and Shock- 
waves (Interscience Publishers, Inc., New York, 1948). 
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Rankine and Hugoniot: 

(1) p’'(U.—U,)=polU.; conservation of mass 
(2) UppoU.= P’— Po; 
(3) P'Up=2U po °+U .po(E’— Ep) ; 


conservation of energy. 


Newton’s second law (9) 


The quantities U, and U’, can be accurately determined 
experimentally.** Thus p’, P’, and E’ directly behind 
the shock front can be determined immediately from 
the three Rankine-Hugoniot relations above. If a 
sequence of U,, U, pairs is measured by generating 
shocks of different strength, one can make plots of P’ 
and E’ vs p’. Each such curve is called a Hugoniot. 

Because of the novelty of these shock-wave com- 
pression studies, it seems appropriate to dwell briefly 
on the assumptions underlying the determination of the 
shock-front and shock-particle velocities and the 
Rankine-Hugoniot relations. 


1. The Condition of Constant Velocity 


The shock-front velocity U, and _ shock-particle 
velocity U, are determined by time-of-flight measure- 
ments over measured distances. The measured veloci- 
ties U, and U, are therefore averages over the length 
of the traversal distances. The Rankine-Hugoniot 
relations require that U’, and U’, correspond to the 
same instant of time. If U, and U, are constants, the 
measured velocities would be identical with the required 
instantaneous ones. In order that the shock velocities 
be constant it would be necessary that the explosive 
be a semi-infinite block. In practise of course this is not 
the case and the velocities do change somewhat over 
the traverse lengths. The Los Alamos group has made 
measurements! of this effect and estimate that U’, 
typically decreases by 0.75% and U, by 1.75% for a 
j-in. traverse distance. Thus the departure of U, and 
U, from constancy over the measured path is not large. 
To improve the situation further, the measurements of 
U, and U, vs distance are used" to correct the time-of- 
flight measurements so that the values of U, and U, 
correspond to the same time. As a result of these 
corrections, it is felt! that any systematic error pro- 
duced by the nonsimultaneity of U, and U, is less than 
the experimental accuracy with which U, and U, are 
measured. 


2. The Condition of Thermal Equilibrium 


In its passage from the unshocked to the shocked 
condition, each point in the solid is successively 
subjected to a sudden change in temperature and 
pressure. The question arises as to how far between the 
leading edge of the shock front one must go in order to 
find the lattice in a state of thermal equilibrium. If 
Al is the distance required to reach thermal equilibrium 


11 J. M, Walsh (private communication). 
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and + (~10~-'—10-* sec) is the mean time between 
phonon collisions, it is reasonable to expect Al~7rU,, 
where U, is the shock-front velocity. On the other hand, 
the width of the shock front (A/’) can be expected to be 
of the order of the phonon mean free path, i.e., Al’/~ rv 
where v is the mean phonon velocity. Since U,wr~5 
10° cm/sec, it follows at once that one can expect 
Al~Al’. Thus under normal conditions it is reasonable 
to assume that the material directly behind the shock 
front is in a state of thermal equilibrium. However, in 
the case of shocks which generate phase transitions'*:" 
such as melting or slow recrystallization, the time 
required for the establishment of the new phase may be 
many orders of magnitude larger than the phonon 
collision time. Under these conditions the material 
directly behind the shock front may not have time to 
make the transition, and as a result may not be in a 
state of equilibrium. 


3. The Condition of No Radiation 
or Conduction Loss 


The derivation of the third Rankine-Hugoniot 
relation involves the assumption that the work put 
into the solid by the explosion goes entirely into an 
increase in kinetic energy and an increase in internal 
energy. Since the shocked material heats up ~ to 
500°C for ~500 000 atmos, energy can be lost due to 
radiation or conduction. Owing to the high conductivity 
of the metal pellets, there is no loss of energy due to 
radiation from the internal volume of the pellet. In view 
of the short times available for radiation and conduction 
from the surface, the assumption of no radiation or 
conduction loss is probably quite well satisfied. 


4. The Assumption of Equivalence 


The assumption of equivalence states that a solid 
which is subject to an external /ydrostatic pressure (P), 
and which has an internal energy/unit mass (£), has 
the same density (p) as does the shocked solid which 
is characterized by the pressure P’ and energy EF’, 
provided that P= P’ and E=E’. In other terms, it is 
assumed that the material behind the shock front at 
pressure P’ and temperature 7 has the same density 
as that solid would have if subjected to a hydrostatic 
pressure P’ and temperature T. With this assumption, 
the shock compression measurements of P’, v', EF’ 
points are equivalent to hydrostatic pressure measure- 
ments. In view of the one-dimensional nature of the 
shock wave, there is no clear a priori evidence to 
support this assumption. However, it can, in principle, 
be checked by direct experimental comparisons of the 
volume compression under shock and_ hydrostatic 
conditions at the same temperature. The difficulty in 


2 R. H. Christian and B. J. Alder, Bull. Am. Phys. Soc. Ser. 
IT, 3, 290 (1958). 

18 R, E. Duff and F. S. Minshall, Bull, Am. Phys. Soc. Ser. IT, 3, 
291 (1958). 
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carrying out this procedure in detail lies in the fact that 
the shock-wave measurements begin at about 150 000 
atmos and Bridgman’s measurements end at around 
100 000 atmos. Furthermore, the Hugoniots are not 
isotherms. Extensive graphical comparisons’ of the 
hydrostatic pressure isotherms and_ shock-wave 
Hugoniots indicate a fairly close joining of the two in 
the region around 150000 atmos. A more sensitive 
test is the extrapolation of the compressibility data into 
the shock-wave region. Such a comparison has been 
made by Borelius“ for Cu and Al. A satisfactory junc- 
tion of the two results is indicated.“* Thus, @ posteriori 
experimental evidence, at least in the 150-200 thousand 
atmos range, indicates the validity of the equivalence 
assumption. As a result, the primes will be dropped 
from p’=1/v', P’, and E’ in the Rankine-Hugoniot 
relation so as to make these symbols identical with those 
appearing in the hydrostatic Mie-Griineisen equation 
of state. 
The Rankine-Hugoniot relations formally represent 
a system of three equations in the five variable U,, U,, 
p, P, E. The specification of any two of these variables 
fixes the value of the remaining three. It has been 
found‘ that within the limits of experimental error the 
relation between U, and U, is linear. Thus, for each 
metal there exists a relation 
U,=ct+sU,, (10) 
where s and c are determined experimentally. Equation 
(10) added to (9) enables the specification of any four 
of the variables in terms of the remaining one. It is 
useful to choose as the independent variable the volume 
v, or more conveniently the volume decrement x: 


x= (vo—v)/vo= (1—po/p). (11) 


By using Eqs. (10) and (11) in Eq. (9) we can eliminate 
U, and U, to obtain P and E—E£, as functions of 


x, 12: 


P=x/[09(1—sx)*], (12) 


(13) 


E— Ey=}0x*/(1—sx)?. 


Equations (12) and (13) show explicitly the form of the 
Hugoniot in a form which is particularly useful for the 
extrapolation of the shock-wave data beyond or below 
the experimentally attainable region. This extrapolation 
is valid insofar as the relation between U, and U, 
remains linear. Data on 24ST aluminum up to pressures 
as high as 1.3 million atmospheres indicates that over 
this range the linear relation between U, and U, is 
maintained. 


4G. Borelius, in Solid State Physics edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 6. 

4a Recent measurements by Doran, Fowles, and Peterson 
(Phys. Rev. Letters 1, 402 (1958) ]] are also in support of the as- 
sumption of equivalence. 
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IV. DEDUCTION OF THE VOLUME DEPENDENCE 
OF THE COHESIVE ENERGY FROM THE 
SHOCK-WAVE HUGONIOTS 


The equation of state [Eq. (3) ] may be regarded as a 
differential equation for @(v), which can be integrated 
if P, y, and Uy» are known as functions of the volume 
for corresponding temperatures. We may write Eq. (3) 


yl vib (00,7 0) 
—— 
v 


Y ' ; 
+-[Uvin(v,T)— Uvin (2, T») }. (14) 
Vv 


In this equation the vibrational energy has been split 
into two terms. The first is the vibrational energy at 
some initial volume and temperature v and 7». The 
second is the change in Uy, as the state is changed 
from the initial state vo, 7’) to some final state v, T. 1) and 
T» will be taken as the state at the foot of the Hugoniot, 
i.e., at P=1 atmos and T= 20°C. Along the Hugoniot P 
is known as a function of volume as is shown by Eq. 
(12). Also, E(v,T)—E(v,To), the change in the total 
internal energy/unit mass, is known as a function of 
volume from Eq. (13), for each point on the Hugoniot. 
In our simple model of the solid, the total internal 
energy is the sum of the cohesive energy ® and the 
vibrational energy Uy». Therefore, we have 


E(v,T)— E(v0,T) 
= [(v) — (v9) J+ [U viv (v, T)—Uvin(v0, T») J. 


The solid is presumed perfectly periodic except for the 
lattice vibrations. In order to include lattice imperfec- 
tions, it would be necessary to reformulate the equation 
of state by including the free energy of the im- 
perfections. It would also be necessary to modify (15) 
to include the change in energy of the lattice im- 
perfections. In writing Eq. (15) in the form given above, 
we are explicitly assuming that a negligible amount of 
the shock-wave energy goes into the production of 
imperfections in the lattice. Substituting Eq. (15) into 
Eq. (14), we find 


(15) 


d 
—[#(v)—#(r%) ] 
dv 
yU (v0, To) 


=—P+ —+-[(E—Eo)—(@—4) ]. (16) 
v Uv 


This is a differential equation for [@(v)—#(v)] in 
which all the entering quantities except y are known as 
functions of the volume along the Hugoniot. 

There is now available no direct experimental 
evidence which will determine y(v,7) along the 
Hugoniot. It is, however, possible to make use of a 
theory due to Slater’ to estimate the volume 


ay, C. Slater, Phys. Rev. 57, 744 (1940). 
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dependence of y. Slater has shown that + can be related 
to the curvature of the P-v isotherms as follows: 


vd?v/ ~] 


oeenereee 7 
(dv/dP)? m 


2 


In spite of the crudeness of the assumptions on which 
this relation is based, values of y obtained from it, 
using Bridgman’s P-v data, are in good agreement!®.!¢ 
with y’ as determined from the Griineisen relation 
[ Eq. (7) ]. The volume range available using Bridgman’s 
data was so limited that (d*v/dP?) could be evaluated 
only very near %. The availability of the shock-wave 
data over a much wider volume range has enabled the 
Los Alamos group to determine y as a function of 
volume using isotherms deduced from the Hugoniots.’ 
To be sure, they used the Dugdale-MacDonald 
relation.” However, the resulting volume dependence 
of y is nearly the same as that given by the Slater 
relation. We have presented Slater’s equation because 
the theoretical basis of the Dugdale-MacDonald 
relation has been called into serious question.'* The 
Los Alamos results indicate that the percentage change 
of y upon changing the volume is about the same as the 
percentage volume change itself: i.e., (1/7)[@y/ (00/09) ] 
~1-2. Since y is independent of the temperature at 
constant volume for temperatures above the Debye 
temperature,? the percentage change in y along a 
Hugoniot is of the same size as the percentage change 
in volume. In view of the weakness of the volume 
dependence of y in comparison with the volume 
dependence of P, it is possible, in the first approxi- 
mation, to regard y as a constant independent of the 
volume along the Hugoniot insofar as the calculation 
of ® is concerned. This approximation can be justified 
as follows. [4(v)—(v) ] is determined by the volume 
dependence of the right-hand side of Eq. (14). The 
first of these terms, P, starts from 1 atmos and rises 
to ~ 500 000 atmos for x= (v9—v)/v9~ 0.25. The second 
term is the so-called internal pressure set up by the 
lattice vibrations. Its magnitude is ~25 000 atmos. 
Thus, in the low-pressure range below about 70000 
atmos, this term is very important in determining ®. 
However, in this region the volume has not changed 
much and y changes by less than ~ 10%. In the high- 
pressure region where y has changed the most, the 
internal pressure is relatively small compared to the P 
term, and the neglect of the volume dependence of y 
is suppressed. The last term in Eq. (14), which repre- 
sents the change in the vibrational energy along the 
Hugoniot, can be estimated from calculations* of the 
temperature along the Hugoniots. For pressures of 
500 000 atmos, the change in temperature of the shocked 
material is about 400°K‘ for metals such as those 


16 J, J. Gilvarry, J. Chem. Phys. 23, 1925 (1955). 
. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 89, 832 
(1953). 
18 J, J. Gilvarry, Phys. Rev. 102, 331 (1956). 
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dealt with here. The order of magnitude of the last 
term is ~ (y/v)(3NRAT)~30 000 atmos for AT = 400°K. 
Thus, at 500 000 atmos the last term is less than 10% 
of the P term. For larger pressures this term is larger, 
and at lower pressures it is relatively smaller. Thus again 
we see that the effect of any change in y along the 
Hugoniot is suppressed insofar as the determination of 
[@—(v)] is concerned. We shall therefore neglect 
the volume dependence of y in the integration of Eq. 
(16). For those applications for which more accurate 
results are required, the volume dependence of y as 
determined by the Los Alamos group can be used. We 
shall, @ posteriori, roughly estimate the effect of y on 
—(v) by plotting &(v)—(v) as determined from 
Eq. (16) for various values of y. 

Under the assumption that y is a constant, Eq. (16) 
for ® can be written as 


d Y cx 
—[(x) —6(0)]————[(x) —#(0)]= + 
dx (1—x) (1—sx)? 


Wyiv (v9, To) 
amen —. (18) 
(1—x) 


crx" 


2(1—x)(1—sx)? 


Since this is an ordinary first order differential equation, 
the solution can be presented formally. This solution is 


=e (1—s)  F 
(x) —(0) = a-x)>f (t- — at 
0 (is? V2 (1-9) 


1 
— Uvin(v0,T 0) ( ——— i). (19) 
(1—x)7 


The integral in Eq. (19) cannot be evaluated in terms 
of elementary functions because of the appearance of the 
irrational function (1—¢)” in the integrand. If an exact 
solution of (18) is required, the solution (19) can be 
computed numerically by machine. Instead of employ- 
ing the machine calculation of (19), it is possible to 
determine ®(x)—®(0) approximately by solving Eq. 
(16), using a method of successive approximation. This 
approach is based on the smallness of the last term in 
Eq. (16). In the zeroth approximation we may neglect 
the changes in vibrational energy entirely and write 


Eq. (16) as 
Ob yU (v0,T 0) 
= oa 
Ov v 


In the first approximation we substitute @ for @ in the 
last term of Eq. (16), giving 


Ob 0b\ © v 
(-) -(—) +-[(E—Eo)—(@#—%5)]. (21) 
Ov ov v 


(20) 


If this procedure is carried out successively, we find in 
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the mth order approximation that 
OP \ *”? 0b, ¥ 

(—) -(-) +—-[(E— E)— (@—4 5)" }. (22) 
ov ov v 


It is consistent with the approximation of neglecting the 
volume dependence of 7 to stop after the first approxi- 
mation. The range of x for which this first approxi- 


mation is accurate will be shown later to be quite 


wide. If Eqs. (12) and (13) are substituted into Eq. 

(20), we find that in terms of the volume decrement 

x= (t9—0)/v9 the expression for (0@/dv)“ becomes 
OP) Cx VU vin (00,T 0) 


(1—<x) 


(23) 


Ox (1—sx)? 


Integrating to find # in the zeroth order gives 


c* gx 1 
[b(x)—(0) | =- | -In( ) | 
s*l (1—sx) 1—sx 
1 
vU vin(v0,T 0) n( ) (24) 
1-—x 


lhe differential equation for ® in the first order there- 
fore becomes 


(= ) ( 
dx q 


—) vs ¥ 
dx l-x 


1 C71" Cc Sv 
x “J 
19 (l1—sx)* s*il 


+yl’, 


The result of integrating (25) is 


[(x)—(0) ]" 


Cc sx 1 1 
| -in( — ) [rem in(- -) 
stl (1—sx) 1—sx 1—-x 


ye / i . 9 4 
——(sx)'G(s,x)-——Uyin[In(1—x) }?, (26) 
s3 2 
where 


G(s,x)= ¥ b,(s)(sx)”, 


n=) 


b,.(s)=a,(s)/(n+4), 


An-1 n 1 
a,(s)= +( + ), 
5 2 nt+3 


1 
a,=—+($+}). 
3s 


BENEDEK 


It is possible to interpret physically the meaning of the 
zeroth and first approximations for ®(v) [Eqs. (24) 
and (26) ] within the framework of the assumption that 
7 is independent of v. If P could be measured as a func- 
tion of v along a curve for which the vibrational energy 
is a constant, then d@/dx would be given exactly by 
Eq. 23. Thus, the zeroth approximation for ® regards 
the Hugoniot as identical with the path of constant 
vibrational energy. However, the Hugoniot rises more 
rapidly than an isotherm.’ Thus the first order expres- 
sion for & includes, as the last two terms, the reduction 
which must be made to account for the fact that the 
Hugoniot rises more steeply than the curve of constant 
vibrational energy. 

Using Eq. (26), we may examine how closely the 
first order approximation approaches the exact value 
for &(v)—(v9) represented in Eq. (19). The first order 
corrections are most important at large x. In this region, 
the dominant zeroth order and first order correction 
terms are 


(c2/s*){(sa/(1—sx)]+In(1—sx)} 


and 


(yc*/s*)(sx)'G(s,x), 


respectively. The ratio of the latter to the former term 
is ~a*, as may be seen from a power series expansion 
of each term. Thus for the maximum comparison 
attained in 24ST aluminum for a pressure of 1 megabar, 
namely x=0.40, the dominant first order correction 
term is about 16% of the dominant zeroth order term. 
It is to be expected that the second order corrections 
will in their turn be ° as big as the first order correc- 
tions. Hence again, for the largest available compression, 
x= 0.40, the second order correction can be expected to 
contribute only about 2.5% of the zeroth order terms 
even in the most unfavorable case. Therefore, the error 
produced by stopping after the first approximation is 
small, certainly much smaller than the errors introduced 
by neglecting the volume dependence of +. 


TABLE I. Values of parameters required for the 
determination of &(v) —®(vp). 


Metal (km/sec) s 80 (°K) © (°K) 


11604 
419° 
443° 
413 
3455 
2254 





10004 
394" 
375! 
390! 
315° 
as 


Be A5+0. 1.01+0.05 
Al 9.38 1.34 

Co .73+0.0: 1.39+0.05 
Ni ? L 1.27+0.02 
Cu 3. ; 1.60+0.1 


Ag .25+0, 1.58+0.03 2.43» 


* Rice, McQueen, and Walsh, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 6, p. 61 
’C. S. Smith (private communication). 
¢ J.C. Slater, Phys. Rev. 57, 744 1940. 
4M. Blackman, Handbuch der Physik (Springer-Verlag, Berlin, 1955). 
Vol. 7, Part I (see p. 368 for @o for Ag). 
e J. A. Kok and W. H. Keesom, Physica 3, 1035 (1936). 
{G. Duykaerts, Physica 6, 817 (1939). 
« W. H. Keesom and C. W. Clark, Physica 2, 513 (1935). 
b J. de Launay, in Solid State Physics, edited by F. Seitz and D. Turnbull 
Academic Press, Inc., New York, 1958), Vol. 2. 
i K. Clusius and L. Schachinger, Z. Naturforsch. 7A, 185 (1952). 





SHOCK-WAVE 


V. NUMERICAL RESULTS 


In order to establish @ as a function of x, using Eq. 
(26), c, s, y and Uyji»(v0,7) must be determined, for 
each metal. In columns 1 and 2 of Table I are listed 
the values of c and s determined directly from the 
intercept and slope of a line drawn through the experi- 
mental values’ of U’, vs U,. The metals chosen, Be, 
24ST Al, Co. Ni, Cu, and Ag, are those for which the 
experimental measurements are most extensive. The 
values of c and s listed here are slightly different from 
those listed in Table X, reference 4. In column 3, 
Table I are listed values of y determined by using 
Griineisen’s relation [Eq. (7) ], along with literature 
references. 

The vibrational energy at 20°C and 1 atmosphere, 
Uvin(vo,T), consists of the zero-point vibrational 
energy of the normal modes at 7=0°K plus the energy 
required to heat the lattice at the constant volume 
v from 0°K to 293°K. Thus we can write 


To 
Uvin(v0,To) = L ent 0)+ f Cr,dT. (28) 
The zero-point energy is given by 


U yin (00,0) = f thvg(v)dv, (29) 


0 


where g(v) is the density of normal modes at frequency 
v, and vm is the maximum vibration frequency. Since 
there are 3N modes of vibration of a lattice with .V 
atoms, there is a normalization condition on g(v), viz.: 


f g(v)dv=3N. 


0 


(30) 


From Eqs. (29) and (30) it follows that the vibrational 
energy at 0°K is 3.NA(v)/2, where (v) is the average 
vibration frequency weighted over the density of 
modes. In order to determine (v) accurately, the 
detailed form of the density of modes is needed. Since 
there is no direct experimental information on the 
detailed form on the density of modes, we shall use the 


TABLE IT. Values of C?, Uvin(v0,7'o) and (vo) used in 
the determination of #(2). 


Uvin (v0, To) 
(ev/atom) 


(2%) 


a 
Metal (ev/atom) (ev/atom) 


0.1303 
0.0849 
0.0883 
0.0846 


3.33 
3.23 
4.56 
4.40 
3.52 
3.00 


Be 6.2042.4% 
Al 8.008 

Co 13.7 41.2% 
Ni 13.8 +1.2% 
Cu 10.0 +5% 0.0829 
Ag 11.8 +2% 0.0787 


® No error is listed for the 24S7 Al data because the published results 
represent smoothed values of U, and U’» obtained from a very large number 
of measurements. 


COMPRESSION 


MEASUREMENTS 





TJ 0(x)- 0 
ev /ATOM 


T T if 1 
@(x)-@(0) VERSUS x FOR BERYLLIUM 
(0) » 3.33 ev/ATOM 45 


40 


35 





15 
10 


05 





| 
\ 
ah 


—_— 
g 


Fic. 1. The change in the cohesive energy [(x)—#(0)] of 
beryllium as a function of the volume decrement x= (v)—v)/vo. 
vo is the volume/unit mass at 20°C and P=1 atmos. #(0) is the 
cohesive energy at v=7. 


Debye approximation, i.e., that 


g(v)=3N (3r*/y*). (31) 


The average frequency for this distribution is $y». 
Thus the zero point energy can be written as 


U vin (00,0) = (9/8) Nhvm= (9/8)NROo; (32) 


where po is defined by ROo= hv». The value of Oo used 
in calculating Uyi,(v,0) from Eq. (32) will be obtained 
from measurements of the specific heat at low tempera- 
ture. With this choice of ©» the density of modes g(v) 
will have the same curvature in the low-frequency 
region as the actual density of modes in the solid. If 
the Debye model is also used to estimate the integral 
of the specific heat from 0°K to 293°K, then Eq. (28) 
can be written as 


(33) 


3 Oo 
l rity ( Vo,2 0) — sve] ——— ao B( Ym) | 
8 T 


where 


T\* pest xdz 
Blyn)=3( ‘) f —, (a) 
io) 0 (eF— 1 ) 


yn=0/T. (b) 


The function B(ym) has been calculated by Beattie.” 
The value of © used in calculating Uy, from Eq. (33) 
is the value appropriate to the high-temperature region 
T~©. In this way we get the best fit of the Debye 
function to the specific heat data in the region of 
temperature which makes the largest contribution to 
Ui». The values of Qo and © required for the determi- 
nation of Uyi,(v,To) are listed in columns 5 and 6 
of Table I, along with literature references. It should be 


J. A. Beattie, J. Math and Phys. 6, 1 (1926) 
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Fic. 2. The change in the cohesive energy [#(x) —®(0) ] of 24ST 
aluminum as a function of the volume decrement x= (v9—7) /7o. 
The normal curve uses the parameters listed in Tables I and IT. 
The comparison curves show the effect of increasing the vibra 
tional energy U yin (v0,To) or Griineisen parameter + by 20°. 
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Fic. 3. The change in the cohesive energy [#(x)—#(0)] of 
cobalt as a function of the volume decrement x= (v9—2)/v0. v0 is 
the volume/unit mass at 20°C and P=1 atmos. (0) is the 
cohesive energy at v=. 


noted that these values of © are appropriate if the 
density of the solid is the same as at absolute zero. 
Actually we should use the values of © which correspond 
to the density at 293°K. Since 0 InO/d Inv~—y, the 
change in © due to the volume expansion from 0°K to 
293°K is a few percent. In view of the approximate 
nature of the method for estimating Uyji,, and the 
uncertainty in the experimental values of 0, due to the 
temperature dependence of ©, no correction was made 
to account for this small volume dependence. 

It is difficult to estimate the error introduced by 
using the Debye approximation in place of the actual 
distribution of modes in the evaluation of the two 
contributions to Uyin(vo,To). It is expected though that 
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Fic. 4. The change in the cohesive energy [4(x)—(0)] of 
nickel as a function of the volume decrement x= (vo—v)/vo. vo is 
the volume/unit mass at 20°C and P=1 atmos. (0) is the co- 
hesive energy at v=%. 


the estimated values of U,i, are probably correct to 
within ~25%. The Uyi» term is important in deter- 
mining ©(v)—(v 9) only in the region of small x where 
®(v)—(vo) is small anyhow. Thus errors in the esti- 
mation of Uy,» are suppressed in the calculation of 
(v) as may be seen in Fig. 2. 

In Table II we list the values of Uyi,(v0,T 0) which are 
calculated from Eq. (33) using the values of Oo and 0 
listed in Table I. U yin (v0, 0) is given in units of ev/atom, 
as is c? which is also included in Table II. In column 4 
are given values of the cohesive energy ®(v) obtained 
from sublimation measurements.” 


”F. D. Rossini ef al., Selected Values of Chemical Thermody- 
namic Properties (U. S. Government Printing Office, Washington, 
D. C., 1952). 





SHOCK-WAVE 


The results of calculating &(x)—(0) from Eq. (26) 
using the values of c, s, y, and Uy; listed in Tables I 
and II are shown in Figs. 1-6. In the case of Be, Co, 
Ni, Cu, and Ag the experiments achieved a volume 
decrement between 20% and 25%. Figures 1, 3, 4, 5, 
and 6 present @(x) as large as 32%. The values of ® 
beyond the experimental range represent extrapolation 
of the linear U,, U, relation into the region 0.20 <x 
<0.32. In the case of 24ST aluminum the shock com- 
pression measurements extend to x=0.40 and JU, is 
observed to be a linear function of U, throughout 
this range. 

Because of the smallness of the scale, it is difficult 
to see graphically that the minimum of @(x) is some- 
what to the left of x=0. At x=0 the volume of the 
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Fic. 5. The change in the cohesive energy [(x)—4#(0)] of 
copper as a function of the volume decrement x= (vp—v)/vo. v0 is 
the volume/unit mass at 20°C and P=1 atmos. #(0) is the co- 
hesive energy at v=2p. 


solid is that corresponding to P=1 atmos and T= 20°C. 
For P~O the equation of state requires that d@/dv 
=+7U vin (v0,T0)/v0, i.e., &/dv is positive at v=. 

In Fig. 2, which gives (x) for aluminum, the curve 
marked ‘“‘normal” uses the data in Tables I and II. 
The two comparison curves show the effect of increasing 
the vibrational energy Uyi»(v0,7o) or the Griineisen 
parameter y by 20%. It is clear that a 20% change in 
Uyi» does not affect (x) much. The effect of changing 
y is somewhat greater and becomes more important 
as x is increased. 


VI. CONCLUSIONS 


It has been shown that within the framework of 
certain assumptions, the most important of which is 
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Fic. 6. The change in the cohesive energy [(x)—®(0)] of 
silver as a function of the volume decrement x= (vp—v)/vo. vo is 
the volume/unit mass at 20°C and P=1 atmos. (0) is the 
cohesive energy at v=. 


the assumption of the equivalence of the shock and 
hydrostatic compression, it is possible to deduce the 
volume dependence of the cohesive energy ® directly 
from measurements of the relation between the shock- 
front and shock-particle velocities. Although the shock 
compressions are limited generally to Av/v~25%, the 
present method is well suited for extrapolation beyond 
the experimental region. 

The accuracy of the deduction of (v) is limited by 
the simplifying assumption that y is independent of 
volume. Because of the weakness of the volume depend- 
ence of y this assumption introduces little error in the 
deduction of #(v) except in the case of very large 
compressions, Av/y> 40%. In this volume range, or if 
a more accurate calculation of @(v) is required in the 
region Av/v2 30%, the volume dependence of y can be 
taken into account by making use of Slater’s!® relation 
for y in conjunction with the isotherms deduced from 
the Hugoniots.‘ 
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Microwave Field Dependence of Drift Mobility in Germanium 
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At lattice temperatures between 80 and 300°K, electrons and holes in germanium have been heated by 
microwaves, with an extension to high microwave fields of the technique developed by Morgan. The micro- 
wave frequency was 34.67 kMc/sec. The effect of carrier densities between 10% and 10'*/cm* has been 
investigated. At large microwave fields E (up to about 10‘ volts/cm in amplitude) the mobility yu, relative 
to the mobility wo at zero field, is proportional to E~7; the exponent y is smaller for purer samples. These 
microwave measurements agree with previous dc field measurements. At small values of E, (uo—u)/uol?=a 
is field independent. The variation of a with lattice temperature T has been measured. In the range of pure 
lattice scattering, a( 7) « po?T*; exp x= (n/no)®* where mo= 1.7X10" cm” for electrons and 1.0X 10" cm™ 
for holes. This dependence on carrier density suggests that carrier-carrier interaction plays an important 


role in the carrier-phonon scattering mechanism. 


INTRODUCTION 


HE mechanism of interaction of carriers with 
lattice vibrations in semiconductors is not yet 
fully understood. This is mainly due to experimental 
difficulties and a corresponding lack of reliable data. 
In the initial experiments on hot electrons by Ryder 
and Shockley'? and by Ryder* with n- and p-type Ge 
and Si, relatively impure material was used. They 
measured drift velocities v4 at dc fields E up to about 
10* volts/cm for 2.8 ohm cm n-type and 0.9 ohm cm 
p-type germanium at 77, 193, and 298°K. The data 
were considered to be characteristic of pure lattice 
scattering although, at least at 77°K and not too high 
field intensities, impurity scattering should be important 
in the germanium used. The reported measurements of 
va(E) indicate that the mobility, w=v4/E, is in- 
dependent of E (Ohm’s law valid) at low fields, propor- 
tional to E~* in an intermediate region, and propor- 
tional to E~' at high field intensities. The dependence 
on £~ means that the drift velocity saturates at high 
field intensities. 

Recently Mendelson and Bray‘ reported measure- 
ments with p-type germanium at 78°K and 195°K. 
The published curve was obtained with a sample which 
was 3.3 ohm cm at 77°K and, therefore, probably 
intrinsic at room temperature. An ohmic region below 
10 volts/cm was followed at higher fields by a gradual 
decrease in mobility. Above 500 volts/cm, u« E~§ up 
to 10* volts/cm. All samples were reported to show the 
same £~-* behavior for fields larger than 10° volts/cm 


* This work has been supported by the U. S. Air Force Office 
of Scientific Research and the Signal Corps. Excerpts of this paper 
have been presented before the American Physical Society in 
Chicago on March 27-29, 1958 [Bull. Am. Phys. Soc. Ser. IT, 3, 
112 (1958) ] and before the Deutsche Physikalische Gesellschaft 
in Karlsruhe, Germany on May 1-3, 1958 [Physik. Verhandl. 9, 
75 (1958) ]. 

t Now at IT. Physikalisches Institut, Universitat Heidelberg, 
Heidelberg, Germany. 

1E. J. Ryder and W. Shockley, Phys. Rev. 81, 139 (1951). 

2 W. Shockley, Bell System Tech. J. 30, 990 (1951). 

*E. J. Ryder, Phys. Rev. 90, 766 (1953). 

*K. S. Mendelson and R. Bray, Proc. Phys. Soc. (London) 


B70, 899 (1957), Bull. Am. Phys. Soc. Ser. IT, 2, 153 (1957). 


irrespective of their purity. The different behaviors at 
small field intensities were supposed to be due to 
impurity scattering. 

With 2 ohm cm n-type germanium at room tempera- 
ture, Gunn® observed a saturation in drift velocity 
between 4.5X10* and 9X 10° volts/cm, with a gradual 
variation of the slope between this region and the 
ohmic region. With a more refined technique® he was 
able to measure relative deviations, (u—po)/uo, of u 
from the ohmic mobility yo in the low-field region where 
(u—0)/uo« E?; he used samples of about 4 and 0.1 
ohm cm room temperature resistivity. Arthur, Gibson, 
and Granville’ obtained data in the same region by 
detecting with microwaves the change in resistivity 
upon application of the dc field; they used a 4.5 ohm 
cm n-type sample. At high field intensities, above 
4.5 10 volts/cm, they observed saturation of the drift 
velocity with a 5 ohm cm n-type sample. The saturation 
value was in agreement with that of Ryder,’ namely 
6.5X10® cm/sec. The method of detecting a change in 
conductivity by microwave absorption is based on 
measurements of Gibson*® with 8-mm waves. Gibson 
found that for 40 ohm cm germanium at room tempera- 
ture the microwave attenuation is proportional to the 
conductivity, in agreement with theory if the relaxation 
time is smaller than 4X 10-” sec. Gibson and Granville® 
used the same principle of microwave absorption to 
measure the high-field drift velocity of minority 
carriers injected by light. A saturation at 410° 
volts/cm was found for electrons. No saturation was 
found for holes. Unfortunately the experimental 
accuracy was not very high. 

In the experiments reported so far, the mobility as 
a function of dc field intensity was measured. The 
reason why nearly all experiments were performed with 
about 1 ohm cm material is due to the following facts: 


5 J. B. Gunn, J. Electronics 2, 87 (1956). 

6 J. B. Gunn, in Progress in Semiconductors, edited by A. F. 
Gibson (John Wiley & Sons, Inc., New York, 1957), Vol. 2, pp. 
211-247. 

7 Arthur, Gibson, and Granville, J. Electronics 2, 145 (1957). 

* A. F. Gibson, Proc. Phys. Soc. (London) B69, 488 (1956). 

9 A. F. Gibson and J. W. Granville, J. Electronics 2, 259 (1956). 
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DRIFT 


Purer samples have a higher resistivity, and it is 
difficult to obtain ohmic, noninjecting contacts at the 
high field intensities of several thousand volts/cm. This 
problem does not exist with samples of low resistivity. 
However, currents and the consequent Joule heat 
become excessive at high field intensities, although in 
all measurements the currents are pulsed at about 50 
cps with pulse widths between 0.1 and 2 ysec. Gunn 
applied 2X10-*-sec pulses, mainly in order to avoid 
surface breakdown at high field intensities. Especially 
with high-resistivity material, surface breakdown is a 
serious problem. 

The use of large microwave fields instead of large dc 
fields has several advantages. For example, microwave 
fields can be applied without electrodes by placing the 
sample in a wave guide. In this manner all annoying 
electrode effects are eliminated. The method is especially 
applicable to pure high-resistivity material, the investi- 
gation of which is of particular interest for studying 
lattice scattering. If the method of Arthur, Gibson, and 
Granville’ is reversed, i.e., if the change in conductivity 
induced by the microwave field is measured by means of 
a small dc field across the sample, the region where 
(u—po)/uox E* is valid may be explored with good 
accuracy. This method has been proposed by Morgan” 
and data on 20 ohm cm n-type germanium in the 
low-field region have been reported."'” 

In this paper similar experiments on both n- and 
p-type germanium are described. Also measurements 
with n- and p-type germanium samples have been made 
using microwave fields up to 10+ volts/cm in amplitude. 
The data are compared with those obtained with dc 
fields. 

Figure 1 is a block diagram of the microwave circuit. 
Both the magnetron and the klystron were operated at a 
frequency of 34.67 kMc/sec. This was frequently 
checked with a frequency meter not shown in Fig. 1. 
Both generators were pulsed, the magnetron with 




















Fic. 1. Block diagram of the experimental arrangement. 
© T. N. Morgan, Bull. Am. Phys. Soc. Ser. II, 2, 265 (1957). 
T, N. Morgan, J. Phys. Chem. Solids 8, 245 (1959). 
"2 T. N. Morgan, Bull. Am. Phys. Soc. Ser. II, 3, 13 (1958). 
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0.176-usec pulses at 50 cps repetition rate and the 
klystron with 100% 1000-cps square-wave modulation. 
Either one of the generators could be connected with 
the main wave-guide system through a wave-guide 
switch. The microwave power was attenuated to the 
desired power level by using a calibrated variable high- 
power attenuator (Microwave Associates No. 723) 
connected to the magnetron, and a similar low-power 
attenuator connected to the klystron. A pressurized 
gyrator-isolator served to prevent reflected waves from 
entering the generators. The wave guide was shorted 
at the end and operated as a tuned cavity using an 
E—H plane tuner. The standing wave maximum and 
ratio were measured with a slotted section and a 
bolometer connected to a Hewlett-Packard 415B 
standing wave meter. The meter was tuned to 1000 cps 
for the 1000-cps modulation and to 500 cps for the 
50-cps modulation. This arrangement has been cali- 
brated with a calorimeter and, in the case of 1000-cps 
modulation, with an absolute-reading power bridge. 

The sample, in the form of a rectangular bar about 
10 mm X1 mm X0.2 mn, was etched with CP4 and 
than was placed in the waveguide at the position of a 
standing-wave maximum, ? of a wavelength from the 
shorted end. The sample was parallel to the electric 
field vector, the mode excited being the 7/yo-mode. 
Through low-resistance, nonrectifying soldered end 
contacts, a small de current was passed through the 
sample. The modulated microwave field caused a 
modulation of the drift velocity and consequently of the 
dc current. The 1000-cps modulation of the current 
was amplified with a Tektronics 121 preamplifier and 
read on a Hewlett-Packard 415B meter. The 50-cps 
modulation signal required no amplification and was 
therefore picked up by a cathode follower and displayed 
on a calibrated oscilloscope. The ratio of the pulse 
height 47 to the de current jo, which flowed in the 
absence of microwaves, was measured as a function of 
microwave power P absorbed by the sample; P was 
measured with the standing-wave meter. The micro- 
wave field amplitude £; is related to the resistivity p 
and the volume V of the part of the sample inside the 
waveguide by E,=(2Pp/V)!. 

In order to obtain u(/)/uo from the measured values 
of Aj/jo, one has to take into account that j/jo= 1+Aj/jo 
is an average over one period of the microwave field 
FE coswt: 


(1) 


- va( ko +4; coswt)d (wl) 


2rpoko 


poly is the drift velocity when the small de field £o 
alone is present, and it is proportional to jo. The 
unknown function vg(£)/uo is obtained from the known 
data on j/jo by solving the integral equation (1). This is 
simplified by the fact that Eo. In the case of small 
microwave field intensities where (u—jo0)/yo= —ak’, 
the solution of (1) can be put into the form 
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Fic. 2. High-microwave-field dependence of mobility for n-type 


germanium. Crosses represent dc data indicated by the work of 
Ryder? 


a= —2Aj/3j.Ey (see Morgan"). For the case of large 
microwave field intensities, the equation has been 
solved numerically. 

Measurements were made between room temperature 
and 80°K. For the low-temperature measurements the 
sample holder was clamped to a surrounding brass pot 
which could be dipped into liquid nitrogen. In this 
manner liquid nitrogen was kept outside the wave 
guide. The condensation of moisture was prevented by 
firmly covering the pot and inserting a mica shield 
between the wave-guide flanges which connect the 
sample holder to the rest of the wave-guide system. A 
thermally insulating piece of wave guide made from 
stainless steel tubing was inserted between the cold 
sample holder and the main wave guide so that the 
temperature of the sample holder was practically that 
of the sample. The temperature was measured with a 
copper-constantan thermocouple attached to the wave 
guide in the vicinity of the sample. Measurements with 
low microwave fields were made as the sample was 
gradually warmed up. At high microwave field in- 
tensities the temperature was kept constant during a 
run, either at 80°K or 300°K. 


RESULTS 


Figures 2 and 3 show the experimental results for 
u(E)/uo obtained at high field intensities from 3 
n-type and 2 p-type samples at 80°K and 300°K. The 
samples are labeled by their room-temperature resis- 
tivity. For comparison Ryder’s experimental points,’ 
transformed into u(£)/uo and the curve published by 
Mendelson and Bray‘ have also been plotted. Ryder’s 
points on 2.8 ohm cm n-type Ge are in good agreement 
with our curve on 3.35 ohm cm n-type Ge both at 80°K 
and at 300°K. The same applies to a comparison of 
Ryder’s data on 0.9 ohm cm p-type Ge with our data 
on 1.42 ohm cm p-type Ge. The agreement of Mendelson 
and Bray’s curve on pure p-type Ge with our curve on 
12.4 ohm cm p-type Ge at 80°K is extremely good. 
However, this is somewhat accidental since their sample 
had a resistivity of 3.3 ohm cm at 77°K and probably 


was intrinsic (47 ohm cm) at room temperature, in this 
respect being different from our sample. Figures 2 and 
3 show u(E£)/yo also for 14.8 ohm cm and 21.5 ohm cm 
Ge at 80°K and 300°K and for 12.4 ohm cm p-type Ge 
at 300°K. 

By comparing the curves for samples of different 
resistivities the following features are noticed. At low 
field intensities (uo—)/uo is larger for purer material. 
For high fields the opposite is true in most cases; here 
the mobility 1 found in dc fields has been reported to 
follow a power law p« E~. In Figs. 2 and 3 a log-log 
plot of » vs E has been made in order to display the 
dependence on . For example at 80°K the slope y is 
1.0 for 1.42 ohm cm p-type Ge (this means saturation 
of the drift velocity) and 0.89 for 12.4 ohm cm p-type 
Ge. It is 0.9 for 3.35 ohm cm n-type Ge, 0.68 for 14.8 
ohm cm n-type Ge, and 0.55 for 21.5 ohm cm n-type 
Ge. Apparently ¥ is smaller for purer samples. Although 
at first sight one would expect different results with dc 
and 35-kMc/sec ac fields, no frequency dependence 
seems to be involved as the good agreement between 
Ryder’s de data and the ac data presented here shows. 
This point will be discussed later. 

At room temperature higher fields are necessary to 
obtain changes in mobility. It seems that at 10‘ volts/cm 
a constant slope is not yet reached. The smallest slope 
of 0.25 at 10' volts/cm is obtained with the high- 
resistivity -type samples, whereas the 12.4 ohm cm 
p-type sample at this field intensity gives a slope of 
0.38. 

Recently Gunn has published drift velocities of 
electrons in Ge at 77°K with high dc field intensities 
which are in qualitative agreement with the data 
presented here. The same dependence on resistivity 
has been found in the range of medium field intensities. 

In the small-field range where (uo—) « E*, measure- 
ments have been made during a gradual warmup of the 
sample from 80°K to 300°K. In Figs. 4 and 5 the 
quantity a= (uo—p)/poF has been plotted as a function 
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Fic. 3. High-microwave-field dependence of mobility for p-type 
germanium. Crosses represent de data indicated by the work of 


Ryder.’ The dot-dashed curve represents dc measurements by 
Mendelson and Bray.‘ 


13 J. B. Gunn, J. Phys. Chem. Solids 8, 239 (1959). 
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of absolute temperature 7 for n-type and p-type 
germanium. The curve for 21.5 ohm cm n-type ger- 
manium was taken from Morgan!" (Fig. 2, labeled as 
20 ohm cm, 35 kMc). If the curves in Fig. 4 for the 3.35 
ohm cm, 14.8 ohm cm, and 21.5 ohm cm samples are 
compared with each other either at 80°K or 300°K, the 
same general behavior is apparent as has been discussed 
for the range of small field intensities in Fig. 2. The 
same applies to a comparison of the curves charac- 
teristic for 1.42 and 12.4 ohm cm p-type Ge (Figs. 3 
and 5). 

In addition to these measurements, similar ones have 
been made with n-type samples of 0.13 ohm cm, 3.5 
ohm cm, and 47 ohm cm room-temperature resistivity 
and with p-type samples of 0.12 ohm cm, 23.5 ohm cm, 
and 47 ohm cm room-temperature resistivity. The 47 
ohm cm samples are intrinsic at room temperature, the 
n-type sample having a maximum resistivity of 77 
ohm cm at 260°K and the p-type sample having 57 
ohm cm at 270°K. Unfortunately the microwave power 
absorbed by these high-resistivity samples was relatively 
small, with the result of a large standing-wave ratio 
due to reflections from the wave-guide short. Therefore 
these data are not too reliable and have been repre- 
sented by dashed curves. The same applies to the 0.1 
ohm cm samples, although for another reason. Here 
the microwave power absorbed by the samples was 
relatively large with the result that the penetration 
depth of the field (“skin depth”) was smaller than the 
sample thickness and the field was far from being 
homogeneous. In addition, the standing wave ratio was 
extremely large and measurements were not very 
accurate. 

For all samples in the range of pure lattice scattering 
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Fic. 4. Relative mobility changes produced by weak micro- 
wave fields in n-type germanium, as a function of absolute tem- 
perature. The numbers at the curves are room-temperature 
resistivities of samples, in ohm cm. The circles represent Gunn’s 
de data,® the triangle a dc value indicated by the work of Arthur, 
Gibson, and Granville.’ For the sake of clarity, experimental 
points are plotted for one curve only. 
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Fic. 5. Same as in Fig. 4 but for p-type germanium. 


in the extrinsic region the a(T)-curve is a straight line 
in the log-log plot. Here a(T) can be represented by a 
power law, as was found out by Morgan" with the 
21.5 ohm cm n-type sample. According to the theory of 
acoustical phonon scattering, a should be 


3am 
—pp2« T-3, (2) 
64c? 


a= 


since the sound velocity ¢ is practically temperature 
independent and yo should be proportional to 7T—'. 
Experimentally however, uo was found to be propor- 
tional to T—'- for n-type and to 7-** for p-type Ge. 
If we take these values for wo and write @ in the form 


3r 
a(T) =—0?(T/0)*, (3) 
64c? 


the behavior of a for each sample in the lattice scattering 
range can be represented by two constants x and @. It is 
tempting to look for a relation between these constants 
and the resistivity p or the carrier concentration n 
which has been estimated from p. In fact it is obvious 
from Figs. 4 and 5 that the slope of the curves is 
steeper for samples with higher room-temperature 
resistivity. The following relation between x and n was 
found empirically : 


expx= (n/no)*, (4) 


with mo equal to 1.7X10"/cm* for electrons and 
1.0 10"/cm for holes. This relation is true only to a 
first approximation, since the experimental values 
scatter considerably around the curve representing Eq. 
(4). In Table I the experimental values of x and those 
calculated from Eq. (4) have been listed for the various 
samples. 

It is of interest that the samples marked “intrinsic” 
are highly compensated and would not obey Eq. (4) 
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TaBLE I. List of samples characterized by their resistivity and 
mobility at 300°K, type and carrier concentration in the extrinsic 
region, and experimental data on os0/a300 and x, and values of x 
calculated from Eq. (4). oso is the conductivity at 80°K, o00 is 
the conductivity at 300°K, extrapolated from the extrinsic 
region, and x is defined by Eq. (3). Mobilities are close to those 
reported by Prince.* 


Assumed 
mobility 
at 300°K 
(cm?/volt 
Type sec) 


Estimated x 
carrier calc. 
density from 
(cm~’) Eq. (4) 


Resis- 
tivity at 
300°K 
ohm cm) 


7480/7300 x 
(extrap.) exp. 


5.56 
8.26 
6.97 
6.30 


+1.63 
+0.53 
+0.23 
—0.52 
—0.77 
—1.62 


3800 
3800 
3800 
3800 


+1.78 
+0.62 
+0.34 
—0.70 
—0.75 
—3.08 


1.2 10% 
6.8X 10" 
1.0X 10" 
4.810" 
3800 = 5.2 10" 6.12 
3000 1.6X 10" 2.48 


For comparison, (300/80)!-°*=9.0 


intrinsic n 


7.82 
15.30 
9.73 


+0.59 
+0.34 
—1.41 
—2.13 
—3.86 


+0.62 
—0.25 
—0.69 
—2.15 
— 3.92 


4.0X 10" 
1.510" 
2.8X 10" 


intrinsic p 1800 
23.5 p 1800 
12.4 p 1800 

1.42 p> 1800 25X10% 7.51 
0.12 p 1550 =3.4X10'* 2.19 


For comparison, (300/80)?4=21.8 


* See reference 20. 


if the impurity density rather than the carrier density 
would be taken for m. The impurity density can be 
estimated with the aid of the Brooks-Herring formula" 
from the ratio of the conductivity ogo at 80°K to that 
at room temperature o300, the latter being extrapolated 
from the extrinsic region in the case of the high- 
resistivity samples; it is assumed here that no freeze-out 
of carriers occurs at 80°K, as is the case for not too 
impure germanium. The ratio ¢s0/300 has been listed 
in Table I and can be compared with the values 9.0 
for n-type and 21.8 for p-type germanium calculated 
for no impurity scattering. The high degree of com- 
pensation of the intrinsic samples is evident from their 
70/0309 Values. Because of this compensation and its 
corresponding large ion density, the experimental x 
values are different from the calculated x values by a 
factor of about 2 if the impurity density is taken for n, 
but they agree quite well if » is the carrier density. 
However, there is another reason for taking m to be 
the carrier density rather than the impurity density. 
In the range of dominant lattice scattering where Eq. 
(3) is valid, the slopes of the a(T) lines vary systematic- 
ally with » as discussed before. If there were appreciable 
impurity scattering causing this effect, a corresponding 
variation of the slopes of the uwo(T) curves should be 
observed if loguo vs logT is represented by straight 
lines at high temperatures. However, for all samples 
under discussion, slopes of the yo(7) curves were 
1.65+0.07 in good agreement with Morin’s value® 
of 1.66. The small deviations from the average value 
were within the experimental error. Therefore no 


44 Discussed by P. P. Debye and E. M. Conwell, Phys. Rev. 
93, 693 (1954). 
‘8 F. J. Morin, Phys. Rev. 93, 62 (1954). 
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evidence of impurity scattering in these samples can be 
found in the zero-field mobility data yo from about 
150°K up to room temperature. It could be possible 
that the impurities affect a much more than po. A 
calculation hds been made!® for n-type germanium, 
assuming impurity densities small enough that for the 
average carrier energy the mean free path / for lattice 
scattering is small compared to that for ion scattering, 
lion. Then a& 1—Cel/lion and po* 1—Cyol/lion. The ratio 
Ca/'Cuo Of the constants is about 4, depending somewhat 
on temperature. This shows that indeed impurity 
scattering affects a more than yo but by far not enough 
to explain the experimental data plotted in Figs. 4 
and 5. It is concluded therefore that impurity scattering 
is not the cause of the different a(7T) slopes, and n in 
Eq. (4) represents the carrier density rather than the 
impurity density. 

It may be interesting to look into the effect of 
impurities on both wo(7) and a(T) at low temperatures 
where impurity scattering is dominant. With the 0.12 
ohm cm p-type sample, the conductivity and conse- 
quently wo(T) reach a maximum of 2.58 times the 
room-temperature values at 125°K. Below this tem- 
perature, impurity scattering is predominant as is 
indicated by a positive slope of uo(7). Here also a(T) 
bends down and changes sign at about 90°K as can be 
seen in Fig. 5. At 80°K, a=—2.3X10-* cm?/volt?. 
This means an increase in mobility with increasing field 
intensity. Such an effect was first observed by Ryder’ 
using dec fields, and later investigated by Gunn® with 
an uncompensated sample containing 1.7 X 10'* donors/ 
cm’. He found a= —0.72K10~ cm?/volt® at 77°K and 
a= —0.16X10-> cm*/volt? at 90°K. This is somewhat 
smaller than our value although the number of donors 
was about the same. The difference may be due to the 
previously discussed experimental errors with samples 
of such a low resistivity in the present experimental 
arrangement. 

The circles in Fig. 4 represent data obtained by 
Gunn? with dc fields with a sample whose donor density 
was 4X10"/cm*. The circles are somewhat above the 
a curve of the 3.5 ohm cm sample which has a com- 
parable donor density. Unfortunately Gunn did not 
measure at room temperature. However, the work of 
Arthur, Gibson, and Granville’ indicates a value with 
4.5 ohm cm n-type germanium at 300°K which is 
represented in Fig. 4 by a triangle. It is somewhat 
below our 3.5 ohm cm curve. 


DISCUSSION 


rhe experimental data show that with respect to 
microwave carrier heating there are differences between 
samples of various resistivities both at large and small 
field intensities. This is not a feature of the special 
microwave arrangement but applies to dc experiments 
too, as can be seen by comparing Ryder’s data’ for 


16K. Seeger (to be published). 
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p-type germanium at 77°K with those of Mendelson 
and Bray‘ for a sample of different purity. The differ- 
ences exist even at temperatures where impurity 
influence on zero-field mobility is negligible. In addi- 
tion, it seems that it is only in the range of pure lattice 
scattering that mobility changes can be represented by 
Eq. (3). A dependence on carrier concentration was 
found as indicated by Eq. (4). This suggests that 
electron-electron scattering dominates the part of 
electron-phonon scattering which is not low-energy 
acoustical phonon scattering, as proposed by Morgan." 
Recently Gunn™ has expressed the same idea. They 
assumed excess energy gained from the field by low- 
energy electrons to be transferred by electron-electron 
scattering to the few high-energy electrons able to emit 
optical phonons. The rate of energy loss should then 
increase by an amount dependent on electron density. 
No detailed theory has been published yet. Quali- 
tatively, however, this idea seems to be supported by 
the experimental data. 

For high field intensities an influence of crystal 
orientation on carrier heating has been predicted by 
Gold’? and found experimentally.'8 An influence of 
dislocations was found by Gibson.’ These influences 
have been neglected in this investigation. The scattering 
of the data may partly be due to the different crystal 
orientations and dislocations of the samples. 

The zero-field drift mobilities uo of the samples have 
not been measured. For an estimate of the carrier 
density m, values of uo have been assumed which are 
characteristic of perfect crystals.”” They are listed in 
Table I. The actual values may be somewhat smaller 
than these. The error introduced in m may account for 
the deviations of the calculated « values from the 
measured ones. 

In general the carrier heating will depend on the 
frequency of the exciting field. If w is the microwave 
angular frequency and 7 the carrier relaxation time, this 
dependence is negligible in the case wr1. At low 
temperature, t becomes long enough so that this is no 
longer true. Morgan" has calculated that with electrons 
in germanium, for microwave frequencies above about 
50 kMc/sec this is the case at room temperature, and 
for about 5 kMc/sec at liquid nitrogen temperature. 
For the frequency of 35 kMc/sec used in the experi- 
ments of this paper, the critical temperature would be 
about 200°K for electrons and about 100°K for holes. 

17. Gold, Phys. Rev. 104, 1580 (1956). 

18 Sasaki, Shibuya, Mizuguchi, and Hatoyama, J. Phys. Chem. 
Solids 8, 250 (1959). 


19 A. F. Gibson, J. Phys. Chem. Solids 8, 147 (1959). 
” M. B. Prince, Phys. Rev. 92, 681 (1953). 
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Impurities reduce this temperature. The application of 
high fields has the same effect due to the reduction of 
the relaxation time with increasing carrier energy. 
Therefore the high-field mobilities for all samples should 
be independent of the microwave frequency. This is 
confirmed by the good agreement between the data 
obtained with microwaves, and those obtained by 
Ryder* with de fields. 

With the high-resistivity samples of 0.2-mm thick- 
ness, surface effects could occur. However, the samples 
were etched with CP4 and therefore in a condition 
where the ambient atmosphere had a minimum of 
influence. Furthermore, microwave field intensities of 
the order of 10‘ volts/em could be applied without 
trouble, whereas with dec fields of this intensity very 
often surface breakdown occurs. Therefore it seems 
unlikely that surface effects would obscure the interpre- 
tation of the data obtained with microwave fields. 


CONCLUSION 


The experiments show that, in germanium, mobility 
changes due to the application of both strong and weak 
fields depend on the carrier density. Ryder’s data* are 
characteristic for rather impure germanium. It seems to 
be desirable for theoretical considerations to take 
carrier-carrier interaction into account in the way 
Morgan" and Gunn" proposed recently. This theory is 
supported qualitatively by most of the experimental 
data presented in this paper. Apparently there is no 
dependence of mobility on microwave frequency for 
most of the samples, at least at high field intensities and 
above 200°K. This is confirmed by the good agreement 
of the data with those obtained with dc fields. 
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Ordinary Hall Effect in Fe;0, and (NiO) o.7;(FeO)o.2;(Fe20Os) 
at Room Temperature*{ 
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Room temperature Hall measurements on a synthetic crystal of FesO, and on a synthetic single crystal 
of (NiO)o.7s(FeO)o.2s(Fe2Os) are reported. The thermoelectric power of the sample of Fes0, was also measured 
and verified that the sign of the charge carrier was negative. The ordinary Hall measurement of FesO, 
suggests that the number of conduction electrons at room temperature is of the order of 3X 10#/cm’, in 
rough agreement with Verwey’s model. The ordinary Hall coefficient of (NiO)o.7s(FeO)o.25(Fe2O3) also 
suggests a large carrier concentration, of the order of 5X10*/cm* at room temperature. The Hall mobility 
of Fes, is of the order of 0.5 cm*/volt-sec and the Hall mobility of (NiO)o.75(FeO)o.25(Fe20s) is of the order 
of 0.05 cm*/volt-sec. The conductivities of (NiO)o.75(FeO)o.25(Fe2O3) and of a synthetic single crystal of 
(NiO)o.s6(ZnO)o.14(FeO)o.s0(Fe2Os) have been measured and compared with the conductivity of FesO, 
employing a simple model for the mobility and associating the activation energy obtained from resistivity 
data with the number of conduction electrons. The observed data are in good agreement with the simple 


model. 


INTRODUCTION 
HE ferrites are a class of metal oxides which 
display a negative temperature coefficient of 
resistivity. Fe;0, has the highest room temperature 
conductivity, of the order of 10? ohm-cm™ and a 
behavior not characteristic of the other ferrites. At 
—153.8°C, Fe;0, goes through a transition causing 
marked changes in its physical characteristics. In the 
case of stoichiometric Fe;04, the conductivity increases 
by a factor of 100 as the temperature is increased 
through the narrow transition region. Verwey' has 
suggested that the high conductivity of Fe;0, above 
the transition is due to the free exchange of electrons 
between equivalent ions with different valence in the 
octahedral sites. The inverted spinel structure of 
Fe,;O, has one Fe?*+ and one Fe** ion per Fe;O, group 
located in octahedral sites. This may be alternatively 
described as two Fe** ions plus one electron. Since all 
occupied octahedral sites are equivalent in the absence 
of any order, Verwey has proposed that these extra 
electrons are distributed at random on the Fe** ions in 
the octahedral sites. This random distribution is then 
connected with a continuous interchange of the extra 
electrons on the Fe®+ ions. Verwey has also proposed 
that the low-temperature transition in FesO, is due to 
the ordering of ferrous and ferric ions in the octahedral 
sites, resulting in a reduction of the free exchange of 
electrons and a reduction of the conductivity below the 
transition temperature. The effect of ordering would 
be a change of the crystal symmetry and an anisotropy 
in the conductivity. The anisotropy in the conductivity 
has been observed by Calhoun? and the change of 
* Based on a portion of a thesis submitted to the Division of 
Applied Science, Harvard University, June, 1955, in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 
t This work was supported by the Office of Naval Research. 
t Now at Research Division, Raytheon Company, Waltham 54, 
Massachusetts. 


1E. J. W. Verwey and P. W. Haayman, Physica 8, 979 (1941). 
2B. P. Calhoun, Phys. Rev. 94, 1577 (1954). 


crystal symmetry has been observed by Abrahams and 
Calhoun.® 

It was the purpose of this investigation to measure 
the number of electrons contributing to the conductivity 
of FeO, above the transition by measuring the ordinary 
Hall coefficient on a synthetic crystal of FesO,.4 The 
Hall measurement was also made on a sample® of 
(NiO)o.75(FeO)o.2;(Fe2O3) at room temperature in order 
to determine the effect of diluting the number of Fe?*+ 
ions with Ni** ions in the octahedral sites. The conduc- 
tivities of the sample of (NiO)o.75(FeO)o.25(Fe2O3) and 
of a sample’ of (NiO)o.56(ZnO)o.14(FeO)o.s0(Fe2O3) were 
measured as a function of temperature. 


THE MEASUREMENT 


It has been well established*™ that the Hall voltage 
in ferromagnetics is given by 


Vu=(RoH+RM)I/t, (1) 


where V7=the Hall voltage in volts, Ro=the ordinary 
Hall coefficient in volt-cm/amp-oersted, R:= the extra- 
ordinary Hall coefficient in volt-cm/amp-gauss, H = the 
magnetic field inside the sample in oersteds, M = the mag- 
netization of the sample in gauss, J= the current through 
the sample in amperes, and ‘=the sample dimension 
parallel to the applied field, for a rectangular sample, 
in cm. 

The ordinary Hall coefficient, Ro, is customarily 
determined by measuring the slope of the curve of the 

3S. C. Abrahams and B. A. Calhoun, Acta Cryst. 6, 105 (1953). 


* This sample was generously provided by Professor A. R. Von 
Hippel of the Laboratory for Insulation Research, Massachusetts 
Institute of Technology. 

5The single crystals of (NiO)o75(FeO)o.2s(FesO;) and 
(NiO)o ss(ZnO)o.14(FeO)o.s0(Fe2zOs) were generously supplied by 
Dr. W. Clarke of the Linde Air Products Company. 

6 A. Kundt, Wied. Ann. 49, 257 (1893). 

7A. W. Smith, Phys. Rev. 30, 1 (1910). 

8 A. W. Smith and R. W. Sears, Phys. Rev. 34, 166 (1929). 

*E. M. Pugh, Phys. Rev. 36, 1503 (1930). 

1 E. M. Pugh, and T. W. Lippert, Phys. Rev. 42, 709 (1932). 

4 Pugh, Rostoker, and Schindler, Phys. Rev. 80, 688 (1950). 
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Fic. 1. A block diagram of the equipment. 


Hall voltage as a function of applied magnetic field 
above technical saturation where M is essentially 
constant. In the case of Fe;O,, the extraordinary Hall 
voltage (R:MI/t) is about 100 times larger than the 
ordinary Hall voltage (RoHJ/t) requiring high resolution 
measurement techniques. Due to the unavoidable 
asymmetry in positioning the Hall probes, there exists an 
IR drop between the probes which is both magnetic 
field and temperature dependent. The voltage due to 
the magnetoresistance is about 3 times larger than the 
ordinary Hall voltage, but the two can be separated 
electrically by reversing the magnetic field. In order to 
prevent temperature changes in the 7R drop from 
masking the desired ordinary Hall voltage, temperature 
stability of the order of 10-*°C was necessary. This 
requirement prevented measurements at temperatures 
different from room temperature, and demanded that 
the sample current be held to low values. Thus, although 
the ordinary Hall coefficient of Fes0, was substantially 
larger than that of a metal, the product RoHI/t was 
considerably smaller than for a metal, for typical 
laboratory fields. The available Hall power required 
a system capable of detecting about 10~'* watt with a 
noise level near 10~® volt. Moreover, although small 
currents were used, the 7R drop was of such magnitude 
that the current was required to be stable to about one 
part in 10°. This stability was also required of the voltage 
used to buck out the /R drop. In making Hall measure- 
ments, the presence of other transverse voltages can 


only be excluded by using an ac technique. For this 
measurement, a 1000-cps current and a dc magnetic 
field was used with a field-reversing technique. Figure 1 
shows a block diagram of the system used. The No. 1 
bucking unit bucked out the /R drop and other voltages 
present, while the No. 2 bucking unit was used to 
obtain fine resolution in the Hall voltage. The system 
and the measurement technique have been described in 
detail elsewhere.” 

A detailed analysis of the errors" involved in these 
measurements yields about 10% uncertainty in the 
measurement of the Hall voltage of FesO, and about 
6% uncertainty in the Hall voltage of (NiO)o.75(FeO)o.25 
(FesO;). However, the largest uncertainty arises 
because it was not possible to ensure that M was 
constant over the region of the measurement. The 
approach to saturation’ is given by 


M=M,,(1—a/H—b/H?---)+KoH. (2) 


The term in a/H has been explained by Néel'® as due 
to nonmagnetic cavities or inclusions in the material. 
The term in b/H? depends upon the magnetic anisotropy 

2 J. M. Lavine, Technical Report No. 225, Cruft Laboratory, 
Harvard University, March 10, 1956 (unpublished). 

13 J. M. Lavine, Rev. Sci. Instr. 29, 970 (1958). 

4 J. M. Lavine, thesis, Harvard University, May, 1955 (un- 
published), Appendix A. 

16 R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), p. 486. 

16 L. Néel, J. phys. radium 9, 184 (1948). 
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OFFERENTIAL MEASUREMENT 


1 IN KILO-OERSTEDS 


Fic. 2. The Hall voltage as a function of applied magnetic field 
for Fe;0,4 at room temperature. 


and the elastic state of the crystal and is strongly 
dependent upon crystal orientation with respect to the 
magnetic field. The Ko term which may be crudely 
described as the field alignment of temperature dis- 
oriented spins has been calculated by Holstein and 
Primakoff.'’ Measurements'® were made on the FeO, 
sample to try to determine the change in M above sat- 
uration, and thus calculate the uncertainty in the ordi- 
nary Hall voltage. However, it could only be concluded 
that these effects did not alter the measured voltage more 
than percentage-wise. Because of this uncertainty in the 
Fe;0; measurement, it is desirable that the value of 
Ry determined from the ordinary Hall voltage be 
considered as an upper limit. In the case of (NiO)o.75 
(FeO)o.25(FesO3;) this effect introduces about 10% 
uncertainty in the determination of Ro. 

Because of the temperature stability requirements in 
the case of FesO,, the sample holder was enclosed in a 
Dewar thus restricting the magnet gap to two inches, 
and the maximum field to 9000 oersteds. In the case of 
(NiO)o.75(FeO)o.25(Fe20;) the sample was measured 
outside of the Dewar, in a one-inch gap, with a maxi- 
mum field of 12 000 oersteds. 


RESULTS 
(A) Fe,0, 


The sample of FesO0, used in this measurement was 
grown by Smiltens'’ and was one of the first large 
synthetic ferrite crystals grown. With respect to 
stoichiometry and impurities, it was substantially 
better than natural crystals. It was not, however, a 
single crystal, but was composed of several large grains. 
The multi-grain structure of the sample did not alter 
the Hall voltage, which is isotropic, but probably did 
introduce noise which hindered the measurement 
somewhat. The sample was cylindrical with 0.25-inch 
diameter, and 0.50 inch long. 

Figure 2 shows a plot of the Hall voltage of the 
Fe;O, sample as a function of the applied magnetic field. 


7 T. Holstein and N. Primakoff, Phys. Rev. 58, 1098 (1940) 
18 Reference 12, Appendix B. 
9 J. Smiltens, J. Chem. Phys. 20, 990 (1952). 
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The lower portion of the figure shows the result of the 
differential measurement used to resolve the slope of the 
curve above technical saturation. Because of the small 
signal-to-noise ratio, probably due to noise generated 
at the contacts, in the bulk, and at the grain boundaries, 
and also due to temperature fluctuations, no resolution 
of the Hall voltage between 4000 and 9000 oersteds was 
obtained. However, 31 independent measurements were 
made between the two values of applied field so that 
the uncertainty in the measured voltage was no greater 
than 10%. The change in the Hall voltage between 
5000 and 9000 oersteds was 5.04 10~$ volt for a sample 
current of 300 ma. Taking into account the correction” 
for a length-to-width ratio less than 4, the value of Ro 
deduced from this voltage is Ro= —1.8X10-" volt-cm/ 
amp-oersted. The value of \*, the effective number of 
conduction electrons/cm*, obtained from the relation 


Ro= 10-*/ N*e, (3) 
N*¥=3.47X10"! 


where e=—1.6010-' coulomb, is 


bt 
= 375 wv /*C 
= 064 pv/ (°C)? 








A 
700 
w 
Fic. 3. The thermoelectric power of Fe;O, against 
Cu as a function of temperature. 


electrons/cm*. Because of the uncertainty of Ro, the 
value of \* is a lower limit on the charge carrier density. 
Thermoelectric power measurements of the Fe;0, 
sample against copper, shown in Fig. 3, also indicate 
that the sign of the carrier is negative. 

The upper limit of the room temperature Hall 
mobility, wz, obtained from the relation 

Bu = Roo 108, (4) 
where o= 250 ohm-cm™, is py =0.450 cm?/ volt-sec. 

Measurements of the conductivity as a function of 
temperature were also made, but since measurements 
on Smiltens’ crystals have been reported by Calhoun? 
they are not included here. 

In Table I are listed some of the physical properties 
of Fe;0, sample No. 18. All temperature dependent 
values are room temperature (300°K) values unless 
otherwise stated. 


*” Isenberg, Russell, and Greene, Rev. Sci. Instr. 19, 685 (1948). 
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(B) (NiO) .:5(FeO) o.25(Fe,0;) 


The sample of (NiO)o.75(FeO)o,25(Fe2O3) obtained 
from the Linde Air Products Company was a single 
crystal. The measurements on this sample were subject 
to less uncertainty than in the case of Fe;O,4 because the 
signal-to-noise ratio was larger. Figure 4 shows the 
curve of the Hall voltage as a function of applied 
magnetic field at room temperature for this sample. 
The estimated uncertainty in the values of voltage 
measured above saturation is 6.3%. The value of Ro 
deduced from the differential measurement is Ro 
=—1.40X10-" volt-cm/amp-oersted. The value of 
N* obtained from Roy is V*=4.46X 10” electrons/cm*. 
The room temperature Hall mobility is calculated to be 
un=0.0476 cm?/volt sec. In Fig. 5 is shown a plot of 
the resistivity of this sample as a function of reciprocal 
temperature. 

Listed in Table II are some of the physical properties 


TABLE I. Some physical properties of Fe;O, 


Density (20°C) d=5.185 g/cm* 

Molecular weight w= 231.55 g/mole 

Number of molecules/cm® no=1.35X 10”/cm$ 

Conductivity o =250 (ohm-cm)™! 

Activation energy obtained from 
conductivity data below room 
temperature 

Upper limit of the ordinary Hall 
coefficient 


E=0.039 electron volt 


Ro= —1.80X 10" volt- 
cm/amp-oersted 

Lower limit of the effective number of 
electrons/cm’ obtained from Ro 

Lower limit of the effective number of 
electrons/Fe;0, molecule 

Upper limit of the Hall mobility 

Extraordinary Hall coefficient 


N* =3.47X 10/cm? 


n* =0.257/molecule 

nu =0.450 cm?/volt-sec 

R,= —3.28X 10-8 volt- 
cm/amp-gauss 

Saturation magnetization at 0°K M,=510 gauss 

Saturation magnetization M,=472.3 gauss 

Curie temperature T.= 574°C 

Transition temperature 1 


of Linde Air Products Company sample 8/18/524, 
(NiO)o.75(FeO)o.25(Fe2O3). All temperature-dependent 
values are room temperature (300°K) values unless 
otherwise stated. 


(C) (NiO) o.56(ZnO) o.14(FeO) o.30(Fe.0;) 


The sample of (NiO)o.56(ZnO)o.14(FeO)o.30(Fe2O3) 
obtained from Linde Air Products Company was also 
a single crystal. No Hall measurements were made on 
this sample, but the resistivity was measured as a 
function of temperature. This is shown in Fig. 5. Some 
of the physical properties of this sample at room 
temperature (300°K) are listed in Table II. 


DISCUSSION 
(A) Fe;0, 


The number of molecules/cm* in Fe;04 at room 
22 / 


temperature is m=1.35X10"/cm*. On the basis of 


EFFECT IN Fe;0, 


H IN KILO -OERSTEDS 


Fic. 4. The Hall voltage as a function of applied magnetic 
field for (NiO)o 75(FeO)o.25(Fe2,03) at room temperature. Sample 
thickness, ‘=0.100 inch; J=200 ma. 


Verwey’s simple picture of one electron per FejO,4 
molecule contributing to the current, we expect a value 
of N* close to mo. The value of N* observed, N*=3.47 
X 10#/cm*, represents a lower limit of the true value of 
N* and is about } the value of mo. Thus, unless the 
small value of Ro is due to partial compensation by 
carriers of opposite sign, the observed value of N* 
suggests a large carrier density roughly in accord with 
Verwey’s hypothesis. 

The conductivity of synthetic single crystals of 
Fe;0, grown by Smiltens has been measured by 
Calhoun. Between —100°C and 200°C, the conduc- 
tivity data have been fitted by the equation 


om ATA Fltt (5) 


where E=0.039 electron volt. If we rewrite Eq. (5) 


o= noe ”!*Ten(T)=neu(T), 
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Fic. 5. The resistivity of (NiO)o75(FeO)o 25(Fe20) and 
(NiO)o 56(ZnO)o.14(FeO)o.20(FexO;) as a function of reciprocal 
temperature. 
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TABLE II. Some physical properties of (NiO)o.75(FeO)o.25(Fe20s). 





5.35 g/cm 
33.68 g/mole 
38X 10#/cm? 
40 (ohm-cm)7! 


Density d= 

Molecular weight y= 

Number of molecules/cm’ no= 

Conductivity o= 

Activation energy obtained from 
conductivity data below room 
temperature 

Ordinary Hall coefficient 


2 
1 
3 


E=0.078 electron volts 
Ro= —_ 1.40X 10 10 volt- 
cm/amp-oersted 

Effective number of electrons/cm* 
obtained from Ro 

Effective number of electrons/Fe;O, 
molecule 

Hall mobility 

Extraordinary Hall coefficient 


N*=4.46X 10”/cm* 


n* =0.129/molecule 
pun =0.0476 cm?/volt-sec 
R,=—16.4X10°* volt- 
cm/amp-gauss 
Mo=338 gauss 
M,=308 gauss 
T.=597°C 


Saturation magnetization at 0°K 
Saturation magnetization 
Curie temperature 





where ¢ is the charge of the electron, u(T) is the tem- 
perature-dependent mobility, then m, the number of 
electrons/cm# contributing to the conductivity, is given 
by 

n=nge~*!*T (7) 
If we insert the value of mp=1.35X10"/cm* and 
E=0.039 electron volt, at room temperature we obtain 
n= 2.98 10#!/cm*, in good agreement with N*=3.47 
%10"!/cm. 


(B) (NiO) o.75(FeO)o.2;(Fe.O;) 


The resistivity of stoichiometric NiOFe.O; is greater 
than 10° ohm-cm. In NiOFe,O; the ions in the octa- 
hedral sites are not identical, and hence the distribution 
of electrons on the octahedral ions is not random. 
Because of its low conductivity, we may assume that 
the Ni** ion does not readily contribute an electron to 
the conduction process. 

In the sample of (NiO)o.75(FeO)o.25(FesO3), how- 
ever, one-fourth of the molecules are Fe;0,4 mole- 
cules. Therefore, on the basis of the simple Verwey 
model we would expect a number of electrons equal to 
the number of Fe;0, molecules in this sample. The 
value of mo of this sample is mp=1.38X10"/cm*, and 
the number of Fe;0, molecules is one-fourth of this 
number, or 3.45X10?!/cm*. The observed value of 
N*=4.46X10"/cm’ is roughly 1/10 of the number of 
Fe;04 molecules. However, if we calculate a value of 
using Eq. (7) with a value of E=0.078 electron volts 


TABLE III. Some physical properties of 
(NiO) s6(ZnO) 14(FeO) 30(Fe203). 


d=5.24 g/cm? 

w= 234.49 g/mole 
No=1.35X 10”/cm? 

o@=6.67 (ohm-cm)* 


Density 

Molecular weight 

Number of molecules/cm’ 

Conductivity 

Activation energy obtained from the 
conductivity data below room 


temperature E=0.066 electron volt 
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derived from conductivity data (see Fig. 5) we obtain 
n= (mo/4)e—#/*7 = 1.68 X 10”/cm', (8) 


which is roughly one-third of the observed value of N*. 

In the case of Fe;04, we assume that the electron 
conducts by hopping along Fe** ions in the octahedral 
sites. In the case of (NiO)o,75(FeO)o.25(Fe2Os), we 
expect that the mobility will be reduced because we do 
not have similar ions in all of the octahedral sites. If 
we assume that the mobility of (NiO)o.75(FeO)o.25- 
(Fe2O3) is about } the mobility of FesO, because, on 
the average, each Fe;O, molecule will be } surrounded 
by NiO FeO; molecules, and compare the ratio of the 
conductivities of FesO, and (NiO) .75(FeO)o.25(Fe203) 
using the values of m obtained from Eqs. (7) and (8), 
we obtain at room temperature 


a(Fe;O4) 
o[. (NiO)o.75(FeO)o.25(FesOs) ] 
1.35 10?%¢~0-%89/kT ey, (T) 
=— =70.8. 
(1.38/4) X 10%e-0-978/k Tex 1 (T) (9) 


The observed ratio of the conductivities at room 
temperature is 73.5. 








(C) (NiO) o.56(ZnO) o.14(FeO) o.30(Fe203) 


In the case of (NiO)o.56(ZnO)o.14(FeO)o.30(Fe203), we 
expect the conductivity to be roughly the same order of 
magnitude as the conductivity of (NiO)o.75(FeO)o.25- 
(Fe.O3) since the number of Fe;0,4 molecules is about 
the same. The conductivity observed at room tempera- 
ture, c= 6.67 ohm-cm-, is about a factor of 2 larger 
than the conductivity of (NiO)o.75(FeO)o.25(Fe2O3) at 
room temperature. We then compare the conductivity 
of (NiO) .56(ZnO)o.14(FeO) 0.30(Fe203) with the conduc- 
tivity of Fe;0, at room temperature. We obtain n from 
Eq. (7) assuming that mp is equal to the number of 
Fe;0, molecules or 3/10 of the total number of mole- 
cules, and we assume that the mobility is 3/10 the 
mobility of Fe;0,. Using a value of E=0.066 electron 
volt derived from the data of Fig. 5, we obtain 


a(Fe3( Ys) 
of ( Ni ))o.56(Zne ))o.14(FeO)o,30(Fe20s) | 





1.35 X 10%¢0-89/k Tey (T) 


as = 31.4. 
(3/10) (1.35 1022) e°-96/7e(3/10)u(T) 





(10) 


The observed ratio of the conductivities at room 
temperature is 37.5. 
(D) Concluding Remarks 


The conduction mechanism of the metal oxides, of 
which the ferrites are a special case, is presently not 
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very well understood. The conductivity of most 
transition metal oxides is very low, ¢<10-7 ohm-cm-, 
in contradiction to the normally expected high conduc- 
tivity of solids with incompletely filled bands. DeBoer 
and Verwey” and Mott® have suggested that these 
materials be treated in a way deviating fundamentally 
from the Wilson theory.”:* They have proposed that a 
suitable approximation to the state of such a system be 
obtained by starting with atomic wave functions and 
forming lattice wave functions analogous to the Heitler- 
London treatment of molecules. The transport of 
electricity is then associated with certain excited states 
of the metal ion. 

The usual example of this mechanism is the conduc- 
tivity of NiO. The Ni ion in the normal state is Ni**. 
An excited state giving rise to an electric current would 
be a state in which two Ni** are converted to one Ni*+ 
and one Ni*. As may be expected, such a mechanism 
results in a negligibly small current, and the conduc- 
tivity of pure, stoichiometric NiO is of the order of 10-* 
ohm-cm™'. However, if an excess of oxygen is introduced 
into the lattice, resulting in metallic deficiencies, then 
around each missing Ni** ion, two Ni** ions are created. 
Under these conditions, when a normal Ni*+ ion is 
excited to an Ni** state plus an electron, and if this 
electron becomes trapped by an Ni** ion in the vicinity 
of the metal deficit, then the electron deficit may 
propagate through the crystal. This mechanism can 
then provide a current as well as an activation energy 
for the process, which is observed. Thus, the presence 
of identical ions with different valence in identical 
lattice sites is seen to be a condition for conduction in 
this oxide. 

In the case of Fe;04, we have a similar but not 
identical situation. The presence of Fe?+ and Fe** ions 
in octahedral sites occurs as a consequence of the 
inverted spinel structure. Under these conditions, we 
would expect that an electron would be free to wander 
through the crystal with zero activation energy. Thus 
the presence of a small but finite activation energy in 
the region above the transition requires explanation, 
which has not been forthcoming. 

Verwey and Haayman! have measured the conduc- 
tivity of sintered bars of FesO, with deviations from 
stoichiometry resulting in deficiencies of Fe?* ions in 
octahedral sites. Their data indicate that above the 
transition the conductivity of Fe;O,, unlike that of 
NiO, decreases with increasing number of deficits, 
while the activation energy increases. They have 
associated the increase of activation energy with an 
increase of the average energy needed to prevent the 
electrons from being trapped somewhere in the lattice. 


21 J. H. DeBoer and E. J. W. Verwey, Proc. Phys. Soc. (London) 
A49 (extra part), 59 (1937). 

2 N. F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949). 

% A. H. Wilson, Proc. Roy. Soc. (London) A134, 277 (1931). 

* A. H. Wilson, Proc. Roy. Soc. (London) A134, 458 (1931). 
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They suggest that the octahedral holes act as negative 
charge centers which tend to surround themselves with 
Fe*+ ions and hence disturb the random distribution of 
the electrons on the octahedral ions. 

This may then suggest that in pure stoichiometric 
Fe;0, the activation energy may approach zero. While 
this is a possibility, it is more than likely that Smiltens’ 
crystals contain few octahedral ion deficiencies. 

Below the transition, the work of Verwey,”> Verwey 
and Haayman,!6 supported by the work of Calhoun?® 
has indicated that Fe;O, is in an ordered state. The 
activation energy observed below the transition may 
then be associated with the observed order. One may 
then speculate upon the existence of short-range order 
in the region above the transition. However, the order 
of magnitude of the activation energy below the transi- 
tion does not agree very well with the energy difference 
between the ordered and disordered state calculated for 
an ionic crystal, and no calculations have been carried 
out above the transition. 

Morin?’ has made measurements on_ sintered 
samples of aFe.O; and NiO with deviations from 
stoichiometry. His Hall effect measurements were 
inconclusive, but he has inferred a value of N* from 
thermoelectric measurements. The thermoelectric and 
conductivity data then indicate that an activation 
energy is to be associated with the mobility. At high 
temperature, this activation energy tends toward 0.1 
electron volt for both the aFe,O; and NiO samples. He 
has then suggested that the 0.1 electron volt may be 
the energy required for the fundamental transfer of an 
electron from the potential well of one cation to the 
potential well of the next cation. 

It may be proper to associate the observed activation 
energy of Fe;0, above the transition with the mobility, 
but no conclusive arguments for doing this have yet 
been presented. On the other hand, the association of 
the activation energy with the carrier density is also 
without supporting argument and was done to best fit 
the data. In this respect, the measurements reported 
here are inconclusive because they have not been made 
as a function of temperature. 

These remarks simply point out the lack of a coherent 
picture of the conductivity of the metal oxides. The 
condition of similar ions with different valence in 
identical lattice sites seems to be a rather general 
condition for an appreciable conductivity, as has been 
pointed out again, more recently, by Verwey,” but even 
the mechanism by which the electron hops has not been 
clarified. 

While the measurements reported here shed no light 


25. J. W. Verwey, Nature 144, 327 (1939). 

26 Verwey, Haayman, and Romeijn, J. Chem. Phys. 15, 181 
(1947). 

27 F. J. Morin, Phys. Rev. 93, 1195 (1954). 

*8 F, J. Morin, Phys. Rev. 93, 1199 (1954). 

9% E. J. W. Verwey, Semiconducting Materials (Butterworths 
Publications, Ltd., London, 1951), p. 151. 
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upon the conductivity mechanism, they do suggest that 
the number of electrons involved in the conductivity 
of FesO, is large. While the possibility that the observed 
value of Ro is small because of partial compensation by 
positive carriers is not to be ignored, nevertheless the 
low conductivity of Fes0, with respect to metals is 
probably due to a low mobility. The limited data 
reported here and the low conductivity of NiOFe.O; 
also suggest that the condition of equivalent ions with 
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different valence in identical sites is a necessary condi- 
tion for conductivity in these materials. 
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Thermal Resistance due to Isotopes at High Temperatures 


V. AMBEGAOKAR* 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received November 24, 1958) 


In pure dielectric crystals, the isotopic variations of atomic mass contribute a temperature-independent 
thermal resistance at high temperatures. This resistance has been calculated using a Debye model of the 
vibrational spectrum. Umklapp processes are treated as the dominant scattering mechanism. The distribu 
tion of the heat current over the vibrational modes is known for low frequencies. This distribution is con- 
sidered to apply over the whole frequency spectrum. The calculated result is compared with the experiments 


of Geballe and Hull on isotopically pure germanium. 


I‘ many dielectric crystals heat is transported 


principally by lattice vibrations. A thermal resist- 
ance, or finite thermal conductivity, results from inter- 
actions between phonons and from the scattering of 
phonons by crystal imperfections. In pure crystals of a 
single chemical constituent, with which this paper is 
concerned, the natural isotopic variations of atomic 
mass will scatter phonons. In contrast to phonon- 
phonon scattering which increases with temperature, 
the scattering of phonons by mass variations is tempera- 
ture independent. Thus, at high temperatures isotopic 
scattering does not affect the steady-state distribution 
of phonons in a temperature gradient and simply leads 
to an additional resistance independent of the tempera- 
ture.! It is the aim of this paper to calculate that 
resistance. 

The scattering of phonons by mass irregularities is 
calculable from first principles. Klemens* has shown 
that it is described by a relaxation time, 77, which in the 
Debye approximation is given by 


1/77(w) =Ql w'/4rE= Aw, 
where (1) 
P=>°; fi(Am;/m)*. 


Here {2 is the volume per atom of the crystal, f; is the 
fraction of atoms with mass variation Am;, m is the 


* Permanent address: Department of Physics, Carnegie Institute 
of Technology, Pittsburgh 32, Pennsylvania. 

! This point is discussed by R. E. Peierls, Quantum Theory of 
Solids (Oxford University Press, Oxford, 1955), p. 52. 

2 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 


A satisfactory agreement with experiment is obtained. 


average mass of all atoms, c is the velocity of sound in 
the Debye model, and w is the phonon frequency. We 
see that isotopes are most effective in scattering short- 
wavelength phonons. Even in this region, though, the 
temperature independence of isotope scattering will 
result in its being a small effect at high enough 
temperatures. 

Umklapp processes are the dominant scattering 
mechanism at high temperatures. Umklapp scattering 
for low-frequency phonons has been treated by 
Klemens,’ who has shown that at low temperatures it is 
describable to first order by a relaxation time, rv, 
such that 
wXwp, (2) 


TUS 1 ‘wr, 


where wp is the Debye limiting frequency. The ex- 
pression (2) can be shown to be also valid at high 
temperatures. 

We shall consider that all long-wave phonons are 
scattered in the same way. In general, special considera- 
tion must be given to the long-wave longitudinal 
phonons, for it is well known that such phonons cannot 
take part in Umklapp processes. However, Herring’ 
has shown that in crystals of high enough symmetry 
long-wave longitudinal phonons are converted into 
transverse phonons, by ordinary momentum conserving 
3-phonon processes, rapidly enough to avoid a low- 
frequency catastrophe in the conductivity. In particular, 
for cubic materials the relaxation time for this process 

3 P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

*C. Herring, Phys. Rev. 95, 954 (1954). 
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is inversely proportional to the square of the phonon 
frequency. 

For phonons of higher frequency, it is not possible 
to deduce the frequency dependence of Umklapp 
scattering from simple arguments. However, we shall 
make the assumption that the dominant scattering may 
be described by the expression (2) over the entire 
frequency range. 

The expression for the heat conductivity, x, when the 
scattering is describable by a relaxation time is* 


1 
x=— ¥ C(k)0*(k)r(k). (3) 
3V k 


Here V is the volume of the crystal; & denotes the wave 
vector and the polarization of a vibrational mode; C is 
the specific heat due to the mode &, (at temperatures 
greater than the Debye temperature, this specific heat 
is equal to K, the Boltzmann constant) ; v is the phonon 
group velocity; and 7 is the relaxation time. At high 
temperatures and in the Debye approximation, Eq. (3) 
becomes 


K K6/h 
Geet { wr (w)dw, (4) 


2rc “0 


where @ is the Debye temperature and h is Planck’s 
constant. If we add the scattering rates due to isotopes 
and Umklapp processes, the combined relaxation time, 
T(w), is given by 


1/7(w) = (1/rv) + Aw’. 


Since Aw'r<1 for all w, to good approximation 


K K6/h 
k=- J wt ydw 
Qn 0 


K6/h K6/h 
x{1—a f wtrotde / f sro (6) 


The resistivity, W, is the inverse of x. It follows at once 
from Eq. (6) that the resistance due to isotopes is 


Qe2cA pein om ’ 
W,;=—— f otrotia /| f wrod. (7) 
K 0 0 


Any temperature dependence of the dominant scatter- 
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ing cancels out of this expression. Substituting for A 
and ry from (1) and (2), we get the simple and in- 


teresting result 
w OF 76 
W,=- ( ). (8) 
6c Nh 


DISCUSSION 


The result (8) may be compared with a recent 
experiment. Geballe and Hull® have measured the 
thermal conductivity of an almost isotopically pure 
crystal of germanium. They report that the difference 
between the resistance of this crystal and that of 
ordinary chemically pure germanium tends to the value 
0.15cm °K/watt as the temperature increases. At 
400°K this difference is already only 10% of the total 
resistance. 

Slack® has calculated T for the natural isotopic mix- 
ture of germanium; the value he gives is ['=5.72X10™, 
For germanium Q2=22.6X10-*‘ cm’, and @=375°K. 
The velocity of sound in the Debye approximation is 
given by c= (K6/h) (Q/6n’)'. Calculation yields c= 3.58 
X 10° cm/sec. Substituting these values into (8), we 
get a result of 0.19 cm °K/watt. Considering the crude- 
ness of the Debye model used, this is as good an agree- 
ment as one might reasonably expect. This agreement 
indicates that the assumption for the distribution of 
energy over the vibrational modes is essentially correct. 
If ry were inversely proportional to the frequency, for 
example, the numerical constant in (8) would be 
changed to 27/5 and the calculated resistance to 0.46 cm 
°K/watt. Even for the crude model used, the disagree- 
ment in that case would probably be significant. 

The model used in this paper is similar to that used 
by Callaway’ in quantitatively explaining the difference 
between the low-temperature conductivity of natural 
and isotopically pure germanium. This model is thus 
adequate for an understanding of the isotopic contribu- 
tion to the resistance over the whole temperature range. 
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5 T. H. Geballe and G. W. Hull, Phys. Rev. 110, 773 (1958). 
6 G. A. Slack, Phys. Rev. 105, 829 (1957). 
7 J. Callaway, Phys. Rev. 113, 1046 (1959). 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 2 APRIL 15, 1959 


Charge Transfer for Protons in H,7{ 
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A precise measurement of the electron capture cross section for protons in Hz is reported for proton 
energies between 2.4 and 60 kev. The method involves collection of the residual ions by a sequence of 
identical condensers. The same scattering chamber is also used for the measurement of oo: and (¢01+010). 
The recent measurements of Stier and Barnett are in close agreement with our results. 


INTRODUCTION 


N this paper is reported a measurement of the elec- 
tron capture cross section for protons in molecular 
hydrogen for proton energies between 2.4 and 60 kev. 
The method used is precise and the cross sections 
obtained show much less scatter than any previously 
reported. Except on a narrow range of energy near 
10 kev near the peak of the cross section, they agree 
closely with those recently measured by Stier and 
Barnett.' A feature of the measuring apparatus was 
that it could also be used without modification for 
measurement of other charge transfer cross sections, 
such as the electron loss cross section and the sum of the 
capture and loss cross sections by entirely different 
techniques. Thus two independent measurements of 
o10, the capture cross section, by vastly different 
methods employing the same apparatus can be made. 
When a monoenergetic beam of ions and neutral 
particles of a single species passes through a gas whose 
density is m, the neutral beam current as a function of 
distance is 


To(x)=In(x )+[J0(0) —Io( a )] 
Xexp[—n(owtoo)x], (1) 


provided single electron capture and loss are the only 
important charge transfer processes. In the notation 
aiy, 1 denotes the initial charge state and f the final 
charge state of a beam particle. The equilibrium neutral 
current J(%) is given by 


Io(%)=Ioy0/(o01+010), (2) 


where J is the total particle current. 

Measurements of charge transfer cross sections usually 
are based on the use of the appropriate high-pressure or 
low-pressure approximation to Eq. (1). In equilibrium 
methods the pressure is so high that the equilibrium 
mixture of ions and neutrals is achieved. The various 
charge components of the beam are separated and 
measured and a cross section ratio such as that in Eq. 
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degree at the University of Pittsburgh. 

* Present address: Department of Physics, The University of 
Maryland, College Park, Maryland. 

1 P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956). 


(2) deduced.'~* Individual cross sections can then be 
given by measurement of the composition of the beam 
before equilibrium is reached for varying path lengths 
or pressures.*-" Or they may be obtained if the charged 
component is removed as it is formed by means of 
electric or magnetic fields and an absorption experiment 
performed on the residual! neutral component.'*® Alter- 
natively a chosen charge component of the beam may 
be deflected by a field into a well-defined path which 
particles thrown into other charge states cannot follow, 
and the charge transfer cross section for the selected 
component measured in an attenuation experiment.!?4 

At low gas pressures a more direct method of measur- 
ing oi OF oo, —; involves the collection of the slow ions 
left behind after charge transfer along the beam 
path.'®°6 This method has been modified and adapted 
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Fic. 1. Measurements of 
electron capture cross sec- 
tions ojo for protons in He. 
All results are shown in 
units of cross section per 
molecule. In some cases we 
have applied to the pub- 
lished results a correction 
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recently to the measurement of electron capture cross 
sections in cases for which there are several important 
charge transfer processes.?’ 

For electron capture by protons in Hz, measurements 
based on these methods have led to the results plotted 
in Fig. 1. Agreement is very rough and there is consider- 
able scatter. The theoretical situation has been even 
less satisfactory, for until very recently there has been 
no calculation available for the cross section actually 
measured. Instead comparisons have been made with 
twice the cross section for capture by protons from 
atomic hydrogen. Recent calculations by Tuan and 
Gerjuoy”® indicate that molecular effects are large 
enough to make agreement between observed cross 
sections for molecular hydrogen and those computed 
for atomic hydrogen largely fortuitous. 

We have undertaken an experiment designed to reduce 
uncertainties in the measurement of these cross sections, 
particularly with regard to the effective volume of the 
scattering region, in the hope of making a measurement 
of precision. The experiment was designed in such a 
way that measurements of both types, equilibrium and 
direct, could be carried out in the same apparatus under 
conditions as nearly identical as possible. In what 
follows, we present a general discussion of our procedure 
together with the results and save the finer experimental 
details for publication elsewhere. 
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MEASUREMENT OF oi 


The principal feature of the experiment was the use 
of a linear array of nine identical condensers in the 
scattering chamber to collect the slow ions in the one 
type of measurement, or to remove the charge com- 
ponent in the beam in the other. A sketch of the 
apparatus is presented in Fig. 2. Protons from an rf ion 
source, accelerated in a simple two-electrode lens 
system, were deflected through 90° and focused on the 
entrance slit of the scattering chamber by a magnetic 
field produced between pole tips of a special design. 
The energy of the protons was determined by the 
magnetic field. After passing through a fore chamber 
which could be pressurized for the production of a 
large neutral component, and between two electrodes 
which could be used to remove the charged component, 
and after collimation, the beam proceeded into the 
main scattering chamber past the series of nine con- 
densers and into a Faraday cup. 

In the measurement of 19 by the direct method, no 
gas was admitted to the beam preparation chamber so 
that the beams contained protons only. Low voltage 
was applied to all of the nine condensers and an electrom- 
eter connected as in Fig. 3. Any number of condensers 
could be switched to the electrometer circuit which then 
measured, aside from leakage current, the rate of pro- 
duction of slow ions by charge transfer in the region 
from which these condensers collected current. The 
circuit arrangement obviously compensates for ion pair 
currents and secondary electron currents. Since the 
collecting voltages and the dimensions of the condensers 
were carefully adjusted to uniformity, the addition of 
each condenser to the measuring circuit adds a constant 
volume of interaction between the beam and the gas 
in the chamber. 
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From Eqs. (1) and (2) it follows that at low gas 
pressure the positive-ion beam current as a function of 
distance from the place where the neutral current is 
zero is 


T,(x)=1(1—o,0nx), (3) 


where J=/, (0). If the distance x is divided into m equal 
segments of length x, plus an end correction x, Eq. (3) 
may be written 


14.(m)=1,.(0)[1— (o10n+040'n’) (mx-+2x0) ], (4) 


where (¢0'n’)~ is the mean free path in whatever im- 
purities are present. When these m segments represent 
m successive condensers collecting residual charge 
transfer ions, the current to these condensers is the 
decrement in Eq. (4) over the distance mx.+x», or 


J (m)=T (0) (o;0n+040/n’) (mx-+X0). (5) 


From the slope of J(m)/1,(0) as a function of mx, 
combined with a pressure and temperature measure- 
ment, oy9 may be derived.” Or, preferably, (o;0n-+-o10'n’) 
obtained as a function of » may be plotted against n 
and oy read from the slope. 

To avoid the need to make repeatedly accurate 
pressure measurements, the cross sections relative to 
that at a standard energy (20.29 kev) were measured. 























{}- 


Fic. 3. Electrometer circuit for slow-ion collection. 


°° Tf 7)(0) 0, what is measured is 


1 — 2010) sa) 
I, (0) 710 ‘ 


where m is assumed constant from x=0 on and aj, _; is neglected. 


The procedure used at first was to permit hydrogen at 
relatively high pressure to come to equilibrium in the 
scattering chamber. Then, while the pressure remained 
fixed, the slow ion current, J(m), was measured as 
successive condensers were switched into the measuring 
circuit and again as they were switched out of it. J, (0) 
was obtained by reading the current to all condensers, 
the Faraday cup and its associated guard rings at the 
beginning and end of each run. The proton beam was 
deflected away from the chamber and the leakage 
current read for each switch position. This procedure 
was repeated, the pressure still remaining constant, for 
several successively higher proton energies including 
always the standard. For each energy J(m)/J,(0) after 
correction for leakage current was plotted against m 
(Fig. 4). (¢10%-+10’n’) was thus obtained for all energies 
at a value of m which was unknown but was presumed 
the same for each energy. This procedure was followed 
repeatedly at 6 to 10 successively lower pressures. The 
values of (c10n+o10'n’) for each energy were then 
plotted against the corresponding (o107+o10'n’), for the 
standard energy and o10/o10, read from the slope of the 
straight line drawn through these points (Fig. 5). 

The absolute cross section at the standard energy as 
well as at several other energies was measured by 
following the above procedure (for a single energy 
setting) with accompanying pressure and temperature 
measurements. o10%-+a10'n’ was then plotted against 
and the cross section obtained from the slope of the 
resulting straight line (Fig. 6). 

The use of this method yielded a curve for the cross 
section as function of proton energy which was very 
smooth, and which agreed with other measurements at 
the standard energy but disagreed with them as well as 
our own absolute measurements at other energies.” It 
was decided finally that the assumption of constant 
pressure during runs through several energies was a 
poor one. Thereafter the reading of a sensitive ioniza- 
tion gauge was recorded for each energy setting and 
(c10%+010'n’) plotted for each energy against the gauge 


%® Donahue, Kasner, and Nolan, Bull. Am. Phys. Soc. Ser. II 3, 
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reading. The result, illustrated in Fig. 7, was a family 
of straight lines radiating from a common intercept 
on the ion gauge axis. The slopes relative to the slope 
of the standard were taken as the relative cross sections. 


RESULTS AND DISCUSSION FOR aio 


The result is a curve (Fig. 1 and Fig. 8), again 
smooth, which agrees well with the checks made on the 
absolute cross section (Table I) and also agrees with 
the results of Stier and Barnett.' Judging by the scatter 
in the points of Stier and Barnett, it would appear that 
their results nowhere disagree with ours even though 
the smooth curve they draw through their points does 
not everywhere coincide with ours. The most notable 
difference is at the peak value where we obtain a oo of 
8.04 10~-'§ cm? per molecule at a proton velocity of 
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Fic. 4. Ratio of slow ion to total current as a function of the 
number of collecting condensers for protons at 20.3 kev. The 
parameter is H2 pressure. 


1.12X10* cm/sec, compared to their 8.14 10~'® cm? 
per molecule at 1.24 10° cm/sec. 

From Fig. 1 it can be seen that our agreement with the 
results of other workers is really good throughout the 
entire energy range only in the case of Stier and Barnett, 
despite the use of a method which differs greatly from 
theirs and most closely resmebles that of Stedeford and 
Keene. In Fig. 1 and Fig. 8 we have presented all experi- 
mental results in terms of the cross section per gas 
molecule. It should be noted that similar comparisons 
between different experimental results or between 
experiment and theory have in several cases been 
confusing because of a failure consistently to use units 
per atom or per molecule for the cross section.‘ ??..*! 
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Fic. 5. Slope of J (m)/I4(0) vs m curves at 9.49 kev plotted against 
slopes for corresponding pressures at 20.3 kev. 


The precision of the results we have obtained for 
absolute and relative cross sections has been estimated. 
The greatest uncertainty in the absolute measurement 
comes from the pressure measurement with a McLeod 
gauge. Taking into account the performance of the 
electrometer, and the contribution of electron loss by 
the neutral component in the beam to the condenser 
currents, we estimate the accuracy of the relative 
capture cross sections at +2% for energies greater 
than 3 kev and +3% for energies less than 3 kev. The 
accuracy of the absolute measurements was estimated 
to be +6%, —4%. 

These results are based on the assumption that 
double electron capture does not occur. 01, —1 has, how- 
ever, been measured recently over the energy range 
from 9 to 30 kev.""*8 The fact that the variation of this 
cross section with energy is similar to that of 719 means 
that the effect on the relative cross-section curve should 
be slight. It is difficult to assess the effect on the absolute 
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Fic. 6. Slope of J(m)/1,(0) vs mx. curves at 20.3 kev plotted 
against gas density. The slope of the straight line drawn gives o19 
as 5.54X 10716 cm?/molecule. 
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Fic, 7. Slope of J(m)/I,(0) vs m plotted against ionization 
gauge reading at three energies. 


value because of poor agreement in the values of a, —, 
so far published. If account is taken of the fact that this 
process contributes a double measure of collected current 
the value of 0:9 computed would appear to be too large 
by from 1 to 2%. This is smaller than the experimental 
errors. 


MEASUREMENT OF ag», 


The same instrument can be used to measure go; if 
the scattering chamber is filled with gas to a moderately 
high pressure (of the order of 2 microns) and a large 
neutral component provided in the incident beam by 
the beam preparation chamber. The first few condenser 
lengths of the chamber may equally well serve as a 
region of build up for the neutral ratio. Inside the 
Faraday cup and connected to it electrically is a thin- 
foil thermocouple detector which responds to the total 
particle current. This detector is calibrated in a pre- 
liminary experiment at each energy with an evacuated 
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1G. 8. Present results (circles and solid line) for 19 compared to 
results of Stier and Barnett (crosses). 
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chamber, a pure proton beam, and the help of the 
Faraday cup. When there is applied to the last m con- 
densers in the array a voltage so high that all positive 
ions are removed from the beam as quickly as they are 
formed, the total particle current reaching the detector 
is the neutral current at the end of the last condenser: 


To(m)=I(0) exp[— (con+ao1'n’) (mx,+%0') ], (6) 


where the zero is taken at the beginning of the first of 
the m condensers. Now if the voltage is removed from 
the last condenser, the detected current is given by 
Eq. (6) with m reduced by one; if it is removed from 
the last two, with m reduced by two; and so on. The 
experimental! procedure of obtaining relative and abso- 
lute cross section oo; from Eq. (6) is then just the same 
as that used to determine ojo. 


TaBLE I. Comparison of absolute and relative o;9 measurements. 


From o1 relative to 
No. of Absolute cio o19 at 20.3 kev 
measurements ( (cm?) 
7.84X 10716 


7.90X 1076 
5.48X 10718 (Standard) 
3.63 X 10718 


3.67 X10 
2.18X 107° 2.38X 1071 


Energy 
(kev) 
9.49 
20.3 
31.1 








TABLE II. Comparison of cross sections obtained by equilibrium 
and direct methods (in units of 10~'* cm? per molecule of Hz). 








o10 
direct 
method 


7.84 
5.48 
3.90 


710-90, -1 
deduced 


“6.7242.40 


5.90+0.93 
4.56+0.60 


Energy 
(kev) 
9.49 
20.29 
29,22 


710 +001 ou +90, -1 


7.44+2.32 





~ 0.7240.07 
7.224080  1.3240.13 
6.004046 1.4440.14 





MEASUREMENT OF (0:)+0»:) 

A further high-pressure experiment making use of 
the thermal detector is capable of measuring o1+o1. 
This is obtained from Eq. (1) by a measurement of the 
fraction of the total current neutral at the end of the 
mth condenser: 


Fo(m) =Io(m)/I= Fo(%)+(Fo(0)—Fo() ] 
Xexp{—[(o1to10)n+ (co1t+010')n’ mx-} 
Xexp{—[(corto10)n+ (o01’+10')n’ JA}, (7) 


where A is an end correction. This may be condersed 
to read 

Fo(m)=A+B exp[ — (ynt+y'n’)mx, ]. (8) 
This fraction is measured by taking a detector reading 
with no voltage applied to the condensers for J and then 
applying high voltage to the (m+1)st condenser. What 
is then actually obtained is 


Fo(m) exp[ —o01(%-+6) ] 
=C+D exp[—(yn+y'n')mx.]. (9) 


Equation (9) is somewhat difficult to deal with in 
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practice. If, for example, differences are taken between 
values for successive values of m to eliminate C the 
differences are small compared to Fo(m). Best success 
and speediest processing of data has been afforded by 
securing the best fit of the data to an equation of type 
of Eq. (9) with the help of an IBM 650 computer. The 
computer program also fits (yn+y‘n’) for different 
values of m to a straight line and gives oo:+o10 together 
with the probable error. 

The results for two energies are given in Table II. In 
the treatment of this problem we have ignored the 
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presence of negative ions in the beam. Actually what 
was measured, instead of 01, was o01+o0, —1. The effect 
of a negative component on the measurement of o10+o01 
is to make the sum arrived at too large by no more than 


1.5% up to 40 kev. 
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Chemical Reactions of Positronium in Aqueous Solutions* 
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An attempt to a preliminary but systematic study of the chemical properties of the element positronium 
is described. It is verified (in agreement with Green and Bell) that positrons react with nitrates; it is believed 
that this reaction is an oxidation process. It is found that positronium is not so readily attacked by the ions 
Cl and SO,-~. In chloride and sulfate solutions positronium more effectively replaces the metals which are 
lowest in the electrochemical series: this result opens the possibility of determining the position of posi 


tronium in the electrochemical scale. 


INTRODUCTION 


UMEROUS workers have found evidence for the 

existence of a bound state of positronium in 
water. Measurements of lifetime show a long-lived com- 
ponent'; studies of angular correlation of two-photon 
annihilation radiation show a narrow component*; and 
determinations of the three-photon annihilation rate 
indicate that this is greater in water than in metals.’ 
All of these results can be explained by assuming that 
triplet positronium exists for a short time in water 
before it is destroyed by conversion to singlet and 
subsequent annihilation. 

The existence of this ‘‘atom” of positronium in water 
suggests the possibility of observing chemical reactions 
in which the atom takes part. If a chemical is dissolved 
into the water, a reaction between this chemical and 
the positronium would tend to destroy or reduce the 
magnitude of the effects mentioned above. Experiments 
along these lines have been conducted by Green and 
Bellt and by de Zafra.? Lifetime measurements by 


* This work was supported by a National Science Foundation 
Grant. 

t Submitted by J. McGervey in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the 
Carnegie Institute of Technology. 
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3R. T. Wagner and F. L. Hereford, Phys. Rev. 99, 593 (1955). 

‘R. E. Green and R. FE. Bell, Can. J. Phys. 35, 398 (1957). 


Green and Bell showed that the long-lived components 
tended to disappear when increasing concentrations of 
nitrate were added to the water, but when certain 
chlorides and sulfates were added there was only a 
small variation in the long lifetime. 

The angular correlation measurements by de Zafra 
confirmed some of the results of Green and Bell and 
also showed that certain paramagnetic salts caused the 
narrow angular distribution to broaden, indicating some 
effect on the positronium atom. 

It appears from these observations that a more 
systematic study of the behavior of positronium in 
solution was desirable. The present work was started 
for the purpose of determining the position of the ele- 
ment positronium (Ps) in the electrochemical scale. 
The method is obvious; it consists in studying which 
metallic ions are “replaced” by positronium in solution. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The equipment used to reveal triplet positronium was 
similar to that described by Siegel.* The three-quantum 
annihilation rates were measured in the various solu- 
tions and compared to those found in water. All com- 
parisons were made by replacing the salt solutions with 
water several times during each run. Our positron 
source consisted of ten microcuries of Na” sealed in a 
narrow, thin-walled glass tube (1 mm diameter and 


5S. DeBenedetti and R. Siegel, Phys. Rev. 85, 371 (1952). 
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TABLE I. Percentage differences between 3y annihilation rates 
in salt solution and the rate in water. All concentrations are 
2 moles/liter. 








Group 2 
Nitrates 
% difference 


Group 1 
Paramagnetic salts 
Salt % difference Salt 


— 189,485 
— 22% 28% 
—42%, 48% 


NaNO; 
AgNO; 
HNO; 


- 34% 27%, 
—31%+6% 
—21%+6% 
—21%26% 


MnCl, 
CoSO, 
NiSO, 
CuSO, 


Group 3 


Sulfates 
% difference 


Chlorides 
Salt % difference Salt 


LiCl 6%27% Li.SO, 


+ — 4% 46% 
KCl — 8%+4% NaSO, 
+ 


+ 1%21% 
— 2%+4% 
—10%+3% 


NaCl 4% 48%, ZnSO, 
AICI; T%AAY, CdSO, 
ZnCl — 9%+r4% 
CdCl. —15%+4% 
SnCl, —23% 24%, 


=5 mg/cm? thickness) from which about 85% of the 
positrons could emerge. Various solutions were de- 
posited in a small vial around this source. 

It was found that the lowest possible counting rate 
that of aluminum metal—was about 31%+5% lower 
than that for water. The results for different salt solu- 
tions are listed in Table I. 


DISCUSSION 


The large decreases observed with the salts of group 1, 
Table I, can be attributed to the fact that paramagnetic 
ions may convert triplet positronium to singlet by 
exchange of the unpaired electron. It is an effect similar 
to the quenching of triplet positronium by Os» or 
NO in a gas.® 

The ions entering in the other groups are not para- 
magnetic, and a natural interpretation of the dis- 
appearance of triplet positronium is in terms of chemical 
processes. We see that the nitrates give a great decrease 
in counting rate, in agreement with the results of 
Green and Bell mentioned above. These authors at- 
tribute their observations to a chemical binding between 
the nitrate ion and the positron (PstNO;—) but some 
objections can be raised to this view, since it is difficult 
to understand why the SO,;— and CI ions should not 
produce the same effect. It seems more probable that 
the effect of NO;~ is due to the strong oxidizing proper- 
ties of this ion; we can think that, in the hypothetical 


®M. Deutsch, Phys. Rev. 82, 455 (1951). 
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net reaction 
NO;-+3e-+4H*—-NO-+ 2H.0, 


one of the three electrons could come from the oxidation 
of positronium, and we could even suspect that one of 
the four H* could be replaced by a positron. 

The results obtained with sulfates and chlorides are 
plotted in Fig. 1 as a function of the electrochemical 
potential of the metallic ion. The low counting rates 
observed with some of these have to be interpreted as 
due to the fact that positive ions which are lower in 
the electrochemical series are more effective in destroy- 
ing positronium. This suggests that the reaction between 
the positronium atom and the positive ion is similar to 
the reaction which takes place when one metal dis- 
places another metal from a salt solution. If this were 
the case, one might infer that Ps lies near Zn in the 
electrochemical series. 
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Fic. 1. Percentage differences between 3y annihilation rates in 

chloride and sulfate solutions and the rate in water, plotted against 
the electrochemical potential of the positive ion: 4 Sn** (0.136 v), 
4 Cd*+*(0.401 v), $ Zn** (0.762 v), } Al***(1.70 v), Na*(2.71 v), 
K* (2.92 v), Li*(2.96 v). All concentrations are 2 moles/liter. 
Triangles=chlorides; circles= sulfates. 


It is realized that more work, particularly as a func- 
tion of concentration, is needed to confirm this point 
of view. Nevertheless the simplest interpretation of the 
present results is that we have observed the reactions 

Cd**+ Ps—Cd*-+ Ps*, 
Sn*+++ Ps—Snt-+ Pst, 
as well as the oxidation of the metal positronium by 


nitrates and nitric acid. 
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Mobility of Hydrogen Ions (H*+,H,*+,H;+) in Hydrogen* 
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Force laws for H*, H.*, and H;* in He are calculated from theory and from results on the scattering of 
low-velocity ion beams in He gas. These results are then used to calculate the mobilities of the hydrogen 
ions in He gas as a function of temperature. The mobilities of H* and H.* decrease slightly with increasing 
temperature, but the mobility of Hs* increases strongly. The agreement with experiment indicates that the 
unidentified hydrogen ion whose mobility has been measured is probably H»*, rather than the usually 


assumed H;*. 


INTRODUCTION 


QUANTITY of fundamental importance in phe- 
nomena involving ionized gases is ion mobility, 
and a number of measurements of ion mobility are 
available.!:? Unfortunately, in many cases no positive 
experimental identification of the ion studied has been 
made, nor the temperature dependence of the mobility 
measured. Theoretical calculations of ion mobilities are 
therefore of interest both to aid in ion identification 
and to indicate temperature dependence. The present 
paper reports calculations for the hydrogen ions, Ht, 
H,+, and H;*, in Hy» gas. The starting point for such 
calculations is the ion-molecule force law. In the present 
cases the long-range ion-molecule forces (polarization 
and dispersion forces) are easily obtained theoretically.’ 
The more difficult short-range (exchange) forces are 
obtained from analysis of direct scattering measure- 
ments on low-velocity ion beams.*® ; 
The physical factors influencing the mobility are 
quite different in the three cases, except around 7=0°K, 
where the long-range (7~*) attractive polarization force 
is always the dominant effect. For H3* in He, the short- 
range forces are repulsive, and at finite temperatures 
tend to “cancel” the attractive long-range forces, with 
the result that the mobility increases with increasing 
temperature. For H,* in He, the short-range forces are 
essentially determined by the possibility of resonant 
charge exchange between H2+ and He. This charge- 
exchange effect tends to “reinforce” the long-range 
forces, and the mobility decreases with increasing tem- 
perature. For H+ in Ho, the short-range forces are 
strongly attractive chemical valence forces. These also 
“reinforce” the long-range forces, and the mobility 
decreases with increasing temperature. It thus appears 
that the hydrogen ion whose mobility has been meas- 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

1A, M. Tyndall, The Mobility of Positive Ions in Gases (Cam- 
bridge University Press, London and New York, 1938). 

2 L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley and Los Angeles, 1955), Chap. 1. 

3H. Margenau, Phil. Sci. 8, 603 (1941). 

‘Simons, Fontana, Muschlitz, and Jackson, J. Chem. Phys. 11, 
307 (1943). 

5 Simons, Fontana, Francis, and Unger, J. Chem. Phys. 11, 
312 (1943). 


ured is probably H,*, rather than H;* as has usually 
been assumed.®7 


H;* IN H, 


We consider first the H+ ion, since the force law for 
this ion is the simplest of the three cases, being a simple 
repulsion at small separations and the usual polarization 
plus dispersion at large separations. The longest range 
force, which determines the limiting value of the 
mobility at low temperatures, is the charge-induced 
dipole force. The potential energy function for this 
force is* 

— ae*/2r', (1) 


where @ is the average polarizability of the Hz molecule, 
e is the electronic charge, and r is the ion-molecule 
separation distance. The value of & can be calculated 
from the equation 

&= guantgin, (2) 


where a, is the polarizability parallel to the Hy» inter- 
nuclear axis (a;;=0.934 A®),® a, the polarizability per- 
pendicular to the axis (a,=0.718 A®*),§ and g,, and g, are 
weight factors. If all molecular orientations have equal 
weight, then g,, is 3 and g, is 2, so that & is 0.790 A’. 
This value is probably somewhat too small, since the 
orientations with large polarizability should be favored 
energetically. 

The next longest range energy varies as r~®, and is 
quite small. It is made up of two terms,’ 


g(r) = — B,/r'— B,/r', (3) 


where A, is the charge-induced quadrupole contribution, 
and Bz is the London dispersion contribution. An ap- 
proximate formula for B, has been given by Margenau,' 


B,=4a1/f, (4) 


where J is the ionization potential and / the oscillator 
strength of the gas molecule. For H», By)=4.78 ev-A®. 
The value of By can be calculated from the approximate 
formula®:* 
B,= 3aa’II'/(I+1'), (5) 
5 Reference 2, pp. 75, 85, 92, 915. 
7A. Dalgarno, Trans. Roy. Soc. (London) A250, 426 (1958 


*H. Volkmann, Ann. Physik 24, 457 (1935). 
9H. Margenau, Revs. Modern Phys. 11, 1 (1939) 
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where the primed quantities refer to the ion and the 
unprimed to the molecule. The values of & and J’ are 
not known for H;*, but perhaps are not too different 
from those for H». As a rough estimate, then, Bp=7.12 
ev-A°.® 

The short-range potential energy is extremely difficult 
to calculate theoretically, even for very simple mon- 
atomic ions and molecules. The case of H3+—Hg is 
quite complex, and even enormous computational 
efforts would lead to results of very doubtful accuracy, 
so that another approach is necessary. The short-range 
energy can be obtained from direct measurements of 
the elastic scattering of H;*+ ion beams in He gas under 
conditions such that the long-range attraction energy, 
given by Eqs. (1) and (3), is dominated by the short- 
range repulsion. Such measurements have been made 
some time ago by Simons, Fontana, Muschlitz, and 
Jackson,‘ and recent theoretical work” has shown how 
these measurements can be interpreted to give reliable 
estimates of the short-range energy of interaction 
(averaged over all orientations). For ion beam energies 
in the range 1.90 to 28.0 ev, the average elastic scatter- 
ing cross sections can be represented by the formula 


(S)§= —1.512 logwW+4.819, (6) 


where 8 is in A? and W is the ion beam energy in ev. 
The parameters of an exponential repulsion energy can 
be derived from the constants of such an equation,” so 
that the short-range energy for H;+— Hz is found to be 


o(r) = 99.8¢7/0 376 ey, (7) 


where r is in A. This expression actually represents the 
total energy, and so includes some contribution from 
the polarization and dispersion energies. A previously 
discussed correction” for the finite width of the ion 
beam has been included in the calculation of Eq. (7) 
from Eq. (6). 

The energy of interaction between H;* and He can 
thus be represented as the sum of Eqs. (1), (3), and (7), 


¢(r)=[99.8 exp(—r/0.376) — (5.69/r') 
—(11.9/r*)] ev, (8) 


where r is in A. This expression probably overestimates 
the attraction, since the exponential repulsion term 
already includes some contribution from the attraction 
energy. The complete calculation of the ion mobility as 
a function of temperature for an interaction energy 
like (8) is a formidable numerical task,!!-" and some 
approximations are therefore in order. It happens for 
H;+—H, that the attraction energy is sufficiently large 
that at ordinary temperatures the mobility is primarily 
10, A. Mason and J. T. Vanderslice, J. Chem. Phys. 27, 917 
(1957) ; 28, 253 (1958). 

1H, R. Hassé and W. R. Cook, Phil. Mag. 12, 554 (1931). 

2 Dalgarno, McDowell, and Williams, Trans. Roy. Soc. 


(London) A250, 411 (1958). 
18 FE. A. Mason and H. W. Schamp, Jr., Ann. Phys. N. Y. 4, 233 


(1958). 
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determined by the attraction and only moderately 
affected by the repulsion. The exponential repulsion 
term can thus be replaced by an empirical inverse power 
repulsion term, so as to be able to use tabulated cross 
sections. Tabulations are available": for interaction 
energies of the following forms: 


¢(r) =e (rm/1)8§—2(4m/r)*], (9) 


g(r) =e (1 +Y) (rm/r)"2—3(1—) (1m/1)4 
—4y(1n/1)*], 


where ¢ is the depth of the energy minimum, r,, is the 
value of r at which the minimum occurs, and y is a 
dimensionless parameter which measures the relative 
importance of the r~* term. Equation (8) was adjusted 
to the form of Eqs. (9) and (10) by omitting the r~® 
term, which has a relatively small effect on the mobility, 
and requiring that the value of r,, and the coefficient of 
the r~ term be correct. This procedure assures the 
correct mobility at low temperatures, but involves some 
error at high temperatures. The effect of the small r~® 
term can be included at the end as a perturbation, as 
explained later. For H3+— He, a much better empirical 
fit is obtained with Eq. (9) than with Eq. (10). The 
parameters are r,=2.97 A and e=0.0366 ev, which 
give the correct r~ energy, the correct position of the 
minimum, and the depth of the minimum to an accu- 
racy of 1.4%. 

The mobility in cm*-volt-sec“ referred to standard 
gas density at 0°C and 1 atmos (2.69X10'* molecules 
cm*) can be written as follows": 


(10) 


man (11) 


Ko= 


ae go 


T: mM 
where Ko is the mobility, 7 the absolute temperature, 
m the molecular weight of an ion, M the molecular 
weight of a gas molecule, and Q@-” is an effective 
average cross section (‘‘collision integral’’) for diffusion 
in units of A®. The collision integral Q“-) depends on 
the temperature and the intermolecular potential. The 
quantity go is a dimensionless correction factor which 
includes the higher approximations of kinetic theory, 
and is equal to unity within the present computational 
accuracy."* For the potential function of Eq. (9), the 
collision integral for diffusion has been given as!! 


QD = Qer,2s—1] (s), (12) 
where r», is the parameter of Eq. (9) and J(s) is a 
tabulated dimensionless function of s=3(kT/e)}, k being 
Boltzmann’s constant. For the potential function of 
Eq. (10), the collision integral has been given as” 


14.) = gy, 2QU.D*, (13) 
where r,, is the parameter of Eq. (10), and Q":)* is a 
tabulated dimensionless function of the parameter 7, 
and of the dimensionless temperature, 7*=kT/e. 





MOBILITY OF H 


The effect of the r~® energy term on the mobility 
can be easily calculated to a first approximation from 
the accurately tabulated variation of 2%-)* with y for 
the potential of Eq. (10). The value of ¥ is first calcu- 
lated from the relation 


OY 3 B 
—=——_ —, (14) 
1—y 4r,?2C 


where B= B,+ B; is the coefficient of the r~* term and 
C= ae? is the coefficient of the r~* term. The correction 
factor for the mobility is then 


QU1.D* (-y =0) 
ee 
Q.D*(-y) 

which is unity at T=0°K and less than unity at higher 
temperatures. A very simple approximation of Eq. (15) 
has been suggested by Dalgarno, McDowell, and 
Williams,'* who base their argument on the cross section 
for orbiting collisions (“capture cross section”). We 
have found by empirical comparison with Eq. (15) that 
their result is improved by the simple replacement of 
the relative kinetic energy of translation with kT, so 
that their correction factor for the mobility becomes 


[1+3(B/C)(kT/C)'P. 


This approximate expression agrees with the more 
accurate Eq. (15) within 0.5% up to at least T*=1. 
The mobility of H;+ in H» up to 500°K is given in 
Table I, corrected for the effect of the r~* energy (the 
maximum correction is 9% at 500°K). The increase of 
mobility with increasing temperature is typical of 
interaction energies involving only a simple repulsion 
at small separations.” Correction of the mobility for 
the probable overestimation of the attraction energy in 
Eq. (8) would cause the mobility to increase with tem- 
perature even more rapidly. The magnitude of the 
increase in mobility depends rather strongly on the 
power of the empirical repulsion term. That is, Eq. (10) 
with a twelfth power yields a substantially smaller 
increase than Eq. (9) with an eighth power, and a rigid- 
sphere repulsion yields an even smaller increase.” 
There is thus some reason to suspect that the magnitude 


(16) 


TABLE I. Calculated mobilities at standard 
gas density (0°C, 1 atmos). 








Ko (cm? volt= sec™!) 


Hs* in He H2* in He H* in He 





19.3 
19.0 
18.8 
18.7 
18.6 
18.3 
18.0 
17.8 


14.2 
15.1 
16.2 
17.9 
19.5 


15.6 
14.8 
14.6 
14.4 
14.2 
13.9 
13.6 
13.3 
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of the increase given in Table I might be too large. It 
must be noted, however, that both Eq. (10) and the 
rigid-sphere model represent the energy of interaction 
as given by Eq. (8) much more poorly than does Eq. (9). 


H;* IN H, 


The short-range forces for H,*+ in H» are more com- 
plicated than those for H;+ in Hz because of the possi- 
bility of resonant charge exchange.“ Although the 
internuclear distances in H,*+ and Hy are different, the 
average duration of a collision at ordinary temperature 
is considerably longer than the time of a molecular 
vibration, so that there is time for the adjustment of 
the internuclear separations during a collision. Thus at 
ordinary temperatures the behavior of Hy+— Hy» should 
be quite similar to that of Het—He, which is well 
understood.”"*—"® The charge exchange effect compli- 
cates the force laws, but fortunately it also permits the 
force laws as such to be by-passed by relating the 
mobility to the cross section for charge exchange,’:!'8 
which can be measured independently. Simons, Fon- 
tana, Francis, and Unger® have used an ion-beam tech- 
nique to measure the charge-exchange cross section, 
Qex, for Hy+— He, at low ion-beam energies, and their 
results can be used to help predict the mobility of 
H;* in He. 

At high temperatures the charge exchange effect is 
completely dominant, and the cross section for diffusion 
is just 2Q.x,7"8 so that the high-temperature limit of 
the collision integral is" 


(17) 


a0 = (a7) f Ox Ee B*TdE, 
0 


where £ is the energy of relative motion of ion and 
molecule. It has been deduced theoretically’"* that 
(Qex)' varies linearly with the logarithm of the relative 
velocity (or energy). To carry out the integration in 
Eq. (17), the experimental® values of Q.x were therefore 
fitted by the equation 

Qex (A?) = [3.466—0.2443 InE(ev) ]?, (18) 
which leads to the following expression for the high- 
temperature collision integral : 


G,-) (A2) = 61.15— 12.44 logioT +0.633(logioT)?. (19) 


In this calculation, integrals of the form o*xe-*(Inx) "dx 


4H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, London, 1952), 
pp. 410-411. 

16 N. Lynn and B. L. Moiseiwitsch, Proc. Phys. Soc. (London) 
A70, 474 (1957). 

16 L. M. Chanin and M. A. Biondi, Phys. Rev. 106, 473 (1957). 

17 T, Holstein, J. Phys. Chem. 56, 832 (1952). 

18 A. Dalgarno and M. R. C. McDowell, Proc. Phys. Soc. 
(London) A69, 615 (1956). 

19. A. Mason and J. T. Vanderslice, J. Chem. Phys. 29, 361 
(1958). 
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Fic. 1. Calculated collision integral (average diffusion cross 
section) for H;* in He as a function of temperature, showing the 
polarization and the charge exchange limits. 


occur, for which a simple method of evaluation is given 
in the Appendix. 

At low temperatures the dominant effect is just the 
long-range r~ energy, for which the collision integral is" 


Oo) (A2) = 1186/T!. (20) 


At intermediate temperatures the correct value of 
©") is slightly higher than either (19) or (20).7 
A very simple and reasonably accurate way of bridging 
the intermediate temperature range is by graphical 
interpolation on logarithmic scales, as has been done 
in the present case. Alternatively, semiempirical ana- 
lytical schemes are available.7:"6."” 

The collision integral 2° so obtained is shown in 
Fig. 1 as a function of temperature (uncorrected for 
the r~* energy). It is interesting that the temperature 
must be about 1000°K before charge exchange has 
much effect, whereas for the lighter rare gases the 
effect sets in around room temperature or below.'* The 
reason for this behavior is that Q.x for Hz+—Hg is 
unexpectedly small for a case of exact resonance. 
Gurnee and Magee”’ have explained this smallness of 
Q.x on the basis of low overlap between the wave func- 
tions describing the internal vibrational motion of the 
nuclei, which in turn results primarily from the different 
internuclear distances in H,* and He. 

The effect of the r~* energy on the mobility is easily 
obtained from the approximate formula (16), which has 
already been shown to have good accuracy. The values 
of the polarization energy coefficients C and B, are the 
same as for H;+— Hb, but the dispersion energy coeffi- 
cient Bz is somewhat different. Substitution of /’= 16.4 
ev and &’=0.42 A® (obtained from Hirschfelder!) in 
Eq. (5) yields B,=3.83 ev A®. The final values of the 
mobility calculated up to 500°K are given in Table I. 
The maximum correction for the r~® energy is slightly 
less than 7%. The decrease of mobility with increasing 
temperature is typical of cases involving charge ex- 
change. 

*E. F. Gurnee and J. L. Magee, J. Chem. Phys. 26, 1237 
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H+ IN H; 


The general nature of the interaction energy between 
H* and H; is well understood from an extensive series 
of quantum-mechanical calculations.?? However, for 
computation of the mobility of H+ in He, these calcu- 
lations are somewhat scanty and of necessity involve 
rather drastic approximations. It is therefore better 
for the present purpose to rely as much as possible on 
direct measurements for detailed information on the 
short-range energy, and to use the quantum-mechanical 
calculations only to indicate the form of the potential 
energy function. The measurements available are those 
of Simons, Fontana, Muschlitz, and Jackson‘ on the 
elastic scattering of beams of low-energy protons in 
Hp» gas. 

The short-range force between H+ and Hg is one of 
strong valence attraction to form the stable species H+. 
The maximum binding energy of a proton to He is 
about 3 ev for the most favorable orientation (equi- 
lateral triangle), and somewhat less for the least 
favorable orientation (linear).?* The equilibrium separa- 
tion between the proton and the center of the molecule 
is about 1.5 A for all orientations.** These results sug- 
gest that a suitable empirical representation of the 
energy of interaction between H+ and H: averaged over 
all orientations would be a Morse function, 


¢(r)=D.{exp[2a(1—1r/r,) ]—2 exp[a(1—r/r.) ]}, 


where D, is the dissociation energy, r, the equilibrium 
separation, and @ is a dimensionless third parameter. 
The calculation of the corresponding elastic scattering 
cross sections for the type of apparatus geometry used 
by Simons eé/ al. involves considerable numerical work, 
but has been carried through and tabulated.'® Com- 
parison of tabulated and measured cross sections thus 
permits, in principle, the determination of the three 
parameters of the Morse function. In practice, it turns 
out that as many as three parameters cannot be deter- 
mined uniquely from the measurements. This difficulty 
can be overcome by a limited use of the quantum- 
mechanical calculations.2? Most molecular quantum- 
mechanical calculations appear to give fairly accurate 
values for equilibrium separations, although calculated 
binding energies are often substantially in error since 
they are calculated as a small difference between two 
large numbers. We therefore take r-=1.5 A from the 
calculations, and the scattering cross sections then 
determine the other two parameters as a= 3, D,= 2.7 ev. 
It is of interest that this value of D, is also consistent 
with the quantum-mechanical calculations. 

Calculated and measured values of the average 
elastic scattering cross section, S, are compared in 
Fig. 2 as a function of the ion beam energy, W. The 


(21) 


* Hirschfelder, Eyring, and Rosen, J. Chem. Phys. 4, 130 
(1936); Hirschfelder, Diamond, and Eyring, J. Chem. Phys. 5, 
695 (1937); D. Stevenson and J. Hirschfelder, J. Chem. Phys. 5, 
933 (1937); J. O. Hirschfelder, J. Chem. Phys. 6, 795 (1938). 
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calculations do not extend to high energies for two 
reasons. First, we are primarily interested in the lowest 
energy range for subsequent mobility calculations, and 
second, the cross-section calculations themselves be- 
come inaccurate at large energies because of mathe- 
matical approximations.'* The energy range shown in 
Fig. 2 gives information on the potential energy ¢(r) 
over the range of 1.5 to 3.7 A. 

The average energy of interaction between H* and 
Hz is thus given at small distances by Eq. (21), and 
at large distances by Eq. (1). The effect of the r~® energy 
of Eq. (3) on the mobility is small, and can be included 
at the end as a perturbation, with B,=4.78 ev A®, 
B,=0. The simplest procedure for calculating the 
mobility is to approximate the calculated interaction 
energy by an empirical form for which the collision 
integrals have been tabulated. The only such empirical 
form available is that given by Eq. (10). The accurate 
¢(r) was fitted by Eq. (10) by requiring that the posi- 
tion and depth of the minimum and the coefficient of 
the r~ term be correct, so that e= D,=2.7 ev, tm=r, 
=1.5 A, and y=0.72. This procedure uses the r~ and 
r-® terms of Eq. (10) in a purely empirical way to 
simulate the behavior of a Morse function over a 
limited range. The calculation of the mobility according 
to Eq. (11) is then straightforward. 

The effect of the theoretical charge-induced quad- 
rupole energy can be calculated from the approximate 
Eq. (16) and applied as a correction to the mobility. 
The final results obtained up to 500°K are given in 
Table I, the maximum correction for the charge-induced 
quadrupole energy being less than 4%. The decrease 
of mobility with increasing temperature is to be ex- 
pected for a system in which the important short- 
range energy is attractive, but it is somewhat un- 
expected that the rate of decrease is not faster. The 
slowness of the decrease in mobility suggests that the 
behavior of the short-range energy is rather similar to 
an r~ energy (the mobility is temperature-independent 
for an r~ interaction energy). Hirschfelder, Diamond, 
and Eyring” noticed this same result in their quantum- 
mechanical calculations, and stated, “It is surprising 
that the energy of H;* is nearly equal to the electro- 
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Fic. 2. Comparison of calculated and observed average elastic 
scattering cross sections for a proton beam in He gas. 
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Fic. 3. Calculated and observed mobilities of hydrogen ions in 
hydrogen at standard gas density (0°C, 1 atmos). The experi- 
mental points were obtained by Bradbury (0), Mitchell (A), 
and Lauer (0). 


static energy Ge?/2r' for the appropriate value of r. 
This equality is partly accidental since there are other 
types of important interactions between H, and Ht.” 


DISCUSSION 


The results of the present calculations are shown in 
Fig. 3 for comparison with measured values at about 
20°C for hydrogen ions of an unidentified nature in 
hydrogen gas. The group of the three lowest points, 
obtained by Bradbury,” Mitchell,** and Lauer,”> prob- 
ably all refer to the same ion. A slightly higher point 
was also obtained by Mitchell under very rigorous 
conditions of gas purification, and the ion of lower mo- 
bility was then attributed to contamination.** Whether 
this is true or not, it is apparent from Fig. 3 that the 
present calculations definitely eliminate H*+ and H;* 
from consideration, and indicate that the ion whose 
mobility was observed was probably H.*. If the 
mobility calculation is based only on the r~ polarization 
energy, the T=0 limit is obtained, and the most 
plausible identification of the measured ion would be 
H;*+. The present results show that even at room tem- 
peratures the short-range forces have a pronounced 
influence on the mobility, so that the heaviest ion, H;*, 
actually has the highest mobility. 

Finally, it is perhaps worth pointing out that the 
error made in using a value of the average polarizability, 
&, obtained by giving equal weight to all molecular 
configurations is such as to make the calculated mo- 
bility slightly too high. Any correction for this error 
would thus tend to improve the agreement between 
the measured mobilities and those calculated for H*. 


APPENDIX. EVALUATION OF /* x’e~? (Inx)"dx 


Consider the gamma function, 


r@=f xP -l¢-2dz, 
fi 


%N. E. Bradbury, Phys. Rev. 40, 508 (1932). 
4 J. H. Mitchell, quoted by Tyndall, reference 1, pp. 52-54. 
2. J. Lauer, J. Appl. Phys. 23, 300 (1952). 


(22) 
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Use of Eq. (24) gives excellent accuracy except for the 

a"T'(8) - higher derivatives. As a check, the integral for n=1 can 

ponimpeet J x*-le-*(Inx) "dx, (23) be evaluated in closed form by integration by parts 
dp” 0 to give 


By differentiation we obtain 


so that the desired integrals are just the derivatives of _ ‘ 
the gamma function evaluated at B=3. To calculate f we Inxdx=3—2 Iny, (25) 
the derivatives of (8), we use Stirling’s asymptotic 


q 26 
formula, where 


In’ (8)=3 In(2x)+ (8—3) Ing—6+- (126)~' Iny=0.5772157- ae (Euler’s constant). 
— (3608*)-!+ (12608%)-!4---. (24) 


26P. Franklin, Methods of Advanced Calculus (McGraw-Hill 


0 


This checks the asymptotic series result to at least 


Book Company, Inc., New York, 1944), p. 265. six figures. 
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Lifetime of the 186-kev Level of Thorium-231* 


D. STROMINGER 
Radiation Laboratory and Department of Chemistry, University of California, Berkeley, California 
(Received November 19, 1958) 


The lifetime of the 186-kev level of Th* has been studied following U*** alpha decay. The half-life value 
of this level is 0.77+0.12 mysec. 


INTRODUCTION U**, Stephens’ has measured the K-conversion co- 
TROMINGER and Rasmussen’ summarized the “ficients of the 186-kev and 143-kev transitions which 
available lifetime data for E1 transitions in the depopulate the 186-kev level, and deduced that both 
actinide region. This summary showed that the E1 “T° Fl isanenions. : 
transition lifetimes varied erratically from one isotope An upper limit of 1.5 musec for the half-life of the 
to another. Nilsson wave functions were considered for 186-kev level of Th® has been reported.’ Since then, 
the intrinsic states in odd-proton nuclei, and it was improved electronic techniques have been developed 
demonstrated that the £1 transitions violated selection which make it possible to set lower lifetime limits. This 
rules!? inherent in nuclei with very large spheroidal paper describes the use of these new re a ” 
deformations. Similarly, it can be shown that all the SuneS Sian Rie Se a as Smee Se ae SNP 
expected low-lying £1 transitions between different in- tia — 
trinsic states in the actinide region violate the selection sex’ | a 
rules mentioned above. Hence all the low-lying E1 V4 
transitions are expected to have lifetimes longer by ed 
some orders of magnitude than the predictions of the 
single-proton lifetime formula.* 
The alpha decay of U** to the levels of Th*! is com- 
plex,‘ and not all the details of the decay have been 
worked out. Figure 1 shows a partial decay scheme of 





* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1D. Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
(1957). 

2G. Alaga, Nuclear Phys. 4, 625 (1957). 

S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XTIT. 

4R. C. Pilger, Jr., University of California Radiation Labora- Fic. 1. Partial decay scheme of U**. 
tory Report UCRL-3877, July, 1957 (unpublished); Pilger, ceases 
Stephens, Asaro, and Perlman, Bull. Am. Phys. Soc. Ser. II, 2, 5 F, S. Stephens, Jr., University of California Radiation Labora- 
394 (1957). tory Report UCRL-2970, June, 1955 (unpublished). 
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Fic. 2. Block diagram of millimicrosecond time sorter. 


EXPERIMENTAL TECHNIQUES AND 
PRELIMINARY EXPERIMENTS 


Figure 2 is a block diagram of the apparatus used for 
these experiments. The radiations were detected with 
scintillation crystals coupled to RCA 6655 photomulti- 
plier tubes. A potassium iodide (thallium-iodide acti- 
vated) crystal detected alpha particles, a sodium iodide 
(thallium-iodide activated) crystal detected the gamma 
radiation, and a Lucite disk impregnated with terphenyl 
detected electrons. 

Except for the time-to-pulse-height converter, the 
rest of the electronic equipment has been described 
adequately in the literature.® 

The first time-to-pulse-height converter used was 
modified from the circuit described by Weber et al.? This 
instrument utilizes the double control grid feature of 
the 6BN6 vacuum tube. The 6BN6 tube is biased to 
cutoff by a negative voltage applied to one of the control 
grids. When the first input pulse (here converted into 
a positive pulse) arrives at the biased control grid, the 
6BN6 tube starts to conduct. The plate voltage drops 
linearly with time for the duration of the pulse (300 
musec) or, if there is a coincidence, until the second 
input arrives at the second control grid and cuts the 
tube off. We usually delay the second input pulse about 
100 musec to get a large signal from the instrument. 

The output of the time-to-pulse-height converter is 
displayed on the 50-channel pulse-height analyzer 
whenever the selected events are detected by the two 
single-channel pulse-height analyzers. The time cali- 
bration is done by inserting cables of known length 
between the wide band amplifiers and the time-to-pulse- 
height converter. 

This instrument was used to measure the half-lives of 
the Dy'® levels populated by Tb!® beta decay. Our 

6 For example: P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn, (Interscience Publishers, Inc., New York, 
1955), Chap. V. 


7 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 


results® are 29+3 musec for the half-life of the 26-kev 
level and 3.40.6 musec for the half-life of the 75-kev 
level. These results are in agreement with the previously 
reported values.’ However, this instrument is not 
stable enough to measure half-lives shorter than 1 mysec. 

A second time-to-pulse-height converter was built 
with essentially the same features as the circuit de- 
scribed by Jones and Warren." In this instrument the 
two input pulses cut off two E180F vacuum tubes which 
have one common plate resistance. A shorting stub is 
placed in the plate curcuit to shape the single pulses to 
a duration of about 30 musec. A bias voltage ona G111A 
diode is adjusted so that when both tubes are cut off the 
diode conducts, but the diode remains cut off when only 
one of the E180F tubes is cut off. Hence the width of 
the pulse feeding through the G111A diode is propor- 
tional to the overlap of the two input pulses. This pulse 
is then integrated, giving a pulse whose voltage is pro- 
portional to the overlap of the two input pulses. We find 
it convenient to arbitrarily delay one pulse about 10 
musec so that the true coincidence pulses havea duration 
of about 20 musec. 

This second time-to-pulse-height converter was used 
to measure the half-life of the 204-kev level of Mo*. 
This level is preceded by a 584-kev transition” after the 
electron-capture decay of 60-day Tc". A Na” sample 
was used for comparison purposes in order to do a cen- 
troid shift analysis.'*."4 

Sodium iodide crystals were used to detect both 
gamma rays. One single-channel pulse-height analyzer 
was set on the 584-kev peak and the other was set on 
the 204-kev peak. A delay curve was then obtained for 


8K. T. Faler and D. Strominger (unpublished results, 1957). 

9M. Vergnes, J. phys. radium 18, 579 (1957). 

0 Gregers, Hansen, Nathan, Nielsen, and Sheline, Nuclear Phys. 
6, 630 (1958). 

1G. Jones and J. B. Warren, J. Sci. Instr. 33, 429 (1956), 

2 J. P. Unik, unpublished results quoted in Strominger, 
Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 

13 T. D. Newton, Phys. Rev. 78, 490 (1950). 

4 Z. Bay, Phys. Rev. 77, 419 (1950). 
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Tc*™, Similarly a delay curve was obtained for the Na” 
standard without changing the single-channel analyzer 
settings. Then the settings on the two single-channel 
analyzers were interchanged, effectively interchanging 
the two sides of the delay curves. Once again delay 
curves were obtained for both the Tc" and Na” 
samples. These experiments were repeated several times. 

Unfortunately, the two series of experiments did not 
agree with each other within the reproducibility of the 
individual runs. The Na” delay curves were displaced 
toward the higher channels. The cause of this electronic 
shift has not been ascertained. It is somewhat, but not 
wholly, dependent upon counting rates. 

The average of the two results yields a half-life value 
of 0.85+0.16 musec,’® which is in agreement with 
Quidat’s value of 0.77+0.03 mysec obtained from Tc*™ 
decay'® and the value of 0.76+0.07 musec calculated 
from Coulomb-excitation yield considerations.'’ There- 
fore it is reasonable to assume that most of the electronic 
shift in the delay curves is canceled out when averages 
are taken in the above fashion. 


EXPERIMENTAL RESULTS FOR U** 


The first series of runs were alpha-gamma delay 
curves. Radium-226 was the standard used for the com- 
parison delay curves. Radium-226 decays primarily to 
the ground state of Rn®*, but 5.7% of the alpha decays 
populate a level 187 kev above the ground state.'* The 


Ra** alpha particles also have an energy very similar 
to the corresponding alpha particles of U*®. 

The slope of the U™* delay curves showed that the 
half-life of the 186-kev level of Th! was less than or 
equal to 1.0 mysec. However, the Ra”® comparison 
delay curve displayed a limiting slope equivalent to a 
half-life of 0.6 myusec. A crude analysis of the slopes of 
the two delay curves indicated that the half-life value 


‘6 J, P. Unik and D. Strominger (unpublished results, 1958). 

16 J. Quidat, Compt. rend. 246, 2119 (1958). 

‘7 F. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 
(1958). 

‘8 F. Asaro and I. Perlm n, Phys. Rev. 88, 129 (1952). 
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of the 186-kev level of Th is about 0.8 myusec. Un- 
fortunately the centroid shift analysis between Ra*é 
and U5 is not useful for two reasons. First, the half-life 
value of the 187-kev level in Rn” is not known, and, 
secondly, the alpha decay of U*** (see Fig. 1) is too com- 
plicated for a simple centroid analysis from alpha- 
gamma delay curves. 

Figure 1 shows that a transition of about 205 kev 
precedes the 186-kev level in about 6% of the U** alpha 
decays. Hence, one can obtain a gamma-gamma delay 
curve by setting one single-channel analyzer on the 
205-kev peak and the other analyzer on the 186-kev 
peak. Actually, the 186-kev peak is so much more 
intense than the 205-kev peak that only the 186-kev 
peak is seen in the singles spectrum. Accordingly, one 
single-channel analyzer is set on the high-energy side of 
the 186-kev peak while the other is set on the low-energy 
side of the peak. A 100-mg sample of metallic uranium 
enriched in U**> was used to obtain the U*** delay curves. 
A Na*® sample was run for the comparison delay curves. 
The settings on the two single-channel analyzers were 
interchanged and some additional centroid shifts were 
calculated. 

Just as with Tc", the Na®* delay curves were dis- 
placed toward the higher channels. However, the aver- 
age of the two sets of runs yields the half-life value of 
0.77+0.12 musec for the 186-kev level of Th**". This 
value agrees with the crude estimate obtained from the 
alpha-gamma delay curves. 

The 186-kev £1 transition in Th*! is slower by a 
factor of 6X 10* than the single-proton lifetime predic- 
tion. This hindrance can be qualitatively understood 
terms of a violation of selection rules described in 
in more detail elsewhere.'? 
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Slow-Neutron Cross Sections of Pu*’, Pu’, and Am*** 


R. E. Cort, L. M. Boturncer, R. F. Barnes, AND H. Dramonp 
Argonne National Laboratory, Lemont, Illinois 
(Received October 9, 1958) 


Measurements of the total cross sections of Pu, Pu*, and Am** have been made using the Argonne 
“fast chopper.” The results on Pu* include only the resonance structure which could be studied through 
the Pu impurity in some samples of Pu®® which were used in an exhaustive study of the latter nuclide. 
The values of the resonance parameters of the resonances at 1.053, 20.4, and 38.2 ev comprise these results. 
The studies of Pu*? and Am*® were made possible by the separation of these nuclides from samples of 
Pu? which had undergone extensive neutron irradiation. Resonances were observed at 2.65 and 53.6 ev in 
Pu*? and at 0.976, 1.353, 1.74, 3.42, 5.12, 6.54, 7.84, 10.3, 12.8, 13.1, and 15.3 ev in Am™*, Resonance param- 
eters are reported for all of these resonances and in addition, the resonance capture integrals derived from 
these parameters are compared with the results of other measurements of these quantities. 


INTRODUCTION 


EASUREMENTS of the neutron cross sections 

of the heavy artificial nuclides are important 
both to the design of nuclear reactors and to the under- 
standing of the nucleus itself. For reactor studies, the 
importance! of these cross sections comes from their 
very definite role in determining long-term reactivity 
variations and neutron economy. Their importance to 
the physics of the nucleus lies mainly in the fact that 
they increase the range of nuclides over which theory 
and experiment can be compared. 

In heavy nuclei, not near closed shells, the spacing 
of the neutron resonances is generally small, so that 
many resonances lie in the energy range in which the 
present time-of-flight spectrometers have extremely 
fine resolution. Consequently, studies of these nuclei 
make it possible to determine the resonance parameters 
for a large number of resonances. That large numbers 
of these parameters are necessary is a consequence of 
the fact that most of the theoretical work in this field 
has resulted in the prediction of certain average values 
of some of these parameters or in the specification of 
statistical distribution functions for some of them. For 
example, there are proposed distribution functions for 
the reduced neutron widths? and for the level spacings? ; 
there are predictions of the variation of the neutron 
strength function with nucleon number.*® 

Experimentally, the only difference between meas- 
urements on these rare heavy nuclides and those of 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1H. Hurwitz, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, August, 1955 (United 
Nations, New York, 1956), Vol. 4, p. 261. 

2C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956) ; 
H. A. Bethe, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 321; J. M. C. Scott, Phil. Mag. 45, 
1322 (1954). 

3S. Blumberg and C. E. Porter, Phys. Rev. 110, 786 (1958) ; 
N. Rosenzweig, Phys. Rev. Letters 1, 24 (1958); I. I. Gurevich 
and M. I. Pevzner, J. Exptl. Theoret. Phys. U.S.S.R. 31, 162 
(1956) [translation: Soviet Phys. JETP 4, 278 (1957) ]. 

‘ Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

5 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) ; 
Chase, Willets, and Edmonds, Phys. Rev. 110, 1080 (1958). 


other heavy nuclides is in the availability of samples. 
The former are difficult to obtain at all and can be had, 
at best, only in extremely limited amounts. This factor 
severely determines both the quantities which can be 
measured and the methods which can be used. For 
those nuclides which have fission thresholds above the 
region of interest (roughly defined as being the energy 
region from zero to several hundred electron volts), the 
only measurements which can be made, aside from 
integral type measurements, are those of the total cross 
section. Because of the further limitation of the small 
size of the samples, measurements of the total cross 
section can best be made with a ‘fast chopper” such as 
the machine at Argonne® with which these measure- 
ments were made. 


EXPERIMENTAL DETAILS 


Since it is only the small size of the samples which 
made parts of the present studies different from most 
normal measurements of the total cross section by a 
transmission experiment, details relevant to this prob- 
lem are the only ones which are discussed. All of the 
remarks concerning size of sample are directed at the 
Pu*” and Am** samples, since no effort was made to 
procure special samples of Pu”. 

The exit collimator of the fast-chopper system pro- 
vides space into which sample holders containing up to 
2 in. of material may be placed. The design of the colli- 
mator is such that each of its seven slits, which corre- 
spond to those of the rotor, tapers (though not linearly) 
from a width of 0.025 in. at the near end (i.e., the end 
near the rotor) to 0.045 in. at the far end (i.e., the end 
towards the detector). Furthermore, the design is such 
that a full 2 in. of material must be inserted in the form 
of two 1 in. portions, one close to each end of the 
collimator. Because of the taper, samples made for the 
far end should be 0.065 in. wide while those for the near 
end can be made 0.035 in. wide. For the Pu? and 
Am* samples, only the narrower width could be used ; 
and even so, there was material enough to allow use of 


6 Bollinger, Coté, and Thomas, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
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TABLE I. The isotopic constitution of the samples used for 
the analysis of the resonances in Pu. 


Thickness of sample 
(number of Pu 
atoms/cm?) 


Percent abundance 
Pu Pu 
0.61+0.01 
5.11+0.07 
0.61+0.01 
5.11+0.07 
1.47 


99.38+0.01 
94.51+0.08 
99.38+0.01 
94.51+0.08 


0.015+0.001 
0.38 +0.03 
0.015+0.001 
0.38 +0.03 


1.17 10" 
2.40X 10" 
5.86X 10" 
7.74X 10" 
17.7 X10" 


only a small fraction of the height of one of the seven 
slits. In the case of Am™* only 5 mm of one of the slits 
could be used, i.e., the cross sectional area of the sample 
was only 5 mm.’ 

The primary effect of being able to use only a small 
fraction of the available slit area is a reduced counting 
rate which results in a much less favorable signal-to- 
background ratio than is normally obtained. In order 
to have a signal-to-background ratio high enough to 
make it possible to obtain data of suitable statistical 
accuracy, it is necessary to use the shortest flight path 
compatible with the resolution required to study the 
resonant structure of the nuclides under consideration. 
Most of the results of the present investigations were 
obtained from data taken with a flight path of 25 m. 
With a 25-m flight path, the resolution can be as good 
as 0.08 usec/m, a value which corresponds to full-speed 
operation of the chopper. The data on the thermal cross 
section of Am** were taken with a flight path of only 
7 m, however. 


SAMPLES 


The resonance parameters for Pu*” were obtained 
from measurements on Pu samples in which Pu” 
was an impurity. These samples were large enough to 
cover the area corresponding to all seven slits and had 
thicknesses equal to 1.1710", 2.4010", 5.86X 10", 
7.74X 10", and 17.710" atoms of Pu*”/cm*. The iso- 
topic abundances of the various plutonium isotopes 
present in these samples are shown in Table I. 

Extensive neutron irradiation of Pu produced’ the 
plutonium and americium used in these measurements. 
These were purified from other products of irradiation, 
separated from each other, and analyzed spectrogra- 
phically. The only impurities present at this point were 
such as would not interfere with the measurements. 

The americium and plutonium were required in an 
anhydrous form to avoid neutron scattering (and beam 
attenuation) by hydrogen. There also might have been 
a potential health hazard from the formation of per- 
oxide, hydrogen, and oxygen from the dissociation of 
water by the intense alpha radiation. 


7 Bently, Diamond, Fields, Friedman, Gindler, Hess, Huizenga, 
Inghram, Jaffey, Magnusson, Manning, Mech, Pyle, Sjoblom, 
Stevens, and Studier, Proceedings of the International Conference 
on the Peaceful Uses of Alomic Energy, Geneva, August, 1955 
(United Nations, New York, 1956), Vol. 7, p. 261. 
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AND DIAMOND 

Plutonium was precipitated as an oxalate and con- 
verted to a water-free oxide at 400°C. The oxide was 
pulverized in a nickel crucible and loaded into an 
aluminum-Lucite capsule via a quartz funnel. Work 
was done in a glove-box protected from the atmos- 
pheric moisture by a barrier of magnesium sulfate. 

Since the volume of americium oxide used (7 mg of 
metal) was too small to have intercepted an appre- 
ciable portion of the beam, the oxide was dispersed 
(with the numbers of atoms in the ratio Am:Al=1:9) 
in alumina. The Am and Al were thoroughly mixed in 
solution and precipitated as hydroxides by the addition 
of ammonia gas. The precipitate was dried and ignited 
to 1000°C in air to convert to the nonhygroscopic oxide. 
The resultant oxide was pulverized and encapsulated 
in the same manner as the plutonium. 

The thickness of the Pu? sample was obtained from 
an area analysis of the 1.05-ev resonance in Pu, which 
was observable because of the 7.5% of this isotope 
present in the sample. The complete isotopic constitu- 
tion of the sample is shown in Table IT. From the values 
listed in this table it is clear that an error of 1% might 
exist in the thickness of the Pu? sample because of the 
uncertainty in the amount of Pu*” present. In addition, 
errors of 4.5% and 9% are possible in the determination 
of the thicknesses of the thick and thin samples, re- 
spectively, because of errors in the measured areas of 
the transmission dips and of uncertainties in the reso- 
nance parameters of Pu’. The values of the parameters 
of the 1.05 ev resonance in Pu*” which were used for 
the determination of the thickness of the Pu** samples 
are g9=1.73X 10° b and P=0.0345 ev. The thicknesses 
of the Pu’? samples determined in this manner are 
(3.48-+0.05) X 10” atoms/cm?, (4.02+0.2) x 10" atoms 
cm? and (1.48+0.15) X10" atoms/cm. 

The thicknesses of the sample of Am*“ used in these 
measurements were (3.38+0.06) X 10” and (1.89+0.09) 
X10” atoms/cm?. The only impurities known to be in 
the sample are 0.469% Am*', 0.0048% Am”, and 
0.02% cerium. 


RESULTS 


Pu*? 


Since the measurements on Pu*”’ were made simply 
because the samples used in a very thorough study of 
Pu**® contained various amounts of the former, the re- 
sults are rather fragmentary. They have been included 
in this presentation because they are results of high 
quality on a nuclide which is of importance to reactor 
physics. 

TABLE II. The isotopic constitution of the sample of Pu®®. 


Percent 
abundance 


Percent 


Isotope abundance Isotope 


3.33 +0.03 
88.51 +0.08 
0.033+0.002 


238 0.391+0.007 241 
239 0.226+0.005 242 
240 7.51 +0.07 244 








SLOW-NEUTRON CROSS SECTIONS 


The usual area techniques® have been used, under the 
assumption that the fission cross section is negligibly 
small, to obtain the resonance parameters. Leonard, 
Seppi, and Friesen? have shown that the resonance 
fission in the resonance at 1.05 ev is equal to 356 b. 
Comparison of this value with the peak total cross 
section of 1.73 10° b shows that the assumption about 
the fission cross section is well justified. 

The parameters obtained for the three resonances 
observed are listed in Table III. A value of I’, could be 
obtained only for the resonance at 1.05 ev, so a value 
close to this value was assumed for I’, in the analysis of 
the resonances at 20.4 and 38.2 ev. The results are in 
excellent agreement with those of Simpson and Flu- 
harty"” who have made a thorough study of this nuclide. 
It is of interest that the value of I’ for the first reso- 
nance deduced by Westcott and Walker" from the reso- 
nance absorption integral and thermal capture cross 
section is also in excellent agreement with the value 
reported herein. 


Pu?2”? 


As complete an investigation as possible was made 
on this nuclide over the energy range from thermal 
energies to several kev, with the rather disappointing 
result that only two resonances were found which could 
positively be assigned to it. The parameters for these 
resonances, along with their respective errors, are listed 
in Table IV. The contribution of the uncertainty in 
the thickness of the thin sample to the uncertainty in the 
parameters is included in these errors. The values of 
the parameters reported previously” were based on the 
analysis of data obtained from measurements of a 
single thick sample of Pu’. The difference between the 
present results and these earlier values can be attri- 
buted to uncertainties in the size of the background, to 
which these early results were very sensitive. 


TABLE III. The resonance parameters for the first three reso- 
nances in Pu. An average I'y= (32+3)X10-% ev was assumed 
for the 20.4- and 38.2-ev resonances, for which values of I'y could 
not be deduced. 


Eo r ry 
(ev) (10-3 ev) (10-4 ev) 
1.053 
20.4 
38.2 


Tn 
(10-3 ev) 
(1.73+0.15) x 105 
(8.84+0.15) X 104 
(2.22+0.17) X 104 





32.143 
32 +3 
32 +3 


2.4 +0.05 
2.26+0.26 
15.7 +0.9 


34.543 
34.343 





8 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953); Seidl, Hughes, Palevsky, Levin, Kato, and Sjostrand, 
Phys. Rev. 95, 476 (1954). 

® Leonard, Seppi, and Friesen, Oak Ridge National Laboratory 
Report ORNL2309 (unpublished). 

1©Q. D. Simpson and R. G. Fluharty, Bull. Am. Phys. Soc., 
Ser. IT, 2, 219 (1957). 

1C, H. Westcott and W. H. Walker, Atomic Energy Com- 
mission Report TID-7547, 1957 (unpublished), and private 
communication. 

2 Coté, Bollinger, Barnes, and Diamond, Atomic Energy Com 
mission Report TID-7547, 1957 (unpublished). 
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TABLE IV. The resonance parameter of the resonance ob- 
served in Pu. A value of I'y= (25.1+2.6) X 10-8 ev was assumed 
for the resonance at 53.6 ev in order to obtain the parameters 
listed. 





ry Tn 7 
(10-3 ev) (107% ev) (b) 


27.042.7 25.1+2.6 1.9+0.2 (6.65+1.3)x104 
70.046.2 25.142.6 449460 (3.1 +0.2)104 


Eo i 
(ev) (1073 ev) 


2.65 
53.6 


Thick and thin samples were available for the study 
of the resonance at 2.65 ev, so a value of I, could be 
obtained. Unfortunately, the resolution width was com- 
parable to the width of the resonance so that a mean- 
ingful comparison of a theoretical curve (based on the 
parameters obtained from the area analysis) with the 
observed shape requires an accurate knowledge of the 
shape of the resolution function. Since the shape of this 
function is not well known, a calculation of the ex- 
pected resonance shape was made in which a simple 
triangular resolution function was assumed. The width 
of this function was determined by the flight path, 
channel width and rotor speed which were used for the 
data being compared. The agreement is good except 
near the peak of the resonance, where the effect of the 
finite resolution is of greatest importance. 

On the basis of a provisional assignment of the reso- 
nance at 2.65 ev to Pu’, Egelstaff, Gayther, and 
Nicholson have reported a value of I',= (1.7+0.8) 
X10-* ev, which agrees with that reported herein. The 
only other measurements on Pu which can be related 
to the present measurement are those of Butler, 
Lounsbury, and Merritt’ (hereafter referred to as 
BLM). They have measured the resonance capture 
integral and have listed the neutron capture cross sec- 
tion for neutrons with speeds of 2200 m/sec. No direct 
comparison of this latter cross section can be made 
because the present measurements were not carried out 
in the thermal energy region because of the large 
amount of Pu present in the sample. However, a 
value of the capture cross section for 2200-m/sec neu- 
trons resulting from the epithermal resonances can be 
obtained from the measured resonance parameters. 
The value of 19.2+3.3 b which is obtained is in good 
agreement with the 18.6+0.8 b of BLM; their result 
is based on the assumption that Pu*” isa “‘1/v” absorber. 

A value of the resonance capture integral can also be 
obtained from the measured resonance parameters. 
The value obtained is 1050+150 b if the contribution, 
as estimated by a formula due to Dresner,'® of levels 
above 55 ev is added to those of the two known reso- 
nances. The agreement between this value and the 
1275+30 b of BLM is not as good as for the thermal 
capture cross sections. 


13 Egelstaff, Gayther, and Nicholson, J. Nuclear Energy 6, 303 
1958). 


44 Butler, Lounsbury, and Merritt, Can. J. Phys. 35, 147 (1957). 
15T,, Dresner, J. Nuclear Energy 2, 118 (1955). 
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Fic. 1. The transmission vs time-of-flight of neutrons for samples 
of Am**, The dashed curve drawn through the region which in- 
cludes the 1.35- and 1.74-ev resonances was computed from the 
single-level Breit-Wigner equation using the parameters obtained 
from an area analysis of the data of several independent measure- 
ments made under different experimental conditions. 


Am** 


A portion of the data obtained on Am** is shown in 
Fig. 1, in which transmission is plotted against the 
time-of-flight of the neutrons. Eleven resonances were 


observed and, on the basis of the assumption that the 
1 


statistical factor g has the value 4, the resonance pa- 
rameters listed on Table V were obtained by area 
analysis. It was possible to make a determination of 
I’, for the first three resonances, although a good meas- 
urement was possible only for the resonance at 1.35 ev. 
A weighted average of the values obtained for I, for 
these three resonances was used to deduce the param- 
eters from the areas obtained for the remaining nine 
resonances. Although application of “‘wing’”® analysis 
to the data on the resonance at 1.35 ev, does not pro- 
vide an ideal case for the method, it does yield a value 
of ool*=37.4+4 which is in fair agreement with the 
value ool’=34.543.3 based on the results of the area 


TABLE V. The resonance parameters of the resonance observed 
in Am, Values of I were obtained for the first three resonances 
and a weighted average of these, namely I',= (42.043) X10" ev, 
was used in the analysis of the remaining eight resonances. 


Eo oo r 
(ev) (10- *ev) 


0.976 205-4 63 
1.353 18000+2700 
1.74 4300+ 950 
3.42 1900+ 90 
5.12 1350+ 115 
6.54 3860+ 190 
7.84 3580+ 200 
10.3 755+ 165 
12.8 3450+ 475 
13.1 1860+ 405 
15.3 1250+ 570 


lr, 
(107% ev) 


0.017 7 +0.003 
0.82 +0.08 
0.18 +0.01 
0.21 +0.01 
0.22 +0.02 
0.83 +0.04 
0.93 +0.05 
0.23 +0.05 
1.50 

0.80 


ry 
(10> ev) 


78 +29 


— wa 
— ww 


1®R.R. Palmer and L. M. Bollinger, Phys. Rev. 102, 228 (1956). 
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analysis. Since this resonance is nearly resolved, a shape 
analysis can be performed to obtain the resonance pa- 
rameters. The value of ool obtained from these param- 
eters is 35.7+2. Furthermore, an examination of Fig. 1 
shows that the shape computed from the resonance 
parameters derived from the area analysis of the reso- 
nances at 1.35 and 1.74 ev is in excellent agreement 
with the measured transmission. 

Since the americium sample was very pure, measure- 
ments of the total cross section in the thermal energy 
region was made. The variation of this cross section 
with neutron energy is shown in Fig. 2, from which it 
is evident that the cross section is not proportional to 
1/v. The total cross section for neutrons with a speed 
of 2200 m/sec is 190 b, of which 7.2 b can be attributed 
to scattering and 42.3 b to resonant capture due to the 
eleven epithermal resonances listed in Table V. The 
remainder of 140.5 b must be assigned to some other 
source. A resonance, which can be postulated at 0.0107 
ev with oo=340 b and '=0.034 ev, will account for 
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Fic. 2. The total cross section of Am** as a function of neutron 
energy in the thermal energy region. 


this difference and also satisfy the shape of the curve 
of capture cross section vs energy throughout the ther- 
mal region. The reduced neutron width I,° for this 
resonance is only 10-* ev. This is not the smallest 
reduced neutron width to have been observed; but on 
the basis of the Porter-Thomas distribution and the 
measured reduced neutron width for Am**, only 1.6% 
of the resonances might be expected to be smaller. In 
view of this, although the resonance does not corre- 
spond in energy to any that are known to exist and in 
spite of the purity of the sample, the possibility exists 
that this resonance may be caused by some impurity. 

The present results on Am** are in considerably less 
satisfactory agreement with those of BLM than were 
the Pu*” results. Their values of the capture cross sec- 
tion at 2200 m/sec and of the resonance capture integral 
are 73.641.8 b and 2290+50 b, respectively, while 
those of the present work are 183.8+8 b and 1470 
+135 b, respectively. The consideration of these 
radically different results brings up several facts which 





SLOW-NEUTRON CROSS SECTIONS 


should be mentioned. If the total cross section of Am** 
actually does vary as shown in Fig. 2, the assumption 
made by BLM that the capture cross section is pro- 
portional to 1/v is not correct and the value of 73.6 b 
given by them is not the capture cross section oy, but 
fo,, where ‘f is the usual correction factor!? which can 
be obtained only by means of an integration over the 
actual cross section. A computation of this correction 
factor for Am** shows that it is not large enough to 
account for the discrepancy. Of course, if the cross- 
sectional variation observed in the present work is due 
entirely to an impurity in this sample, the true capture 
cross section may be proportional to 1/v and the value 
of BLM should be correct. Presumably then, our value 
should be made up of contributions from the epithermal 
resonances observed in the present experiment, and 
from observed levels below the binding energy of the 
compound nucleus. On the basis of the parameters 
listed in Table V, the contribution from the positive 
energy levels is 42.345 b, not nearly large enough to 
account for the value of BLM. The contributions of the 
resonance at 1.35 ev to the thermal capture cross section 
and to the resonance capture integral make up a major 
part of these quantities, about 75-80% in fact. 

This points up a possible major source of error in the 
present work. Because of the limited range of sample 
thicknesses available and because of the limited time 
during which the measurements could be made, no 
data on a truly thin sample were obtained for this 
resonance. The consequence of this is that the results 
of the analysis are rather strongly dependent on a 
fairly accurate determination of the background. How- 
ever, because of very favorable past experience with 
the method that was used to determine the background 
for these measurements, a high degree of confidence is 
placed in the values obtained. Nevertheless, the errors 
associated with the parameters of the resonance at 
1.35 ev and the errors quoted for the thermal capture 
cross section and the resonance capture integral in- 
clude an uncertainty based on an error of about 15% 
in the background. The other results are quite insensi- 
tive to such variations in the background. 


7T—), J. Hughes, Pile Neutron Research (Addison-Wesley Press, 
Cambridge, Massachusetts, 1953). 
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TABLE VI. A comparison between the measured value of the 
radiation width I'y and values obtained from the empirical rela- 
tions of Cameron* and Stolovy and Harvey.» 





T’y (meas.) 
(1078 ev) 


32.143 ~ 30 39 
25.142.6 21 30 
a 43 33 31 


r'y(Cam.) 
(10-3 ev) 


I'y(S-H) 


Nuclide (1073 ev) 


Py2 
Pu? 
Am*4 





® See reference 19. 
> See reference 20. 


SUMMARY 


The nucleonic compositions of the nuclides under 
consideration are not such that strong shell effects 
would be expected. In fact, there is no reason to expect 
that the average properties of these nuclides would be 
much different from the other heavy nuclides with 
nearly as large a mass. The results of the present meas- 
urements confirm this. 

Values of the strength function [',.°/D for nuclides in 
this mass region are all about 10~*. The values for Pu” 
and Am** are (3.7_2,5+3-7)K10-* and (0.84_o,29+-?8) 
X10~*, respectively, neither of which indicate a large 
departure from the value of 10~‘ which is predicted by 
both the black* nucleus and optical’ models of the 
nucleus. 

The total radiation width I’, has also been the object 
of much investigation'® and it might be felt that for 
nuclides in this mass region, far from closed shells, 
accurate predictions of this quantity might be inferred 
from the rather large amount of empirical evidence 
available. Cameron” and Stolovy and Harvey” have 
recently published semiempirical relationships between 
the radiation width and the nuclear binding energy and 
level spacing which are based on this evidence. The 
results of the present measurements are shown in 
Table VI along with the values obtained from the 
equations of Cameron and of Stolovy and Harvey. 
These results present little evidence upon which a 
choice between the two can be based, but they are con- 
sistent with the statement of Stolovy and Harvey that 
Cameron’s relation is slightly better for A > 100. 

18 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 


19 A, G. W. Cameron, Can. J. Phys. 35, 666 (1957). 
* A. Stolovy and J. A. Harvey, Phys. Rev. 108, 353 (1957). 
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We have searched for resonances in neutron cross sections near 100 Mev by a self-absorption method. 
We find a sign, barely significant, of resonance structure in antimony or cadmium, but if the resonance 
cross section is 1.2 times the nonresonant cross section, the resonances are present over only 3% of the energy 


band. The upper limit for the other elements is 1%. 


We have measured precisely differences of neutron total cross sections for several adjacent elements and 
find that there are many deviations from a smooth curve as a function of A!. 


INTRODUCTION 


ELOW the threshold for particle emission, excited 
states of nuclei can decay only by electromagnetic 
processes such as y-ray emission. The lifetimes of the 
states are sufficiently long that the widths of the states 
-which are related to the lifetimes by the uncertainty 
principle I'7= 4—are narrow and the states well defined. 
When particle emission is possible, the probability of 
decay is much greater and the widths increase. Also, 
the spacing between the levels decreases. At several 
Mev above the threshold for particle emission, the 
levels coalesce, and a continuum is observed. It is then 
possible to observe certain groupings of levels, giving a 
giant resonance structure. In particular Feshbach et al.' 
have discussed giant resonances caused by interaction 
of an incoming particle with the potential of the nucleus 
as a whole. These resonances will occur when the 
diameter of the nucleus is an integral number of 
wavelengths of the particle inside the potential well. 
Thus there will be several successive resonances. The 
higher resonances will be reduced in magnitude by the 
nuclear surface, and will tend to vanish when the 
surface thickness, about 2X10~- cm, becomes much 
greater than the reduced wavelength of the particle, 
which is 3X 10~-" cm at 100 Mev. 

At 100 Mev another type of resonance occurs, when 
the phase change of a particle passing through the 
transparent nucleus exceeds that of a particle passing 
outside by exactly 180°. This effect may be described 
by the optical model of Fernbach ef al.? and was first 
found by Taylor and Wood.’ It is akin to a nuclear 
Ramsauer effect. 

The widths of the resonances also vary. At low 
excitations widths of 0.01 ev are common; these 
broaden and the giant resonances at a few Mev exci- 
tation are several Mev broad; finally the high-energy 
resonance in lead is 30-Mev broad. These resonances 
are frequently studied directly by neutron absorption, 
and it is necessary to use beams which are more mono- 
chromatic than the width of the level. This is not 


* Aided by the Office of Naval Research. 

t Now at Atomics International, Canoga Park, California. 

! Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
8A. E. Taylor and E. W. Wood, Phil. Mag. 44, 95 (1953). 


always possible. Thus at 100-Mev neutron cross sections 
have been measured*® using beams with an energy 
spread of about 20 Mev, and only an effective energy 
is well determined. Although theoretical considerations, 
discussed generally above, show that there should be 
no narrow levels at this energy, it seemed worth while 
to check this point experimentally. 

In addition this experiment compares cross sections 
on several elements to a very high precision. These are 
compared with theoretical predictions. 


METHOD 


The method used may be described as a self-absorp- 
tion method, which has been used previously by Darden‘ 
to study resonances with 3-Mev neutrons, and by 
several authors® to study the fine structure of the 
photonuclear effect at 10-20 Mev nuclear excitation. 

The principle is to take a neutron beam with a large 
energy spread. The counter may be made a highly 
efficient liquid scintillator with no energy resolution. 
The total cross section in good geometry is then 
measured for the element under study—copper, for 
example. This cross section is not a useful number in 
itself, for it is averaged over a wide band of energies. 
Then the same beam is used after passing through 
several mean free paths of copper beam hardener, and 
again the total cross section is measured. If the “‘hard- 
ener” attenuates all neutrons equally, then the two 
cross sections will be the same. If, however, the cross 
section consists of a number of narrow resonances, over 
which we are averaging, then the hardener will prefer- 
entially remove those neutrons with a high cross section 
and an anomalously low cross section will be found in 
the hardened beam. 

A large number of small corrections have to be made 
to this simple experiment. These include a counting-rate 
correction, a background correction, correction for 
change in monitoring or change of beam intensity, and 
a correction for the smooth change of cross section with 
energy. In order to reduce these errors and to improve 
the accuracy of the experiment, a comparison measure- 


4S. E. Darden, Phys. Rev. 99, 748 (1955). 
5 Wolff, Winhold, Stephens, and Carroll, Bull. Am. Phys. Soc. 
Ser. IT, 3, 173 (1958). 
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NEUTRON CROSS SECTIONS AT 


ment was made. It was assumed that any resonances in 
two elements of adjacent atomic number were not 
located at the same energy; we may then compare the 
cross sections of these two elements, for beam hardeners 
of each element in turn. All the corrections above are 
then reduced or eliminated. 


APPARATUS 


Figure 1 shows the layout used around the cyclotron. 
The neutron beam is produced by bombarding a 1-cm 
thick carbon target by protons of 154-Mev maximum 
energy. The monitor was a BF; counter so located that 
it was insensitive to changes in the absorber. The 
absorbers and hardeners were chosen to be of high 
chemical purity and x-rayed so that any flaws could 
have been detected. They had a thickness of approxi- 
mately 2.2 mean free paths. The detector was a large 
liquid scintillator 5-in. in diameter and 12-in. long, 
viewed by a single 5-in. DuMont photomultiplier. Two 
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Fic. 1. The Harvard cyclotron, showing the experimental area. 


integral discriminators were used, corresponding to a 
rejection of more or less of the lower energy neutrons. 

A group of two or three elements were studied 
together. With a beam hardener of copper, counts were 
taken successively with absorbers of copper, iron, and 
nickel, and with a long totally absorbing brass block 
for background. This cycle was repeated every few 
minutes to accumulate statistics without corrections 
for counter drift. The whole procedure was then 
repeated with hardeners of iron and of nickel; occa- 
sionally a cosmic-ray background was taken. Each 
group of 3 elements occupied about 40 hours of running 
time. 

Table I shows a sample set of raw data. From these 
are derived the ratios of counting rates; Tables II and 
III show the ratios. The errors have been calculated 
in two ways: from the counts alone, and from con- 
sistency of the numbers. There is excellent agreement 
and only the error derived from the total number of 
counts is quoted. 


100 MEV 


TABLE I. Sample data. 


Pb first attenuator 
Monitor 
(counts 

of 64) 


High bias 
(counts 
of 64) 


Low bias 
(counts 
of 64) 


Order Time 
taken (min) 


Second 
attenuator 





5.61 
5.08 


1779.67 
1749.50 


51.69 
50.11 


Thick brass to 1: 
block beam 10 
completely 


185.56 
173.58 


794.98 
764.31 


2. Pb 10 1852.16 
10 1768.20 


161.45 
148.18 


710.00 
654.85 


3. Hg 4 10 1842.14 
10 1703.54 


4 counts 
10 counts 


131 counts 
122 counts 


Beam off 5 5 13 counts 
4 11 counts 


Looking at Table II, we note that if resonances were 
present in lead, for example, at different energies from 
resonances in bismuth, the transmission through a 
second lead sample could be abnormally high with 
lead as a beam hardener and normal for bismuth as a 
beam hardener. Thus we expect /p,/Jp; to be high for 
lead as a beam hardener, low for bismuth as a beam 
hardener and intermediate for Hg as a beam hardener. 
There is no significant difference from the average 
count, except possibly for the Cd/Sb pair. 

From these ratios it was also possible to derive the 
differences between the cross sections for pairs of 
elements. If the incident intensity is 7) and those after 


TABLE IT. Results.* 


Error Aver- 
assigned age 
to each of the 


Beam hardenet ratio» ratios 


Pb Bi Hg 
0.671 0.669 0.664 
0.686 0.676 0.678 


+0.003 
+0.004 


0.668 
0.680 


Low 


\High 


Tp» /Tpi 


1.140 
1.137 


1.135 
1.134 


+0.004 
+0.006 


1.144 
1.134 


1.142 
1.144 


Low 
\High 


Tpp/T Hg 


+0.006 
+0.009 


1.707 
1.671 


{Low 


| High 


Tpi/lug 1.703 710  ~=1.709 


1.668 77°: 1.673 


Ni Cu Fe 
0.9498 0.9480 0.9475 
0.9527 0.9533 0.9504 


0.9484 
0.9522 


+0.0027 
+0.0040 


Low 


\High 


Tyi/Tcu 


0.7705 
0.7747 


0.7674 
0.7729 


+0.0022 
+0.0033 


0.7736 
0.7750 


0.7704 
0.7763 


Low 


High 


Ini/T Fe 


0.8124 
0.8137 


0.8099 
0.8132 


+0.0024 
+0.0036 


0.8145 
0.8135 


0.8126 
0.8144 


Low 


\High 


Tou / Ive 


0.9443 
0.9482 


0.9447 
0.9502 


+0.0018 
+0.0030 


0.9440 
0.9462 


Ini/Tou® 


{Low 


\High 


Cd Sb 
Ica/Is» {Low 0.5789 0.5672 
\High 0.5929 0.5923 


0.5730 
0.5926 


+0.0023 
+0.0037 


® The numbers in each row should be constant in the absence of reso- 
nances, 

b Counting statistical standard deviation on each. 

¢ Taken in a separate run. 
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TABLE III. Results. 


Error assigned 

Bias Beam hardeners to each ratio* 
Cu = Al 

1.014 0.989 0.976 

0.970 0.965 0.958 


+0.005 
+0.007 


Low 


High 


Teu/Ic 


1.033 
1.000 


1.016 
0.991 


1.005 
0.990 


+0.005 
+0.007 


Le yw 


High 


Tou/T ai 


1.027 
1.027 


1.030 
1.033 


Ie/Tay 1.019 


1.031 


+0.005 
+0.007 


Low 


High 
* Counting statistical standard deviation 


thicknesses /;, 2 of absorbers 1, 2 are /;, J2, we have 


A 
o,=— In(Jo/J) = x17 In(I0/J}), 
Nopl: 


o2= x2" In(Io/T2), 
whence 


Xo 2] 
01;—02=(1 x1) Ine. 1)+( ) In(I Ts). 


X Xe 


We note that if «;—.x2 is small, as it is here, the second 
term vanishes and o,—a» is well determined; a; and a2 
were separately determined in another experiment but 
with less precision and more uncertainty due to back- 
grounds, etc. The data were compared with those of 
Taylor*®; from this comparison, values of the effective 
energy were determined. This determination was con- 
stant for all the elements, and was 116+3 Mev for the 
upper bias and 111+3 Mev for the lower bias. 

The results for the differences in cross sections are 
shown in Table IV and those for the cross section alone 


in Table V. 
DISCUSSION 


It is useful to set an upper limit to the fine structure 
that could be present in the cross sections measured. 
Let the resonance be assumed to be rectangular in shape 
and let (R+1) be the ratio of resonant to nonresonant 
cross section, so that R=0O in the absence of resonances. 


TABLE IV. Cross-section differences 
(effective energy 111+3 Mev). 


Calculated from 
optical fit 
Experimental to the data 
Elements 
(1,2) 


o1—o2 o1—o2 

(10-*%4 cm?) (107% cm?) 
0.467+0.005 
0.166+0.001 
0.069+0.002 
0.103+-0.002 
0.04 +0.01 

0.078+0.003 
(Bi,Hg) 0.01 +0.01 0.095 
(Bi,Pb) —0.07 +0.03 0.020 


0.52 
0.184 
0.070 
0.114 
0.148 
0.075 


(Al,C) 
(Cu,Fe) 
(Ni,Fe) 
(Cu,Ni) 
(Sb,Cd) 
(Pb,Hg) 


CARPENTER 


AND R. WILSON 

Let / be the fraction of the energy range over which 
these resonances are present; then we may state our 
results as an upper limit on f for any given R. 
Normalized to unity incident beam, the hardened beam 
has an intensity 


fe?) + (1— fle, 


where x is the number of mean free paths for neutrons 
in the absorber. The ratio of intensities after passing 
through x mean free paths of the same absorber 
[(R+1)x mean free paths for the resonant neutrons | 
to that after passing through x mean free paths of 
another element with uncorrelated resonances, is then 


fe 2(R+1 7+ (1—fle Qn 
=1+e, 


2fe-Orh=4-(1—2f/je"* 


where ¢€ is zero in the absence of resonances, and 
neglecting f? in the presence of f. Thus, 


f(e-®*—1)?=«. 
TABLE V. Total cross sections (effective energy 11143 Mev). 


coptical model fit 

K =2.2 X10" cm“ 

r =1.29 X1078 cm 
ki/K =1.6 
(10-24 cm?) 


Experimental 


a 
(10~%4 cm?) 


C 0.437+0.008 
Al 0.905+0.018 
Fe 1.68 +0.03 
Ni 1.76 +0.03 
Cu 1.87 +0.03 
Cd 2.85 +0.06 
Sb 2.91 +0.06 
Hg 4.20 +0.08 
Pb 4.25 +0.08 
Bi 4.27 +0.08 


0.425 
0.944 
1.75 
1.82 
1.94 
2.88 
3.04 
4.08 
4.17 
4.18 


We measure ¢ by a comparison with two elements, 
so that if each has the same effect of resonances we 
find, for example, 


Tcu/Txi (copper hardener) 
melt SYS, YY 


T¢u/In;(nickel hardener) 


For «= 2.2 mean free paths, as in this experiment, and 
R close to zero, we then find 


f/e=1/(2.2R)*&1/5R?. 


For the pair of elements Cd and Sb we find the largest 
effect, here 1+2¢€=0.5789/0.5672= 1.023+0.006. If we 
take R=0.2 for example, f=0.058+0.016. This is 
barely significant, and the effect is not present for the 
high bias. For the pair Cu, Ni we find 2e=0,.0007 
+0.0026; so that for R=0.2, f=0.002+0.006. Any 
resonance structure due to individual levels should 
certainly show up in these comparisons. Resonance 
structure from the size resonances of Feshbach,' dis- 
cussed earlier, might be masked. For lead, we have 





NEUTRON CROSS SECTIONS AT 


100 MEV 





o(O"“cm’) 





Fic. 2. A plot of or vs A! com- 
pared with the optical model fit 
used. K=2.2X10" cm™, ro= 
1.29X10"8 cm, k:=3.3X10" 
cm. 














R/x~30, and the difference of the nuclear radii of 
lead and mercury is 2% from the A! factor alone; this 
should be enough to make the size resonances occur at 
different energies for these nuclei. Differences in the 
nuclear surface could also make the size resonances 
more important for one nucleus than another. 

The ratios shown in Table III indicate, at first sight, 
evidence for resonance cross sections also, but we now 
note the value for the copper hardener alone is different, 
and then only when the ratios Jeu/Jc or Icu/J a1 are 
considered. Moreover, the high bias ratios show a much 
smaller effect. This effect is due to the differing slopes 
of the average cross section versus energy curve. The 
cross section for both carbon and aluminum varies as 
1 £, whereas that for copper varies more slowly. This 
may be calculated from the figures of Taylor,’ knowing 
approximately the energy acceptance of the counter. 
We estimate that the entries italicized in the table 
should be higher than the others due to this effect 
alone by 1.010+0.005 for the upper bias, and 1.005 
+0.003 for the lower bias. The agreement is adequate, 
though some sign of resonance structure could be 
present. For these elements, C, Al, and Cu, the Fesh- 
bach! size resonances should be detectable if present, 
for the shapes of the nuclei are appreciably different. 


ness 


According to the optical model of the nucleus, in its 
simplest form, the optical model parameters should be 
a smooth function of the radius of the nucleus and 
therefore of A!. In Fig. 2 we plot the cross sections 
versus A}; it is possible to fit this curve by a simple 
square well optical model with ro= 1.29 10~" cm and 
K=2.2X10" cm, ki/K=1.5 though we attach no 


significance to this fit. From this curve we can find the 
values of the differences of the cross sections for the 
adjacent nuclei we have considered. The differences are 
not given well by the smooth curve. In particular, from 


the difference measurements the cross section for 
bismuth is 2% below the curve. The direct cross section 
of Table V is not accurate enough to show this. This 
may be associated with the closing of the shells in lead. 

We would stress that these conclusions are not 
dependent upon a detailed fit; nor can we discuss 
whether the optical model parameters vary slowly 
with A ; we are only concerned with rapid changes with 
A, 

Unfortunately it is not easy to extend this method 
in the way that one would wish. The elements used in 
this study were all chosen for their availability in large 
quantity and high purity. An attempt to use separated 
le id isotopes, for example, is at the moment not feasible. 
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Reaction Mechanism in Inelastic Scattering of Protons from Mg, Cr, 
and Other Elements from 3.5 to 7 Mev* 
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Inelastic scattering of protons leading to the first excited states of Mg™ and Cr* and to single excited 
states of other elements has been studied. do/dw (90°) was measured as a function of proton energy from 
3.5 to 7 Mev. Angular distributions of inelastically scattered protons and p’—¥y angular correlations were 
taken at several energies. Experimental measurements are compared with direct-interaction theory and 
with predictions of the statistical model. Data for Cr®*(p,p’)Cr®* at 5.4 Mev is well fit by the statistical 
model. The Mg™(p,p’)Mg™* reaction at 7 Mev can be interpreted as a direct interaction. The Mg reaction 
at 5.4 Mev and the Cr reaction at 7 Mev appear to have a bit of direct interaction in them. It is suggested 
that the amount of direct interaction in this (p,p’) reaction depends on the nuclear barrier height. Statistical- 
model expressions for reactions studied are given in an Appendix. 


I. INTRODUCTION 


HE concept of a compound nucleus (CN) has 

been quite useful in explaining many of the 
features of low-energy nuclear reactions. When many 
levels of the CN are excited in a reaction, the statistical 
model' is expected to predict its behavior. Many 
reactions in which this model should be valid do not 
show the expected behavior.?* These have been 
interpreted as direct interactions (DI). Deuteron 
stripping reactions are perhaps the most familiar 
examples of direct interactions. 

The statistical model is based on three assumptions: 
(1) The CN assumption—the incident particle and 
the target nucleus immediately form a compound 
state in which the incident energy is shared among all 
nucleons. The disintegration of this compound state is 
independent of its mode of formation. (2) Many CN 
states contribute to the reaction at the energy con- 
sidered. (3) The statistical assumption—the phases of 
the wave functions describing these states are essen- 
tially random. As a consequence of this last assumption, 
angular distributions of reaction products are symme- 
trical about 90°. Angular correlations between inelastic 
protons and subsequent ¥ rays are expected to show no 
particular axis of symmetry.‘ 

If the CN assumption does not hold, and the incident 
particle interacts with only one or a few nucleons of 
the target nucleus, the reaction is called a DI. The 
simplest DI model is based on three assumptions: 
(1) The Born approximation is made. (2) The entire 
reaction is assumed to take place in a region close to 


. Atomic Energy Commission 


* This work supported by the U.S 
and by The Research Corporation. 

t Present address: University of California Radiation Labora- 
tory, Livermore, California. 


1D. C. Peaslee, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1955), Vol. 5, p. 99. 

2 R. Sherr, Proceedings of the University of Pittsburgh Conference 
on Nuclear Structure, 1957, edited by S. Meshkov (University of 
Pittsburgh and Office of Ordnance Research, U. S. Army, 1957), 

. 361. 

" L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 

4G. R. Satchler, Phys. Rev. 94, 1304 (1954). 


the nuclear surface. (3) The range of the nucleon- 
nucleon interaction is taken to be zero. Angular distribu- 
tions based on this simple model have the form of 
spherical Bessel functions.* Angular correlations between 
inelastic particles and subsequent y rays are symmetrical 
about the direction of the recoil nucleus. If the y 
radiation is pure electric quadrapole (£2), and if 6, is 
the angle measured from the recoil nucleus direction, 
the angular correlation has the form sin?(26,). Angular 
distributions from some a-particle reactions are well 
fitted by this simple model.®.7 

A more sophisticated DI calculation in which the 
above three assumptions were dropped has been done 
by Levinson and Banerjee.’ Optical-model wave 
functions were used for incident and scattered waves 
and shell-model wave functions for the initial and 
final states. A finite-range Yukawa force was assumed 
to act between nucleons and the calculation was done 
throughout the nuclear volume. The variable param- 
eters in this calculation were picked to give agreement 
with the C"(p,p’y) data at 14-18 Mev. Calculated 
angular distributions are quite sensitive to distortion 
and bear no resemblance to spherical Bessel functions. 
Predicted p’—y angular correlations, however, are 
quite similar to those of Born approximation and have 
the form A+B sin*[2(@,—6o)], with A, B, and 4 
constants. This model gives a reasonable fit to a wide 
range of data. 

Since the lifetime of a CN is quite long compared with 
the time required for a DI, these two processes are 
expected to be incoherent.® 

The experimental work to be discussed in this paper 
is concerned only with inelastic proton scattering 
leaving the target nucleus in a single, definite excited 
state, usually the first. This nucleus subsequently 
decays by emitting a y ray. Three types of data were 


5G. R. ‘Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 
*H. J. Watters, Phys. Rev. 103, 1763 (1956). 
a oa Hunting and N. S. Wall, ’Phys. Rev. 108, 901 (1957). 
8C. A. Levinson and M. K. Banerjee, Ann. Phys. N. ¥::2, 
471 Nak: 3, 67 (1958). 
M. Lane, Revs. Modern Phys. 29, 191 (1957). 
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taken. Measurements were made of do/dw (90°) as a 
function of incident proton energy, angular distributions 
of the inelastic protons, and angular correlations 
between the inelastic protons and y rays. 

Relatively thick targets were used so that many levels 
of the CN would contribute to the reaction and the 
statistical model could be applied to the results. Targets 
were about 150 kev thick at the energies used. The data 
of Shiffer et al.” indicate that at least 7 levels of the CN 
contribute to the reaction at any one energy for Z~ 25. 
The CN level spacing is quite large in the lighter 
elements and resonant effects appear in some of the 
data. For these elements, measurements were taken at 
energies between resonances so the ratio of CN to DI 
components of the reaction would be as low as possible. 
Some data for Mg**(p,p’y) were taken directly on what 
appeared to be a resonance to see what effect this 
had on the angular correlations. 

Predictions of the statistical model are compared with 
the Cr*(p,p’y) data. The statistical model is applied to 
total cross-section measurements and angular distribu- 
tions of inelastic protons in the form developed by 
Hauser and Feshbach." Predictions for angular correla- 
tions were obtained from general expressions given by 
Devons and Goldfarb.” Nuclear properties appear in 
these formulas in the form of transmission coefficients, 
T1, where L is the orbital angular momentum of the 
proton. It was assumed that only two channels were 
open for the CN decay: the elastic channel, and 
inelastic scattering to the first excited state. Expressions 
of this type have been calculated by Satchler*- but 
the published formulas contain errors. These have been 
recalculated and are given in the Appendix. Two 
models were used to calculate the T;. A black nucleus 
(continuum theory) was first assumed since tables! 
were available from which the T;, could be easily 
obtained. Fits to the data with this model were not 
good so some 7, were calculated using an optical- 
model potential. 

The simple Born approximation DI theory is com- 
pared with some of the angular distributions taken. No 
distorted wave calculations of angular distributions 
were made. The form of the angular correlations, 
however, is not supposed to be much affected by 
distortion and some of the data are fitted with the 
predicted 4+B sin?[2(6,—60) | form. 


II. EXPERIMENTAL METHOD 


The University of Rochester 27 in. variable-energy 
cyclotron was used to make the measurements to be 
described. The internal beam is extracted electro- 


10 J. P. Schiffer e¢ al., Phys. Rev. 104, 1661 (1956). 

1 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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statically, focused by a pair of quadrapole magnets, 
analyzed by a wedge magnet, and passes through two 
scattering chambers. A 10-in. diameter chamber can be 
used in conjunction with a 180° spectrometer magnet 
for high-resolution work or the beam can be passed 
through this 10-in. chamber and into a 36-in. diameter 
chamber containing two counters on rotating arms. 
The energy calibration of the beam was accurate to 
about 0.5% and the full width at half maximum of the 
analyzed beam in energy was less than 0.5%. This 
energy spread in the beam was small compared to the 
target thickness used and was usually neglected. 

Targets used were mostly self-supporting natural 
metal foils about 2 mg/cm? thick. The Be target had 
been made for a previous experiment. The C target 
was made by cracking acetlyene gas on a hot Ta plate. 
Commercial Al, Ti, and Au foils were used.'* Mg, V, 
and Fe targets were made by reducing commercial 
foils in thickness by electropolishing. Cr and Co foils 
were made by electroplating, and the Si target was 
made from a thin piece of Pyrex glass. 

Inelastic protons from these targets were detected by 
a scintillation counter in the 36-in. chamber. This 
counter consisted of a 0.020-in. CsI(T1) crystal bonded 
to the face of a DuMont-6291 photomultiplier. Elec- 
tronics were conventional and pulses from this counter 
were analyzed in a RIDL model 3300 100-channel 
pulse-height analyzer. 

The cross section at 90° was measured by fixing this 
counter at 90° and an ion chamber monitor at 23°. 
Scattering into this monitor was essentially all elastic 
and is known to be Coulomb for Z>13 at these 
energies.'7!8 Elastic scattering from Au is Coulomb 
at all angles.'’ Protons were scattered from both a 
Au target and the target of interest. If it is assumed that 
elastic scattering from the target of interest is Coulomb 
at the monitor angle, the inelastic scattering cross 
section in mb/sterad is given by 


Z°M (Au) N(T) 


sN(Au)M(T)E,2 


Z is the atomic number of the target of interest and s 
is the abundance of the isotope which contributes the 
inelastic group. V (7) is the number of counts in this 
group and M(T) is the number of monitor counts. 
N(Au) and M(Au) are the number of counter and 
monitor counts from the Au target. E, is proton energy 
in the laboratory system. This measurement of cross 
section is independent of the monitor angle, beam 


18 G. C. Phillips and J. E. Richardson, Rev. Sci. Instr. 21, 885 
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17 W. F. Waldorf and N. S. Wall, Phys. Rev. 107, 1602 (1957). 

18C, A. Preskitt, Jr., and W. P. Alford, Atomic Energy Com- 
mission Report NYO-2172, 1958 (unpublished) ; also Phys. Rev. 
(to be published). 
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current, and target thickness. Center-of-mass correc- 
tions are negligible at these energies. For these measure- 
ments targets made an angle of 45° with the beam and 
transmissive geometry was used. The above expression 
was used to compute the inelastic cross section. 

Angular distributions were taken with this same 
scintillation counter. Another scintillation counter was 
used as a monitor at 45°. Targets made an angle of 
+30° with the beam. The target chamber was aligned 
so the beam passed through the center of the target 
by placing a fluorescent screen in the target position 
and observing the beam spot with a telescope. The 
counter geometry and zero of the angle scale were 
checked by measuring the scattering from a Au target. 
This was found to be Coulomb within counting statistics 
of 3%. 

p’—vy angular correlations were taken in the 10-in. 
scattering chamber. Part of one side of this chamber 
is zg-in. thick brass so y rays produced in the target 
can be detected outside the chamber with attenuation 
in the chamber walls a minimum. The y detector used 
was a 1-in. by 14-in. diameter NaI(TI) crystal mounted 
on a DuMont-6292 photomultiplier. This counter was 
placed on a platform outside the chamber. An angle 
scale was marked on the platform and the y counter 
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Fic. 1. Scintillation counter spectra of 5.4-Mev protons scattered 
from Mg, Ti, and Cr targets. Prominent groups caused by elastic 
and inelastic scattering from the target element are labeled. 
The expected position of elastic scattering from C and O con- 
tamination is also indicated. Only smooth curves drawn through 
the 100-channel analyzer points are shown. 
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could be positioned with an accuracy of +1° by sliding 
it around on the platform. The geometry was checked 
by placing a Co™ source in the target position and was 
found to be satisfactory. The 180° spectrometer magnet 
was used to detect inelastically scattered protons. 
Slits at the magnet exit were removed, giving it an 
energy resolution of about 2%. Inelastic proton groups 
used were quite intense and there was no trouble in 
locating these groups or in keeping the peak of the 
group on the detector at the magnet exit while taking 
these measurements. 

A fast-slow coincidence analyzer was used to take 
time coincidences between these inelastic protons and 
y-rays. The coincidence tubes were 6BN6’s. The fast 
coincidence circuit was adjusted to a resolving time of 
30 mysec. Two single-channel pulse-height analyzers 
provided energy discrimination in the slow coincidence 
circuit which had a resolving time of 1.5 usec. 

It was necessary to delay the y-ray pulses since it 
took some time for the inelastically scattered protons 
to travel through the spectrometer magnet. The 
optimum delay was about 70 musec and was found by 
measuring the number of coincidences as a function of 
delay. Random coincidence rates were measured by 


P 
Mg"“(3)(2) 





= 
onsyca) Ti%3)(2) Tine OT 


’ 


Ti 
90° «1/4 


ht’ A | 


* 
cr) CO 


NUMBER OF COUNTS 


8 


>. 
Cr 





. 
cr**(6) (54)(3)(2) 


Cr 
90° 
Ep» 7.14 








PULSE HEIGHT 


Fic. 2. Scintillation counter spectra of 7-Mev protons scattered 
from Mg, Ti, and Cr targets. Proton energies given are lab 
energies in the center of the target. Points giving the number of 
counts in each channel are shown for the Ti target to illustrate 
the way in which the curves shown in Figs. 1 and 2 were drawn. 
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Fic, 3, Proton spectrum from the Ti target taken with spectrometer magnet. 4th, 5th, and 6th excited states of Ti** are labeled as 
questionable because scattering from other Ti isotopes is strong in this region. 


increasing this delay to 275 mysec. Random coincidences 
in the fast-slow circuit were found to be a constant 
fraction of those in the slow coincidence circuit. Since 
about 90% of the counts in the slow coincidence 
circuit were random the number of random counts in 
the fast-slow circuit could be estimated. Counting 
rates used were such that the random rate in the 
fast-slow circuit was 10-20% of the true rate for most 
of the measurements. Angular correlations were taken 
by setting the spectrometer magnet at a given angle 
and measuring the number of p’—¥y coincidences as a 
function of the angular setting of the y detector. 
Figures 1 and 2 show typical spectra obtained with 
the scintillation counter. Prominent groups seen, and 
the expected positions of elastic scattering from C 
and O have been labeled. Proton energies indicated are 
lab energies in the center of the target and are in Mev. 
These curves are 100-channel analyzer data and points 
corresponding to the individual channels are shown for 
one spectrum. Only a smooth curve through these 
points is shown for the other spectra. To check on the 
interpretation of this scintillation counter data, some 
proton spectra were taken with the spectrometer 
magnet. A typical magnet spectrum is shown in Fig. 3. 
This is for the Ti target. The horizontal scale is the 
reading of the meter used to measure the spectrometer 
magnet field. The prominent inelastic proton groups 
have been labeled. Energies of the first three excited 
states of Ti** calculated from this spectrum are 0.98, 
2.34, and 2.46 Mev. This agrees with other work. 


III. RESULTS-Mg 


Scintillation counter spectra similar to those shown 
in Figs. 1 and 2 were used to measure do/dw(90°) 
and angular distributions. Only inelastic protons leaving 
Mg™ in its first excited state were studied. As can be 


19 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Goverment Printing Office, Washington, 
D.'C., 1958). 

2” R. M. Sinclair, Phys. Rev. 107, 1306 (1957). 


seen from Figs. 1 and 2 this group is quite strong. 
What appears in the scintillation spectra as a small 
group just on the low-energy side of the Mg” first 
excited state group was resolved by the spectrometer 
magnet into three groups. These correspond to inelastic 
scattering from states in Mg”® and Mg*®. The effect of 
this small group was always subtracted with no trouble. 

da/dw(90°) for inelastic scattering to the first excited 
state is shown in Fig. 4. Proton energy has been 
converted into the center-of-mass system. Horizontal 
bars show the target thickness and vertical arrows 
indicate energies where angular distributions were 
taken. The arrow labelled (MIT) represents an angular 
distribution taken by Gove and Stoddart.” This cross 
section is given in mb/sterad if the elastic scattering at 
23° is Coulomb. If this is not so, the vertical scale is 
inaccurate. No attempt was made to check this since 
the absolute value of the Mg™(p,p’) cross section is 
unimportant for this experiment. Error bars represent 
counting statistics. Resonant effects seem to be quite 
prominent in this curve and the bumps seen could be 
due to individual resonances since they have about the 
same width as the target. 

Angular distributions of these inelastically scattered 
protons are shown in Fig. 5. Error bars represent 
counting statistics and uncertainties in background 
subtraction. At low angles a background appeared 
because of slit scattered low-energy particles in the 
beam. This appeared as a low-energy tail on the elastic 
peak and a subtraction was only necessary at low angles 
where the elastic peak was quite large. Thus the larger 
error bars at low angles. The dotted lines are angular 
distributions predicted by the Born-approximation 
direct-interaction theory. These are poor fits to the 
data. Changing the interaction radius does not help. 
The MIT angular distribution at 7.26 Mev is quite 
different in shape than the one given here at 7.01 Mev. 
This is not surprising since there appears to be a 
resonance in the reaction at this energy. 


21H. E. Gove and H. F. Stoddart, Phys. Rev. 86, 572 (1952). 





FREDERICK 


7 
Mg®*ip,0") Mg 


Q°-.37 





an Nucleus 


‘ 
i 44 
# 
mf i 


i 4 
yt dy 


# 44 
ath 
v 


BLACK NUCLEUS 


$£(90") MILLIBARNS/STERADIAN 








‘ 
Fe*(p,p') Fe” 
Q* -.65 Mev 





(p,") 
n 





4. 

5.0 
E yy (Mev) 

Fic. 4. do/dw (90°) as a function of center-of-mass proton 
energy. Horizontal bars represent target thickness. Vertical 
arrows indicate energies at which angular distributions were taken 
and (p,m) thresholds. Solid and dashed lines are statistical- 
model predictions for total cross section divided by 4. 


Angular correlations are shown in Figs. 6, 7, and 8. 
Error bars represent counting statistics. The curves 
have been normalized by dividing each point by the 
number of single counts in the proton detector. The solid 
angle of the y counter has also been taken into account 
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so the vertical scale is in units of the y-counter efficiency. 
The estimated number of random coincidences has 
been subtracted from each point. Several times during 
each measurement the delay in the y-ray line was 
increased to 275 mysec and the point was taken in 
the usual manner. The average of these points for each 
correlation is shown as a point at 5°. Within statistics 
this was always zero, which shows that the method 
of estimating random coincidences was satisfactory. 
The azimuthal angle between the inelastic proton and 
the y ray was 180°. The direction of the recoil nucleus is 
indicated by a vertical arrow. 
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Fic. 5. Angular distribution of inelastic protons leaving Mg” in 
its 1st excited state for proton energies indicated by arrows in 
Fig. 4. Dashed lines are predictions of Born-approximation 
direct-interaction theory. The reaction appears to have a resonance 
at E,=6.66 Mev. Increasing the interaction radius does not give 
a better fit at this energy. 
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Solid curves are of the form A+B sin?2(0,—6). 
These curves are least-squares fits to the data. An 
IBM-650 computer was used to determine the best 
values of A and B for a given 0. The machine also 
computed the root mean square deviation of the data 
from the fitted curve. This calculation was repeated 
for several values of @ and the one giving the minimum 
value of this root mean square deviation was taken as 
the best fit. This best fit is the curve which is shown. 

The data at 6.66 and 7.01 Mev have been fitted by 
this method. The correlations at 5.41 Mev have been 
fitted by specifying 6>=0 and leaving some of the 
points out of the least-squares analysis. The three 
low-angle points have been omitted from the fit at 
6,,=45° and the two end points at 6),=90°. 

Consider the first three 7.01-Mev angular correlations. 
The axis of symmetry follows the recoil axis closely 
(Q9=—1°, —5°, 2° for these curves) and does not 
consistently coincide with the beam or inelastic proton 
direction. All three curves are well fit by the form which 
has been derived by a direct-interaction calculation at 
a higher energy. The values of A/B and 6 are of the 
same order as those found for the C"(p,p’y) reaction 
at 16 Mev.® The reaction at this energy therefore might 
be interpreted as proceeding largely by a direct interac- 
tion, most of which goes in the forward direction. 

The compound nucleus contribution to these curves 
is unknown so there is danger in interpreting them as a 
pure direct interaction, even though they have the 
proper form. At 6,,= 90°, for instance, the DI symmetry 
axis (40° or 85°) is almost indistinguishable from that 
expected for the CN contribution (90°). 

The Mg angular correlations at 6.66 Mev were 
purposely taken where the reaction shows a resonance 
and the CN contribution should be large. These 
correlations are surprisingly well fit by the DI form. 
However, the axis of symmetry does not follow the 
recoil axis as closely (@.= —16°, —3°, —5° for these 
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Fic. 6. Mg*(p,p’y) angular correlations at By=5.41 Mev. 
Solid curves are of the form A+B sin?(20,). Vertical arrows 
indicate recoil nucleus direction. 
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Fic. 7. Mg*(p,p’y) angular correlations at E,=6.66 Mev. 
The reaction appears to have a resonance at this energy. Solid 


curves are of the form A+B sin*(2(6,—6) ]. Vertical arrows 
indicate recoil nucleus direction. 


curves) and the ratio A/B is higher. This DI form then 
is disturbed, but not destroyed by the resonance. 

The correlations at 5.41 Mev could be interpreted as 
being partially of this DI form. Once more there is 
danger that these symmetries are due to mostly CN 
formation. However, the maxima and minima fall in 
the places one would suspect for a DI. 

The variation of de/dw(90°) and the shape of the 
angular distributions with energy could indicate a 
large CN contribution to the reaction. No information 
about the DI component can be obtained from the 
angular distributions since the form of distorted-wave 
DI angular distributions has not been calculated at 
these energies. 


IV. RESULTS-Cr 


Proton spectra from the Cr target are shown in 
Figs. 1 and 2. The proton group corresponding to the 
first excited state of Cr was well resolved from all 
other groups of reasonable intensity. Higher excited 
states in Cr® were not resolved in the scintillation 
counter spectra. 

The variation of do/dw(90°) with energy is shown in 
Fig. 4. Since level spacing in the compound nucleus is 
such that several levels should be excited at each energy, 
the maxima in the curve are probably due to fluctuations 
in the number or properties of the CN levels excited 


rather than to individual resonances. The (p,m) 
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Fic. 8. Mg*(p,p’y) angular correlations at #,=7.01 Mev. 
Solid curves are of the form A+B sin*[2(6,—6) ]. Vertical arrows 
indicate recoil nucleus direction. See text for explanation of 
points at 5°. 


threshold is indicated by a vertical arrow. The initial 
rise of cross section with energy is a barrier effect. The 
sudden leveling off of the cross section just above the 
(pn) threshold is attributed to competition in the 
decay of the CN. Because angular distributions are 
almost isotropic, this curve can be taken as a measure 
of the total cross section. Error bars on the experimental 
points are counting statistics and the accuracy of the 
absolute cross-section measurement is probably better 
than 10%. 

The solid and dotted curves in Fig. 4 have been 
calculated on the basis of the statistical model and 
under the assumption that only two channels were 
open for the CN decay. These curves are values of the 
total cross section as given by Hauser and Feshbach" 
divided by 4% (see Appendix). The solid curves are for 
black-nucleus penetrabilities, the dotted curves are 
based on optical model 7,. It has been assumed that 
T,.=0 for L>4 and T,-=0 for L’>3. With the 7, 
used, this probably includes 95% of the reaction at 
5.5 Mev. 

All the black-nucleus penetrabilities were computed 
for nuclear radii= 1.454 fermis and for Vo= —25 Mev. 
It was not possible to use the tables for larger well 
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depths. It can, however, be estimated that if this same 
radius were used with a more realistic well depth of 
—40 Mev, the entire curve would be lowered to about 
80% of its indicated value. 

Because of the two-channel assumption, these 
computed curves should fit the data well at low energies 
(E,<5 Mev) and then should gradually rise above 
the measured cross section as inelastic scattering to 
higher states becomes appreciable. When the (p,m) 
threshold is passed, the cross section is expected to, and 
indeed does, drop way below the values given by this 
expression. It was not possible to include the higher 
excited states or neutron emission in the calculation 
since the spins of these residual levels are unknown. 
The continuum theory calculation for the total cross 
section, although a good fit at low energies, does not 
rise fast enough. To raise this cross section, one must 
either increase the radius, which already hasa reasonable 
value, or decrease | Vo|, which is already unreasonably 
small. With a reasonable Vo (—40 Mev) the whole 
curve is too low. The trouble probably either lies in the 
continuum assumption or in the square well used which 
is known to give too much reflection to fit elastic 
scattering data.' 
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Fic. 9. Angular distribution of inelastic protons leaving Cr® 
in its Ist excited state for proton energies indicated by arrows 
in Fig. 4 
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Preskitt'® has obtained good fits to angular distribu- 
tions of protons elastically scattered from Co® in this 
energy range using an optical-model potential of the 
form 


V+iW 
1+exp[(r—R)/a] 


Using Preskitt’s parameters as a guide, a set of 7, for 
Cr was calculated (on IBM 650) with V=—50 Mev, 
W=-—5 Mev, R=1.33A! fermis, and a=0.4 fermi. 
(These parameters give good fits to Preskitt’s data.) 
The dotted line in Fig. 4 is the statistical model calcula- 
tion with these optical model 7. This is a good fit to 
these da/dw(90°) data for Cr. 

Angular distributions taken at energies indicated in 
Fig. 4 by vertical arrows are shown in Fig. 9. Error 
bars are again counting statistics with background 
subtraction at the forward angles. Elastic scattering 
from C and O blended into the first excited state group 
of Cr® at the back angles at 7.02 Mev. The amount of 
C and O on the target was determined with the spec- 
trometer magnet and a subtraction (~ 10%) was made. 
The slight rise of do/dw in the backward direction at 
5.82 and 6.15 Mev, where no subtraction was made, 
may be due to C contamination. 

The statistical model predicts angular distributions 
which ate symmetrical about 90° and almost isotropic. 
Using optical-model 7, corresponding to a proton 


energy of 5.43 Mev, the predicted angular distribution 
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Fic. 10. Cr®(p,p’y) angular correlations. Solid curves are of 
the form A+B sin*2(6,—60). Dashed lines are statistical-model 
predictions. Vertical arrows indicate recoil-nucleus direction. 
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is W (6) = 1.000+-0.040P,—0.018P,—0.002P., where P, 
=P 1(cos@). Black-nucleus 7, give about the same 
result, deviations from isotropy being less than 5% for 
both models. The inelastic proton angular distributions 
of Fig. 9 then, are well fit by the statistical model. 

Angular correlations are shown in Fig. 10. The 
statistical-model calculation at 5.43 Mev is shown as a 
dashed line. Optical-model T;, were used and the 
calculation includes only L <2 and L’ <2. This includes 
about 85% of the reaction. These calculated correlations 
show no particular axis of symmetry. The main feature 
is the dip at 90° caused by the large L=2, L’=0 
contribution. This minimum at 90° is also present in 
the experimental points. Correlations at 7.02 Mev have 
been fit with the DI form. This fit at 6,-=45° is good 
but the axis of symmetry is not close to the recoil axis 
(@0.= 13°) and the ratio of A/B is high. This probably 
indicates a large CN contribution to the reaction. The 
fit at @,=90° is meaningless since the curve has 
almost no structure. 


V. RESULTS—OTHER ELEMENTS 


Angular distributions of inelastically scattered protons 
from other elements are shown in Figs. 11 and 12. The 
variation of do/dw(90°) is shown in Figs. 4 and 11. 
This information for C can be found in the work of 
Brown and Lamarsh.” 

The Be angular distribution is the only one which is 
well fitted by a spherical Bessel function. This fit, 
however, requires an unreasonably small nuclear 
radius. A more reasonable radius (dashed line) does 
not give a good fit. This angular distribution has the 
same shape at higher energy.” 

The C angular distribution does not have the same 
shape as that of Gove and Stoddart at 7.26 Mev.*! 
The Al angular distribution also changes form with a 
small change in energy. The variation of do/dw(90°) 
and the change in shape of the angular distributions of 
these lighter elements with energy probably indicates a 
large level spacing in the CN. Thus the anisotropy of 
these angular distributions could be due to the fact 
that only a few CN levels contribute to the reaction. 
The isotropic Si angular distribution is probably an 
accident since do/dw(90°) shows strong variations 
with energy. 

Several Ti angular distributions were taken at 
energies <5.5 Mev. These were isotropic to about 10% 
and are not shown here. An Fe angular distribution was 
taken at 5.5 Mev and was also isotropic to about 10%. 
This is not shown because it contained an uncertain 
amount (~10%) of contamination from elastic scatter- 
ing from C on the target. Because of this near isotropy, 
the Ti and Fe data in Fig. 4 have been compared with 
the statistical model total cross-section calculation. 
Solid lines correspond to black-nucleus 77, mentioned 


2 C. P. Brown and J. R. Lamarsh, Phys. Rev. 104, 1099 (1956). 
*%R. G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 
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Fic. 11. Angular distributions of inelastically scattered protons 
and da/dw (90°) for some of the lighter elements studied. Proton 
energies are lab energies. Solid lines drawn through the da/dw (90°) 
points have no theoretical significance. Angular distributions 
have been converted to the center-of-mass system and the 
Born-approximation direct-interaction theory prediction for Be 
is shown as a dashed line. 


previously. The dashed line on the Fe graph was 
computed using Preskitt’s optical model phase shifts 
for Co®.!8 The optical-well parameters were: V = —63 
Mev, W=—5 Mev, R=1.20A! fermis, and a=0.40 
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fermi. This is a better fit than the black-nucleus 
calculation because the two-channel assumption should 
cause the calculated cross section to be too large as 
the energy increases. 

It was not possible to resolve inelastically scattered 
protons from single states in V* and Co. Estimates of 
da/dw(90°) were made at several energies, however, 
and the cross section was found to be ~1 mb/sterad 
or less. No angular distribution measurements were 
possible with the present technique for cross sections 
this small. The smallness of these cross sections for 
odd-even targets compared with neighboring even-even 
targets is attributed to competition in the decay of 
the CN. Level spacing in the odd-even targets is 
smaller and the (p,2) threshold is lower (~1.5 Mev 
for Co® and V*'). Thus there are more inelastic proton 
and neutron channels open for the decay of the CN 
formed by an odd-even nucleus and a proton. 


VI. CONCLUSIONS 


Much of these data can be interpreted by a CN 
(compound nucleus) mechanism. The variation of 
da/dw(90°) and the shape of angular distributions with 
energy for the lighter elements is what one would 
expect if only a few CN levels were excited. The 
smoothing out of do/dw(90°) with increasing Z and 
the trend toward isotropy of the angular distributions 
could be the effect of decreasing level spacing in the CN. 
The small (p,p’) cross sections for odd-even targets and 
the leveling off of do/dw(90°) just above the (p,1) 
threshold is well explained as a competition effect in 
the CN. The statistical model with JT, calculated on 
the basis of the optical model gives a good fit to the 
Cr data for proton energies up to 5.5 Mev. 


Q*-.99 


. 
Ti**(p,p') TI® 


bleteaay taal 





RELATIVE 


do 
dw 








90 
@ vas. 


Fic. 12. Angular distributions of inelastically scattered protons 
leaving Ti** in its first excited state. This data has been left in 
the lab system. It also contains a contribution of about 10% 
from the first excited state of Ti**. 
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No angular distributions were found to be well 
fitted by spherical Bessel functions. This is not surpris- 
ing since (a) there is probably a large CN contribution 
to the reaction at these energies, and (b) the Born 
approximation is probably not valid at energies this 
low. The Ti angular distribution shows a slight forward 
peaking at 7 Mev. This might be the start of a DI 
(direct interaction) since Ti data seemed to be isotropic 
up to this point, indicating that enough CN levels 
were excited so the statistical model was valid. 

Angular correlations indicate that a large part of 
the Mg”(p,p’) reaction may go by a DI at 7 Mev. 
Mg” correlations at 5.4 Mev and Cr® correlations at 
7 Mev might be interpreted as having a bit of DI in 
them. Since no distorted wave DI calculations have 
been done at these energies, and since the CN contribu- 
tion to the Mg*(p,p’) reaction is unknown, these 
Mg angular correlations cannot be taken as proof of a 
DI. However, the form of the Mg correlations at 
7.01 Mev is identical to DI predictions at higher 
energies, this form seems to be preserved when going 
through a resonance, and the A+B sin?2(0,—6) form 
gets “purer” as the energy increases. In view of this, 
plus the fact that Cr correlations are quite different at 
the same energies, it seems likely that a DI does form a 
large part of this Mg**(p,p’) reaction. 

The Coulomb barrier of the Mg nucleus is about 4 
Mev high and that of the Cr nucleus is about 6 Mev 
high. All the experiments described are consistent with 
the assumption that the (,p’) reaction mechanism is 
predominantly compound nucleus formation when 
proton energies are below the barrier and direct 
interactions become appreciable as soon as the energy 
of both incident and scattered proton are well above 
the barrier. 
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VIII. APPENDIX 


In this section, statistical-model expressions used to 
fit the (p,p’) data of this paper are given. These 
expressions are probably only applicable to low-energy 
inelastic scattering of protons or neutrons from even- 
even nuclei. Some of these have been published!” 
but contain errors. Since several experiments of this 
type are being done, and since a reasonable amount of 
work is necessary to obtain these expressions from the 
general formulas, it is felt that presenting them in this 
way is worthwhile. 

These expressions are limited to low energies since 
only a few L and L’ values are considered and since it is 
assumed that only two channels are open for the decay 
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of the compound nucleus. Z and L’ refer to incident 
and scattered particle orbital angular momentum. 
The incoming and scattered particles both have spins 
of 3, the target nucleus is 0+ and the excited state is 
2+. The transmission coefficients or penetrabilities, Tr, 
must be calculated on the basis of some model. (The 
optical model was quite successful in fitting some of the 
data of this experiment.) 

General expressions for the total and differential 
cross sections are given by Hauser and Feshbach." 
For this special case, assuming that 7,=0 for L>4 
and T,,=0 for L’>3, these reduce to 
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Tas_e I, Contributions of different L values to the Cr®(p,p’) 
cross section at 5.43 Mev. 
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It is interesting to note the relative contribution of 
different L and L’ values to these cross sections. Table I 
and Fig. 13 both refer to the reaction Cr®(p,p’)Cr®*, 
O=—1.44 Mev, E,=5.43 Mev. The T, are based on 
the optical model with parameters as given in Sec. IV. 
In Fig. 13 the contributions from different orbital 
angular momenta are shown to add to a nearly isotropic 
angular distribution. In Table I the relative contribu- 
tions to the total cross section have been normalized to 
add to 100%. It seems likely, from the decrease in 
contribution with increasing L and L’, that cutting off 
the calculation at L=4 and L’=3 includes 95% of the 
reaction or more. 

General expressions for angular distribution of y 
rays and angular correlations between inelastically 
scattered particles and y rays have been derived by 
Devons and Goldfarb” and by Satchler.4" For this 
special case, the angular distribution of y rays, assuming 
L<4 and L’ <2, becomes 
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where P,= P(cos@). 
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If #2 and 6; are, respectively, the angles made by the 
inelastically scattered particle and the y ray with the 
beam, and y is the angle between the inelastically 
scattered particle and the y ray, the angular correlation 
ist 

ToT! 
W (62,83) =-————_[2+0.721 P2(cosy)+2.229P, (cosy) ] 
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Fic. 13. Angular distribution of inelastically scattered protons 
leaving Cr® in its first excited state as predicted by the statistical 
model. The calculation corresponds to a proton energy of 5.43 Mev 
and optical model penetrabilities were used. L and L’ refer to the 
orbital angular momenta of incident and scattered protons, 
respectively. 

* The author wishes to thank Dr. G. R. Satchler for correcting 
several errors in the author’s original calculation. 
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Y,"(0,@) are the usual spherical harmonics and (am, 

bm'|cM) is a Clebsch-Gordan coefficient. Tables by 

Rose are useful in computing these © functions.” 
Note that some terms in the above correlation are 


25M. E. Rose, Oak Ridge National Laboratory Report ORNL- 
2516, 1958 (unpublished). 
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symmetrical about the beam direction and others are 
symmetrical about the direction of the inelastically 
scattered particle. Only L <2 and L’ <2 are considered. 
Table I shows that this probably includes ~85% of 
the reaction. Higher L values were not considered 
because of the complexity of the calculation. 
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Elastic Scattering of 40-Mev Protons from Isotopes of Fe, Ni, and Cut 


Morton K. BrusseEL* AND Jounn H. Witttamst 
University of Minnesota, Minneapolis, Minnesota 


(Received November 26, 1958 


39.8-Mev protons were scattered from thin targets of Fe®', Fe®®, Ni®*, Nie’, and Cu". Absolute differential 
cross sections obtained with a statistical accuracy of $3% have been determined for the elastically scat- 
tered protons. The range of the angular distributions, 7.5° to 110°, encompassed three minima and three 
maxima in the measured cross sections. The energy resolution of the detection equipment, utilizing a NaI (TI) 
crystal, was 1.2-29%. This enabled a separation to be made of elastic from nonelastic events. A detector 
telescope allowed angular resolutions of +§° to be used in determining the shape of the features in the 
angular distributions. The general variation of the cross sections with the nuclear mass is noted. In addition, 
the data suggest that the nucleon shell closing about nucleon number 28 introduces fine structure differences 
in the shape and magnitude of features of the scattering pattern. 


I, INTRODUCTION 
EASUREMENTS of angular distributions of pro- 
tons elastically scattered from various elements 
provide one of the most amenable methods of deter- 
mining nuclear force properties, since they give infor- 
mation about the shape and strength of the effective 
scattering potential active between proton and nucleus. 

Burkig and Wright,! at 18.6 Mev, were the first to 
investigate nuclear effects of proton scattering in heavier 
elements. Although they missed the details present in 
the angular distributions, they did note that as the 
atomic number of their targets increased, the ratio of 
total elastic scattering differential cross sections to 
Rutherford scattering cross sections decreased. 

Baker, Dodds, and Simmons? noticed at 10 Mev that 
specific features in the angular distribution of the elas- 
tically scattered protons tended to move towards smaller 
angles as the atomic number of the target nuclei in- 
creased. However, the first comprehensive study of 
proton elastic scattering differential cross sections was 
performed by Cohen and Neidigh* with 22-Mev protons. 
Plotting ratios of scattering differential cross sections to 
Rutherford scattering differential cross sections, they 
found systematic behavior of the features in the angular 
distributions as a function of atomic number, suggest- 
ing optical-like characteristics of nuclear matter. 

t This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Now at Brookhaven National Laboratory, Upton, New York. 

t Now Director of Division of Research, U. S. Atomic Energy 
Commission, Washington, D. C. 

'T. W. Burkig and B. T. Wright, Phys. Rev. 82, 451 (1951). 

* Baker, Dodds, and Simmons, Phys. Rev. 85, 1051 (1952). 

3B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 202 (1954). 


The interest in elastic proton scattering generated by 
Cohen and Neidigh resulted in the accumulation of data 
from many other sources. The first accurate data, where 
elastically scattered protons were separated and dis- 
tinguished from nonelastically scattered protons origi- 
nating in the lowest excited states of the target elements, 
were compiled by Dayton‘ at 18 Mev. Here, due to 
greater energy resolution in the data, the scattering 
features were more pronounced. Only the elastic protons 
were counted; minima in the former data of Cohen and 
Neidigh were shallower due to nonelastic scattering 
contributions. 

Subsequently much work has been done with protons 
in the energy interval 10-40 Mev. References to this 
work completed before 1957 can be found in the report 
of Hintz® for proton elastic scattering at 10 Mev. Higher 
energy elastic scattering data has been of more limited 
accuracy due to the inherently poorer energy resolution 
available with existing detection systems. 

Measurements of proton elastic scattering have been 
mainly stimulated by the successes of the optical model, 
wherein a nucleus is represented as a partially absorp- 
tive ellipsoid. The most recent and comprehensive appli- 
cations of this model to proton scattering have been 
made by Melkanoff,® Glassgold,’ and their co-workers 


'T. E. Dayton, Phys. Rev. 95, 754 (1954). 

5N. M. Hintz, Phys. Rev. 106, 1201 (1957). 

6 Melkanofi, Nodvik, Saxon, and Woods, Phys. Rev. 106, 793 
(1957). 

7 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207, (1957); A. E. Glassgold and P. J. Kellogg, Phys. Rev. 
107, 1372 (1957); Annual Progress Report, 1957-1958, Universit; 
of Minnesota Linear Accelerator Laboratory, Minneapolis 
Minnesota (unpublished). 
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Fic. 1. The experimental arrangement for proton-scattering measurements 


These authors used for the nuclear part of the inter- 
action, spherical potentials of the form® (Vo+7Wo) 
{1+ exp[(r—R)/a]}} to fit proton cross-section meas- 
urements at 17, 31.5, and 10 Mev. Coulomb potentials 
of different charge distributions were employed. 

As a result of the optical-model analyses of proton 
elastic scattering, a clearer description of the structure 
of medium to heavy nuclei has been obtained. Values 
for the surface diffuseness, a, the absorption, Wo, and 
the real part of the potential, Vo, have been obtained 
which are consistent with more fundamental theoretical 
estimates. 

In addition to theoretical ambiguities in determining 
the parameters from the data as given, the experimental 
data themselves have not been sufficiently accurate to 
eliminate ambiguity in their interpretation. Thus, the 
energy resolution of the detection equipment used in 
elastic scattering experiments has in general been too 
poor to distinguish elastically scattered particles from 
nonelastically scattered ones. Consequently, absolute 
cross sections measured at backward angles and at 
minima in the diffraction pattern have been unreliable, 
for at such angles, nonelastic scattering from energy 
levels of the target nucleus constitutes a large fraction 
of the total scattering. Also, the targets used in the 
scattering experiments have been made of elements 
with natural isotopic abundances, so that details of the 
elastic angular distributions such as sharp minima would 
tend to be averaged out. Individual differences in 
nuclear properties, such as the variation of V from one 
nuclide to another, would be missed. For example, at a 
closed shell of the independent-particle model, the 
nuclear potential might be noticeably different than at 


*R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 


a partially filled shell. Sizable impurities in the isotopic 
composition of a target element could thus contribute 
unpredictable effects in a measurement of an elastic 
scattering cross section. 

It was hoped that the present experiment could in- 
vestigate these effects. To this end, isotopically pure 
targets were used whose nuclei involved numbers of 
protons and neutrons near shell number 28. Our proton 
detector could distinguish elastic from nonelastic scat- 
tering in the angular range 0° to 110° for most target 
elements used. The angular resolution of the detection 
system was good enough to define accurately the fea- 
tures of the diffraction scattering. 

It should finally be noted that most of the optical- 
model analyses of intermediate-energy proton scattering 
(5 to 40 Mev) have omitted consideration of potential 
spin-orbit effects and nonspherical well shapes. Polari- 
zation experiments are required to measure the effects 
of the former unambiguously. However, sufficiently 
accurate ordinary proton scattering data could possibly 
show effects of the latter, especially near the region of 
magic number nuclei. 


II. EXPERIMENTAL APPARATUS 


A beam of protons magnetically deflected from the 
exit of the second section of the Minnesota linear accel- 
erator possesses the following approximate character- 
istics: angular deviation, +1.5 milliradians; maximum 
time average current, 4X10-* ampere with a repetition 
rate of 30 pulses per second; beam pulse length 150 
microseconds; and beam energy 39.85+0.20 Mev. This 
beam passed successively through a quadrupole lens 
system, a 0.001-in. Duralumin foil (separating the scat- 
tering chamber from the accelerator vacuum system) 
defining and antiscattering apertures, a scattering 
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chamber,’ a 0.003-in thick Mylar window to the scat- 
tering chamber, 3 in. to 18 in. of air, and another 
Duralumin foil which served as the entrance to a beam 
collecting Faraday cup. 

The path of detected protons scattered from a target 
led through the Mylar window of the scattering chamber 
into the atmosphere, where a detector telescope was 
placed at some known distance from the target. Protons 
passed through this telescope into a NaI(TI) scintilla- 
tion crystal where they were detected and stopped. 

The experimental scattering assembly is shown in 
Figs. 1 and 2. It consists of an 8-ft diameter stand® upon 
which are mounted two arms each independently free 
to rotate through 360°. The 12-in. diameter scattering 
chamber® was placed at the center of this stand so that 
targets could be isolated from atmospheric scattering 
elements. 

Five nuclides were used as targets in these measure- 
ments: Fe™, Fe®®, Ni®’, Ni®, and Cu®." Their isotopic 
composition was determined by the Oak Ridge labora- 
tory at their time of fabrication. Except for the iron 
target, which was 959% Fe, the targets were mono- 
isotopic to greater than 98°%. They were approximately 
50 mg/cm? thick. 

The general detection scheme is shown in Fig. 2. The 
telescope arrangement was used to shield the NaI(TI) 
crystal from charged particles emanating elsewhere than 
in the target. Antiscattering baffles were placed inside 


the telescope to prevent particles not within the solid 
angle of the detector from entering the NaI (TI) crystal. 
Light pulses formed in the crystal were channelled 
through a Lucite light pipe into a Dumont 6292 photo- 
multiplier tube. The resulting pulse was amplified in a 
conventional! fashion and registered on a pulse-height 


analyzer. 

Various detector solid angles were employed in the 
course of the measurements. 

For most target elements it was found that to sepa- 
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°M. K. Brussel and J. H. Williams, Phys. Rev. 106, 286 (1957). 
” We are indebted to the Oak Ridge National Laboratory for 
fabricating these targets (electroplating process). 
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rate clearly adjacent peaks displayed on a pulse-height 
spectrum, one corresponding to protons elastically scat- 
tered and the other to protons nonelastically scattered 
from the first excited state of the target nucleus, an 
energy resolution better than 1.5% was required (full 
width at half maximum). To obtain such energy reso- 
lution it was found necessary to insert a cylindrical 
Lucite light pipe between the crystal and the photo- 
multiplier tube. By thus placing the photocathode at an 
extended distance from the crystal and diffusing the 
light transmitted to it, the light intensity distribution 
over the photocathode of the photomultiplier tube for 
each elastic proton scintillation emitted by the crystal 
was equalized. Enough light was available from the 
scintillations of a 40-Mev proton so that attenuation of 
the light intensity in the light pipe was of small concern. 
To attain the required energy resolution it was nec- 
essary also to prevent the pileup of pulses in the crystal 
and electronics. This was accomplished by shielding the 
crystal from background radiation and by counting 
slowly when the number of nonelastic pulses was rela- 
tively large compared to elastic pulses. 


III. EXPERIMENTAL DATA 
A. Procedures 


Discussed here are effects which could have influenced 
the accuracy of the measurements. 

The first concerns the anomalous scattering of pro- 
tons into the detector: (1) from the window of the scat- 
tering chamber, or (2) from the target holder. Both 
(1) and (2) were accounted for through background 
measurements when the proton beam was_ passed 
through empty target holders. For angles greater than 
20°, this background was negligible. Background due to 
slit scattering associated with the detector telescope 
would not have been detected by removing the target 
from the beam. It was eliminated as a possible source of 
error by varying the detector telescope dimensions in an 
otherwise fixed geometry. No differences in scattering 
yields were found when this was done. 

A second set of effects which tends to obscure the 
energy separation of elastically and nonelastically scat- 
tered protons, concerns poor energy resolution and 
possible nonlinearities in the detection system. To in- 
vestigate the linearity and energy resolution of the 
equipment, protons were scattered from CH, foils. The 
equipment was calibrated by comparing positions on 
the pulse-height analyzer spectrum of elastically scat- 
tered protons from both C” and H!, and nonelastically 
scattered protons from the 4.4-Mev excited state of C™. 


B. The Data 


The energy of the incident protons for all cross section 
measurements was 39.8+0.2 Mev. 

The range of the angular distributions, from 7.5‘ 
110°, was the same for all elements investigated. For 
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Fic. 3. Pulse-height distributions of protons scattered from Fe**. 
he top figure shows a distribution taken at a maximum of the 
angular distribution; at bottom is one taken at the first minimum 
f the angular distribution. The energy scale is given by the dis 
tance between the elastic (39.8 Mev) peak and the nonelastic peak 
1.4 Mev distant in energy. 


this range of angles, all protons entering the detector 
passed through any layer of the target only once (“in 
transmission”). This made it possible to maintain the 
1.5% energy resolution. 

Due to background effects and the finite energy reso- 
lution of the detection equipment, some ambiguity 
always occurred in determining the number of counts in 
the pulse-height spectrum that represented truly elasti- 
cally scattered protons. The determination of this num- 
ber of counts was judged from symmetry considerations 
of both elastic and first nonelastic peaks in the pulse- 
height spectrum. It was assumed that the nonelastic 
spectrum would have the same width and shape as the 
elastic spectrum. With this assumption, together with 
the assumption that the high-energy side of the elastic 
peak represented the true shape of the elastic spectrum, 
one could estimate the overlap of elastic and nonelastic 
peaks. In addition, plots of the nonelastic proton scat- 
tering from the first excited state of the target nucleus 
were constructed. Assuming that the nonelastic cross 
sections varied smoothly with angle, a nonelastic cross 
section appearing grossly different from its neighboring 
(in angle) cross sections was adjusted to lie closer to the 
smooth curve determined by them, and the assignment 
of counts in the pulse-height spectrum was correspond- 
ingly changed in calculating the associated elastic cross 
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section. In most instances, the nonelastic cross sections 
were small fractions of the elastic cross section. There- 
fore, any corrections in the nonelastic cross-section cal- 
culations affected the elastic cross-section determina- 
tions to a correspondingly lesser degree. Near minima 
in the angular distributions of the elastically scattered 
proton data, however, this was not generally true, 
especially when the energies of the elastic and nonelastic 
protons lay close together. Figure 3 displays some 
typical pulse-height spectra. 

With the exception of only a few cases, the number 
of counts recorded under the elastic scattering peak of 
a pulse-height spectrum was such that the standard 
deviation was less than 3.3%. In most instances it was 
closer to 2.5%. 

As may be noticed from a displayed pulse height 
spectrum of the elastic scattering, counts appeared in 
the surplus channel of the pulse-height analyzer. (On all 
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Fic. 4. The angular distribution of 39.8-Mev proton elastic 
scattering from Fe*. The illustrated typical errors include statis 
tical and nonelastic scattering errors only. The dashed curve is one 
calculated for point-charge Rutherford scattering. 


pulse-height distributions, the absolute energy scale can 
be determined by noting the difference inscale position 
between the elastic and nonelastic peaks of the spectrum 
for the element concerned.) These represented pulses of 
higher energy release in the crystal than elastically 
scattered protons. Such pulses were considered as elas- 
tically scattered protons. 

As mentioned, background was negligible at angles 
above 20°. Below 20°, background corrections were 
applied to the data to account for protons scattered 
from the beam-collimating slits or from the Mylar exit 
window of the scattering chamber. 

Another correction which was applied to all the data 
concerned the effects of nuclear interactions made by 
protons entering the Nal detector crystal. Such inter- 
actions would tend to decrease the measured elastic 
scattering cross sections. Johnston and Swenson" have 


uL, H. Johnston and D. A. Swenson, Phys. Rev. HI, 212 
(1958). 
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investigated this effect carefully and have come to the 
conclusion that (for 40-Mev protons) a 1.9% correction 
should be applied to the data to account for it. This 
correction has been applied. 

Cross sections tabulated in this paper are in the labo- 
ratory system of coordinates. The difference between 
these and center-of-mass cross sections amounts to 
about 3% below 30°, 2% at 45°, and 1% at 60°, with 
no correction at 90°. 

All formulas used in these calculations are nonrela- 
tavistic. The errors involved due to use of nonrelativistic 
formulas amounts to less than 0.3%. 














ae ae es ee Oe a: ee eee a Ce eee ee 
1 20 30 40 50 60 70 80 30 100 110 120 

Fic. 5. Angular distribution of protons nonelastically scattered 
from the 1.4-Mev excited state of Fe. The dashed curve was 
drawn by eye through the experimental points to provide average 
values for the nonelastic scattering corrections to elastic scattering 
data. The abscissa is the scattering angle, 6, in degrees. The dif- 
ferent symbols represent different runs. 


In the following sections, the elements with which 
cross-section angular distributions were obtained are 
discussed individually. 


Fe $ 


Data are displayed in Fig. 4. 

The first excited state of Fe*! occurs” at approxi- 
mately 1.4 Mev and could in general be distinguished 
in the raw data. Examples of pulse-height spectra ob- 

2 Winham, Gossett, Phillips, and Schiffer, Phys. Rev. 103, 1321 
(1956). 
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TABLE I. Ratio of elastic cross sections to 1.4-Mev 
nonelastic cross sections. 


Angle (deg) Elastic/nonelastic 


5. 
a 
35.0 
55.0 
65.0 
90.0 
110.0 


tained are given in Fig. 3. The energy resolution (full 
width at half maximum) of the detection system was 
approximately 1.75%; at times, as good as 1.25%. 

Nonelastic differential cross sections of the scattering 
from the 1.4-Mev excited state calculated in the course 
of analyzing the elastic data are given in Fig. 5. Over 
the range of angles at which data were obtained, the 
elastic scattering cross sections were from 5 to 55 times 
the inelastic cross sections. Table I shows the approxi- 
mate ratios at various angles. 


Fe 

The Fe*® angular distribution is given in Fig. 6. Some 
pulse-height distributions are given in Fig. 7. The 
elastic scattering cross sections were derived principally 
by “symmetrizing” the elastic peak in the pulse-height 
spectra. 

Figure 8 gives the ratio of the elastic to nonelastic 
cross sections. It should be noted that this graph is 
accurate only to about +40%. This was to be expected 
for an element like Fe** where the nonelastically scat- 
tered protons arose from an excited state at 0.845 Mev, 


relatively close to the ground state. The resolution 


available at the time of these measurements was not 


sufficient to separate this scattering from elastic 


scattering. 
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Fic. 6. The angular distribution of 39.8-Mev proton elastic scat 
tering from Fe®*, The iilustrated typical errors include statistical 
and nonelastic scattering errors only, 
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Fic. 7. Pulse-height spectra from Fe®* at a maximum (top) and 
minimum (bottom) of the angular distribution. The energy scale 
is given by the distance between the elastic scattering peak at 39.8 
Mev and the nonelastic scattering peaks 0.85 Mev and 1.80 Mev 
lower in energy. 


Vie 
The angular distribution for Ni** is given in Fig. 9. 
The first excited state of Ni®* lies at 1.45 Mev. It 
appeared that the ratio of elastic to nonelastic scattering 
(Fig. 10) from this state was greater than for Fe®®, but 
was about the same as for Fe*. 


Ne 


The Ni® angular distribution is shown in Fig. 11. 

The first excited state in Ni® appears at 1.33 Mev 
and could generally be resolved. The ratio of differential 
elastic to nonelastic scattering appeared quite similar 
to the Ni® case. 


Cu® 


Cu® has a first excited state at 0.815 Mev, and 
another excited state at 1.15 Mev," scattering from 
neither level being unambiguously distinguishable from 
elastic scattering. Figure 12 illustrates the angular 
distribution. 

The energy resolution of the detection system for the 
Cu® data was approximately 1.8%. The amount of 
nonelastic scattering relative to elastic scattering was, 
Fe® excepted, about the same as for the other elements. 


8G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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Fic. 8. The Fe ratio of elastic to nonelastic scattering, 
a(0)/o'(@), as a function of scattering angle, @i4». The nonelastic 
scattering is due to the 0.845-Mev excited state of Fe®®. The curve 
was drawn through experimental points accurate to about +40°(. 


C. Errors 
The errors for the present measurements were found 
to be strongly dependent upon the scattering angle at 
which the measurement was taken and upon the par- 
ticular isotope used as a target. Sources of errors are 


| 


discussed below. 








Fic. 9. The angular distribution of 39.8-Mev proton elastic 
scattering from Ni**. The illustrated typical errors include statis- 
tical and nonelastic scattering errors only. 
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lic. 10. The ratio of elastic to nonelastic scattering from Ni*> 
as a function of the scattering angle. The nonelastic scattering is 
due to the 1.3-Mev excited state in Ni**. 
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The error due to geometrical factors includes not only 
the measurement of detector dimensions, but the accu- 
racies to which scattering angles and angles of the target 
to the beam line were known. Thus, given an error of 
+0.15° for the angular position of the detector, a cross- 
section error contribution from zero (at maxima of the 
angular distributions) to about 7.5% (where the cross 
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Fic. 11. The angular distribution of 39.8-Mev proton elastic 
scattering from Ni®. The illustrated typical errors include statis- 
tical and nonelastic scattering errors only. The dashed curve is one 
calculated for point-charge Rutherford scattering. 
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sections were changing most rapidly with angle) would 
be made. Similarly, the angle of the target could be 
determined to only +1.5°. This corresponded to a possi- 
ble error of as much as 3% at 45° orientation to the 
beam. 

Beam current collection errors also varied according 
to the detection angle, for where cross sections were 
large the beam was made correspondingly small (to 
prevent pileup) and the effect of drifts in the beam- 
current integration circuit would be magnified. Except 
at the smallest scattering angles, this drift contributed 
cross-section errors estimated to be 1%. 

Multiple scattering introduced significant error only 
at the first minimum in the angular distribution where 
the change in the slope of the angular distribution was 
large. Here, more particles would be scattered into the 
detector than out of it. This effect could have been as 
high as 10%, 

Nonelastic scattering contributions to the measured 
elastic cross sections also were a function of scattering 
angle. An over-all average estimate of such errors, how- 
ever, is about 3%. The statistical accuracy of most 
points at which measurements were taken was also 3%. 

Target thicknesses for Fe*, Fe®*, and Ni®’, were deter- 
mined to 1%. Ni® and Cu® targets, due to their non- 
uniform thickness, were determined to 4% and 3%, 
respectively. These targets were less massive at their 
centers where the proton beam passed than at their 
periphery, so that an average thickness (in grams, cm’) 
determined by weighing the targets and measuring their 
surface areas had to be corrected to represent that 
thickness which was presented to the beam. The in- 
creased errors reflect these corrections. 

To summarize: The probable error for the experi- 
mental unaveraged absolute cross sections lies from 
+6% to +10% for Fe, Fe®®, Ni°*, and from +7% to 
+11% for Ni® and Cu®. Averaged data would cancel 
out much of the detector ‘‘angular” and ‘beam energy 
shift” errors because of their expected random nature. 


RUTHERFORD 
“ SCATTERING 


IN 
MILLIBARNS 
STERADIAN 











60 70 60 

Buss 

Fic. 12. The angular distribution of 39.8-Mev proton elastic 
scattering from Cu®. The illustrated typical errors include statis 
tical and nonelastic scattering errors only. The dashed curve is one 
calculated for point-charge Rutherford scattering. 
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iG. 13. The angle at which specific features listed above appear 
in the elastic scattering angular distributions is plotted as a func 
tion of the inverse cube root of the atomic number, 4 


Since the data presented have been averaged and rep- 
resent the results of multiple data-accumulating periods, 
it is believed that they are, on the whole, accurate to 
6%. Relative cross-section data would be somewhat 
more accurate, as would cross-section data at maxima 
in the diffraction pattern. Conversely, a 
sections would be less accurate. 


t minima, cross 


D. Discussion of Results 


rhe present measurements were undertaken to ex- 
hibit any finer structure in the cross-section behavior 
than might be expected from simple diffraction theory 
arguments. Though it has been found, subsequent to 
completion of the present work, that yet more accurate 
measurements are needed to identify such effects posi- 


tively and to measure their magnitudes, scattering 


anomalies do appear in the present work that suggest 
fine-structure effects, such effects probably being some- 
how linked with shell effects in the target nuclei. 

In Fig. 13, angles at which specific features occur in 
the differential cross sections, are plotted as a function 
of the inverse cube root of the atomic number. Such a 
plot over a broad range of 1 has shown® a constant rela- 
tion between A and 6; (the angle at which feature 7 
occurred). This was interpreted as an indication of the 
essential optical character of the scattering. One would 
have expected such a relationship for 0;<60°. 

The angular errors shown in Fig. 13 indicate mainly 
the broadness of the angular features in the data. 
Though these errors would allow straight lines to be 
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drawn through all five points on this graph, it was 
noticed that if one considered the ‘magic number” 
nuclei Fe™, Ni®*, and Ni®, then for all three features 
plotted, straight lines could be drawn through the pre- 
cise angles assigned to the features. The other elements, 
Ie®® and Cu®, do not in general lie on this line. It might 
be expected, from the way in which the independent- 
particle model potential well depth and radius param- 
eter are known to vary" (as reflected by nuclear binding 
energies and isotope shifts, for example) as one passed 
through a closed-shell nucleon configuration, that anom- 
alous behavior in scattering characteristics would be 
observed if scattering features between them were com- 
pared. Thus, if one postulated independent-particle 
orbits for the scattering particle, the anomalously 
smaller nuclear core that magic nuclei may possess would 
cause a relatively more dilated scattering pattern. The 
present data suggest such arguments though the Cu® 
behavior seems inconclusive. 


IV. CONCLUSIONS 


In the present measurements it is difficult to discern 
qualitative differences in the shapes of the various 
angular distributions. Nevertheless, some features of 
the cross sections do occur which suggest that the ana- 
lytical shapes of the curves differ. For example, whereas 
Fe* variations are generally stronger than those of Fe**, 
this does not appear to be true at the first maximum. 
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Fic. 14. The ratio of the experimentally determined elastic scat 
tering cross sections to the Rutherford cross sections is plotted as 
a function of the scattering angle for all the nuclides measured 
in this work. The ordinate scales are displaced vertically as 
indicated. 

4M. G. Mayer and J. H. D. Jensen, Elementary Theory of 


Vuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955). 
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Similarly, though Ni°*> and Ni® are comparable feature 
for feature below 75°, thereafter they appear to diverge 
(o for Ni'§<o for Ni®). It should be cautioned, how- 
ever, that it is difficult to compare these elements 
without some quantitative analysis that would clearly 
describe in what sense these elements tended to be 
equivalent. For example, one would expect a Ruther- 
ford normalization to be a valid physical representation 
only at forward angles. 

The over-all changes expected on the basis of simple 
arguments are evident from the data; i.e., the way in 
which the ratio o(experimental)/o(Rutherford) varies 
with A (see Fig. 14), and the way 6; varies with A. 

The practical results of the experiments are, then, that 
the general features are not greatly changed by using 
naturally occurring isotopes as targets. Only if one is 
seeking yet finer effects than the present measurements 
allow, could this be an important factor. The optical 
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model analyses so far attempted have been directed 
towards finding average values of nuclear parameters 
and have not attempted to predict rapid changes of 
these parameters between neighboring nuclei. The 
present measurements justify this approach by indicat- 
ing that no gross effects are seen. The present data do 
suggest however, that small differences in the shapes of 
the angular distributions do exist and should be ac 

counted for. 
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Study of (d,a) Reactions on Some Light Nuclei* 


G, E. FIscuer AND V. K. FISCHER 
Columbia University, New York, New York, and Brookhaven National Laboratory, U pion, New Yor 
(Received November 26, 1958) 
The angular distributions of the charged particles from the N'(d,d)N", N'(d,ao)C#, N"(dja,)C*, and 
N®(d,ao)C™ reactions have been studied with a deuteron bombarding energy of 21 Mev. The charged 
particle groups are identified and their energy is measured by a dE/dX vs E counter telescope. The N (d,a)¢ 
angular distributions and the O'®(d,a)N"™ angular distribution measured by Freemantle et al. have been 
compared with theoretical curves calculated from a simplified direct-interaction model. The relative mag 
nitudes of the experimentally determined cross sections have also been compared with theory. The results 
indicate that the O'®(d,ao) reaction can be described by the compound-nucleus extreme, while the N'(d,a, 
process appears to favor description by a direct-interaction model. The remaining (da) reactions are inter 


mediate cases. 


INTRODUCTION 
M** investigators have pointed out that nuclear 


reactions which involve incident particles with 
energies from 10 to 50 Mev and in which the final 
nucleus is left in a low-lying state, proceed predomi- 
nantly by a direct process in which the incoming particle 
interacts with only one or a few nucleons of the initial 
nucleus. However, the compound-nucleus _ picture 
remains an adequate description of the majority of 
nuclear reactions. Theoretical cross sections have been 
derived for both treatments! and for convenience these 


will be used in the discussion of experimental results. 
Actually, it must be remembered that no sharp dis- 
tinction exists, but there is instead a theoretically dif- 
ficult intermediate region. Lane and Thomas’ have 
discussed how the R-matrix formalism can be used for 
the whole range of reaction types, but their theory has 
not been worked out in detail for direct reactions. 

In the case of reactions in which complex particles 
are involved, the theoretical direct-interaction treat- 
ment is necessarily based on simplified models. Yet in 
the (a,p) case, surprisingly good agreement with experi 
a Yoshida, Proc. Phys. Soc. (London) A69, 668 (1956); J. R 
Lamarsh and H. Feshbach, Phys. Rev. 104, 1633 (1956); L. R. 
Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957); C. . 
Levinson and M. k. Banerjee, Ann. Phys. N. Y. 2, 471 (1957); 
5. T. Butler, Phys. Rev. 106, 272 (1957); N. Austern and S. 7 
Butler, Phys. Rev. 109, 1402 (1958). 

2 For compound-nucleus theory see J. M. Blatt and V. | 
Weisskopf, 7/eoretical Nuclear Physics (John Wiley & Sons, Inc., 
New York, 1952), or any similar text. 

3A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
1958), 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

1A partial list of theoretical papers on direct reactions: S. T. 
Butler, Proc. Roy. Soc. (London) A208, 559 (1951); R. Huby 
and H. C. Newns, Phil. Mag. 42, 1443 (1951); Austern, Butler, 
and McManus, Phys. Rev. 92, 350 (1953); W. Toboeman and 
M. H. Kalos, Phys. Rev. 97, 132 (1955); L. Madansky and G. F. 
Owen, Phys. Rev. 99, 1608 (1955); D. M. Brink, Proc. Phys. Soc. 
(London) A68, 994 (1955); Hayakawa, Kawai, and Kikuchi, 
Progr. Theoret. Phys. Japan 13, 415 (1955); 14, 1 (1955); S. 
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ment has been found.‘ The study of (d,a) reactions 
suggests itself as the next step in the examination of 
nuclear reaction processes. With an incident deuteron 
energy of 21 Mev there is no danger, even in light 
nuclei, that if a compound nucleus is formed it will not 
be excited in the continuum region. Thus, barring a 
failure of the statistical assumption, compound-nucleus 
processes should not yield any asymmetry about 90° 
of the differential cross section. Direct-reaction con- 
tributions can usually be identified with such asym- 
metries. By choosing N'“ and N® as target nuclei, and 
using the data already published on O'*(d,ao)N" at 19 
Mev,® we are able to examine the behavior of (d,q) 
reactions on adjacent target nuclei which differ sig- 
nificantly in nuclear structure. Previous studies of 
N'(da)C" were performed only at low deuteron 


energies.’ 
EXPERIMENTAL 


Phese experiments were performed with 21-Mey 
deuterons from the Brookhaven National Laboratory 


SE) vs E COUNTER 
on 


N TOP HALF OF 

SCATTERING 

CHAMBER 

AT 15° TO 
VERTICAL SCINTILLATION 

> COUNTER 


B PROPORTIONAL 
” COUNTER 
8" 2p pe Augags > A 


CYCLOTRON TO FARADAY CUP 


‘ 


I A 


1° GAS 
7 DIA TARGET 
APERTURE 


+" Dia 


APERTURE MONITOR COUNTER 
. 


8. aT 30 
0.125" DIA Vi 
APERTUR : 
saaishes ‘i Ld 90° CONNECTION 
0.250" DIA. 
APERTURE 


Fic. 2. Schematic diagram of scattering chamber. Apertures 
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chamber; “B”, are 11.00 inches away. Both are 0.125 inch in 
diameter. 


‘S. T. Butler, Phys. Rev. 106, 272 (1957). 

°C. E. Hunting and N. S. Wall, Phys. Rev. 108, 901 (1957). 

* Freemantle, Gibson, Prowse, and Rotblat, Phys. Rev. 92, 
1268 (1953). 

™W. M. Gibson and E. E. Thomas, Proc. Roy. Soc. (London) 
A210, 543 (1952); D. N. F. Dunbar et al., Phys. Rev. 92, 649 
(1953). 
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60-inch cyclotron. Figure 1 shows the external beam 
arrangement. The strong-focussing and steering magnets 
are permanent installations. The beam is collected in a 
l‘araday cup and is measured by an integrating elec- 
trometer which is calibrated before and after each run. 
The mean range of the beam is determined with a 
motor-driven absorber wheel from which the energy is 
obtained using the range-energy conversion tables of 
Rich and Madey.* The beam energy spread is obtained 
by unfolding the measured and calculated range 
straggling curves. 

Figure 2 is a schematic view of the scattering 
chamber, gas target, and counters. The dE/dX vs 
counter telescope is inclined at 15° from the horizontal 
plane and mounted on the top half of the scattering 
chamber which rotates on ball bearings with an “O”’ 
ring vacuum seal.? The counter angle can be set to 0.1° 
by means of a Vernier scale. With gas target and 
0.125-in. diameter counter apertures, the angular ac- 
ceptance is +1.0°. The dE/dX vs FE counter telescope 
consists of a thin cylindrical proportional counter fol- 
lowed by a scintillation counter. The proportional 
counter is filled to 1 atmosphere with a 95% A and 5% 
CO. mixture. In the N“ experiments a NaI(TI) scintil- 
lation crystal was used, but it was replaced by a CsI(T1) 
scintillation crystal in the N' runs. The latter crystals 
do not deteriorate in the counter gas and can be placed 
directly at the exit of the proportional counter without 
an intervening window. Figure 3 shows the system of 
electronic equipment used. The resolving time of the 
fast coincidence circuit in the BNL coincidence package 
(Schematic EHI-665-1) is 0.10 usec. A slow (1.0 usec) 
coincidence may be required between the output of the 
fast coincidence circuit and the output of one or both 
of two single-channel pulse-height analyzers incor- 
porated in the package. In these experiments a fast 
coincidence was required between scintillation and pro- 
portional counters pulses and one single-channel ana- 
lyzer was used to select the desired group of proportional 
counter pulses. The slow coincidence output pulse was 
used to gate a magnetic-core-storage hundred-channel 
analyzer which examines the scintillation counter 
spectrum. Figure 4 shows a typical proportional-counter 
coincidence-gated spectrum illustrating the discrimi- 
nation of particle identification. Figure 5 shows scin- 
tillation-counter spectra gated by all fast coincidence 
pulses and by coincidence pulses corresponding to alpha 
particles alone. The deuteron and proton particle groups 
are suppressed in the alpha-particle spectrum by a 
factor of ten thousand. 

Depending on the gas pressure available, either 
0.001-inch or 0.0005-inch thick aluminum windows were 
used in the gas cells. These targets are evacuated and 
filled inside the scattering chamber. For the N" experi- 


*M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301, 1954 (unpublished). 

* For details of the equipment, see V. K. Fischer, Columbia 
University Report CU-170, 1958 (unpublished). 
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ments chemically pure natural nitrogen was used. 
Three samples of nitrogen enriched in N™, respectively 
to 88.7%, 90.1%, and 97.8% were used in the course of 
these experiments. Mass spectroscopic analyses of these 
samples were repeated between experiments to check 
that no observable contamination had occurred. 


RESULTS 


Figure 6 shows the angular distribution for the elastic 
scattering of 21-Mev deuterons on N"™. The errors 
shown indicate the experimental error of each point. 
Included in this error are statistical uncertainty, 
estimated uncertainty of the gas pressure (3%), maxi- 
mum experimental error due to electrometer drift 4%, 
and experimental maximum error due to small nonrepro- 
ducibilities in collimator and beam line-up position (4%). 
Measurements of the -p scattering absolute cross 
section at 10.5 Mev at several angles, agreed with the 
accepted values within the total estimated error. 

Figures 7, 8, and 9 show the angular distributions 
obtained for the reactions N'(d,a9)C"(ground state), 
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Fic. 4. Proportional counter coincidence-gated spectrum of 
particles from the bombardment of nitrogen with 21-Mev deu- 
terons (Oi, = 24°). 
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N'#¥(d,a,)C"* (4.44-Mev state) and N'(d,a3)C’*(9.61- 
Mev state). The errors indicated are the experimental 
error of each point and include not only the errors 
discussed in the previous paragraph but an estimated 
uncertainty of resolution of each group. Figure 5 shows 
a typical spectrum and it is seen that while the groups 
corresponding to the first two reactions are well 
resolved, the group corresponding to the third is par- 
tially obscured by the high-energy edge of the dis- 
tribution of alpha particles from the three-body breakup. 
A very small group corresponding to the results 
N44 (d,a2)C*(7.65-Mev state) was also observed, but 
the cross section was so small that the uncertainties in 
the resolution of this group were very large. Between the 
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Fic. 5. Scintillation counter coincidence-gated spectrum of 
particles fram the bombardment of nitrogen with 21-Mev deu 
terons (Oia = 24°). 
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20.9+0.1 Mev deuterons on N™. The solid curve is the calculated 
Rutherford scattering cross section. Errors shown are total errors. 


center-of-mass angles 17° and 70° the differential cross 
section averaged 0.02 mb/sterad, with an average 
deviation of 0.01 mb/sterad. 

In Fig. 10 the CsI(T1) scintillation counter spectra 
obtained with nitrogen enriched in N® and with natural 
nitrogen are compared. The groups from N(d,ao)C™ 
(ground state) and N"(d,a,)C!*(4.44-Mev_ excited 
state) are not well resolved. Reactions on N® leading 
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Fic. 7. Differential cross section for the N'(d,ao)C” (ground 
state) reaction. The solid curve is the theoretical differential cross 
section for “pickup” with ro>=4.6X 10-8 cm, /=0. 
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to excited states of C% cannot be adequately resolved. 
Each differential cross section determined for the 
N*(d,ao)C® reactions was calculated by two method: 
(a) by visually resolving the peak corresponding to the 
reaction and calculating the number of events under- 
neath, and (6) by calculating a joint cross section for 
both the peaks corresponding to N'5(d,ao)C™ and to 
N"(d,a1)C” and then subtracting the contribution due 
to the latter using the previously determined N™(d,a1)C” 
cross section. In all cases the two methods agreed well 
within the experimental error. Figure 11 shows the 
angular distribution which was obtained. The experi- 
mental error shown contain the estimated uncertainty 
of the resolution procedure as well as the errors previ- 
ously mentioned. 
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Fic. 8. Differential cross sections for the N'(d,a,)C!** (4.44-Mev 
state) reaction. The solid curve is the theoretical differential cross 


section for “pickup” with ro=4.4X 10 cm, /=0. 


DISCUSSION 


The angular distribution obtained by Freemantle e/ 
al.® for the reaction O'*(d,aj)N™ is shown in Fig. 12. 
Wolfenstein” has pointed out that symmetry about 90° 
is a necessary result of assuming the statistical decay 
of a compound nucleus. It is seen that the O'*(d,ao)N" 
angular distribution is nearly symmetric about 90°. 

A theoretical angular distribution was calculated for 
O!®(d,ao)N™ from equations derived for direct-reaction 
differential cross sections by Butler. The deuteron and 
alpha particle were treated as single particles even 
inside the nucleus. The equation used was 


ds | 1 rE 
Ih W { 71(Qr) ti(tKr) }r=ro} > 
dQ |G?+K? 


0 T,, Wolfenstein, Phys. Rev. 82, 690 (1951). 





STUDY OF (d;a) REACTIONS 
where Q and K are, respectively, related to the mo- 
mentum transfer and the binding energies. Two proc- 
esses were considered for a given reaction A (d,a)B: 
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where €ao0, €do, and ei are the binding energies, respec- 
tively, of an alpha particle in the initial nucleus, a 
deuteron in the initial nucleus, and a deuteron in state 
t of the final nucleus. Curves were calculated for all 
four reactions for both “knockout” and “pickup,” for 
all allowed angular momentum transfers and for several 
values of ro. In the case of O'*(d,ao)N", “pickup” cal- 
culations cannot be adjusted to fit the data. The 
“knockout” calculation for /=0, ro=4.2*10-" cm 
yields the best fit obtainable, shown in Fig. 12. Quali- 
tatively one would expect that the knockout process 
would be more probable than the pickup process in the 
case of O'*, but the agreement is poor, even if points at 
backward angles are not considered. Nevertheless, since 
the theoretical differential cross section rests on gross 
simplifications, the curve and data cannot be said to be 
in real disagreement. 

The angular distribution for N!°(d,ao)C cannot be 
fit by a theoretical curve for the pickup case. In Fig. 10 
is shown the theoretical curve for the knockout case 
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Fic. 10. Scintillation counter coincidence-gated spectra of pat 
ticles from the bombardment of natural nitrogen and nitrogen 
enriched in N'® with 21-Mev deuterons (@j4,= 15 


with ry>=4.7X10-" cm and /=2. The curve for /=0 
is very similar except that it turns over at 20°. Th 
agreement up to 90° is seen to be quite good. 

The angular distribution for N“(d,a))C" cannot be 
well fit by theoretical curves for either case. In Fig. 7 
are shown the best results for the pickup case with 


Fic. 11. Differential cross section for N'8(d,ao)C" (ground 
state) reaction. The solid curve is the theoretical differentia! cross 


section for “knockout” with r9>=4.7 X 10-" cm, /=2 
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Fic. 12. Ditlerential cross section for the O'®(d,ao)N™ (ground 
state) reaction measured by Freemantle ef al.6 with 19-Mev 
deuterons. The solid curve is the theoretical differential cross 
section for “knockout” with ro>=4.2K 10-8 cm, /=0 


0. The curve for the knockout case 
cm, /=0 is practically identical. 


’ 4.6K 10-" cm, / 
with ro>=6.0% 107! 
Curves for /=2 go to zero at 0° in both cases. 

In Fig. 8 is shown one of the best fits to the 
N'(d,a,)C®* angular distribution. It is the theoretical 
curve for the pickup case with re=4.4X 10~-% cm, /=2, 
and for the knockout case rp=5.5X10-" cm, /=0 and 
/=2 are very similar. /=4 is also an allowed angular 
momentum transfer for this reaction, but curves for 
/=4 do not agree with the data. 

Before we summarize the preceding discussion, let us 
consider one other aspect of the experimental cross 
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sections, their magnitude. It has been frequently 
observed that reactions leading to low-lying states of 
residual nuclei are not only characterized by asym- 
metric angular distributions but also by cross sections 
which are large compared to the predictions of 
compound-nucleus theory. However, in this experiment 
and that by Freemantle ef al., for O'8(d,ao)N™, the 
observed cross sections are not large. A crude estimate 
of the total cross section expected from compound- 
nucleus theory for these reactions can readily be made.’ 
The most uncertain quantity in the calculation is the 
probability of alpha decay of the compound nucleus. 
Evidence from (n,a) reactions leads one to believe that 
the minimum for this probability is 19%." The prob- 
ability of a decay leading to a given final state was 
calculated using the known level structure of the final 
nuclei. The results are shown in Table I. We see that 
compound nucleus processes may indeed account for a 
substantial fraction of the O'8(d,ao)N™ cross section and 
are probably not unimportant in the cases of N!°(d,ao)C™ 
and N¥(djao)C”. However, the N"(d,a1)C"* cross 
section is clearly too large, pointing to predominantly 
non-compound-nucleus processes. 

Assuming next for purposes of discussion that all 
four reactions are direct, we are able to compare the 
ratio of the experimental cross section to theory. It has 
been stated that the reduced widths, y;, of direct reac- 
tions are proportional to the squares of the coefficients 
of fractional parentage, (c.f.p.)?."." Following the dis- 
cussion by Butler and Hittmair," relative reduced 
widths were calculated for /=0 from the experimental 
cross sections, (do /dQ),.,, by the equation: 


do dQ), x} 


—s K,® C ) , 
M.* - ) 2o+17 Tho! 


Kr) 2 ra h 


where M.”, M.u*, and M,* are the reduced masses re- 
spectively for the outgoing alpha particle, the incoming 
deuteron, and the “picked up” deuteron. Jo is the spin 
of the initial nucleus and C is the constant obtained by 
summing over the necessary Clebsch-Gordan coeffi- 
cients. These calculations were carried out in each case 
at that angle where the best fit was obtained with the 


0. The c.f.p. 


were calculated from the expressions given by Jahn and 


theoretical “pi kup” cross section for / 


Pasce I. Calculated compound-nucleus cross sections. 


Integrated experi 
mental cross secti 
(mb) 


Calculated compound 

nucleus cross section 
Reactior (mb) 
(20° to 160 
(20° to 110° 
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(20° to 110°) 


0.22 
0.44 
0.45 
2.0 


QO! (d.ao)N! 
N®(d,a0)C! 
N¥4(d,a0)C” 
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Van Wieringer™ for LS coupling. Unfortunately, (c.f.p.)° 
could not be calculated simply for either 77 coupling or 
an alpha-particle model. The results are shown in 
Table II. The columns for yo and (c.f.p.)? in Table II 
agree in their general trend. It can be seen, however, 
that the O'8(d,ao)N"™ reaction is out of line. 

It is perhaps of interest to point out that the cross 
section for the formation of the 7.65-Mev, 0* state 
in C® by (d,a) reaction is small as is the case for all 


'! Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). For 14Mev neutrons 
a(n,a)/o(n,total) =18% for O'8, 6.5% for Al’, 4.1% for Si®, and 
7.7% for P®!, 

'2 Fujimoto, Kikuchi, and Yoshida, Prog. Theoret. Phys. 

Japan) 11, 264 (1954). 

'8 A. M. Lane and D. H. Wilkinson, Phys. Rev. 97, 1199 (1955). 

'S. T. Butler and O. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 

18H. A. Jahn and H. Van Wieringen, Proc. Roy. Soc. (London), 
A209, 502 (1951). 
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TABLE IT. Comparison of reduced widths with (c.f.p.)?. 


da/dQex» 
(mb) 


0.040 
0.13 
0.10 
0.46 


Reaction 


O!4(d.ay)N" 
N?5 (dap) C# 
N44 (day) C” 
N*4(d,a,)C* 


reactions studied. This, as has been remarked pre- 
viously, is explained by the small amount of overlap 
expected between the wave function of the target 
nucleus, necessarily in a ground state, and the wave 
function of the 7.65-Mev state. The jj, LS, and inter- 
mediate-coupling models can only account for this 
state by two-particle excitation’ !®'"; the alpha-par- 
ticle and collective models, only by a_ vibrational 
excitation.'7! 
CONCLUSIONS 


The magnitude of the cross section for O!*(d,ao)N™ 
indicates that this reaction occurs predominantly by a 
compound-nucleus process. The symmetry of the angu- 
lar distribution supports this conclusion but does not 
rule out small direct-reaction contributions. In view 
of the tightly bound structure of O', this result was 
to be expected. 

Both the angular distributions and the magnitudes 

1° R. D. Inglis, Revs. Modern Phys. 25, 390 (1953). 

‘7 C, A. Levinson and M. K. Banerjee, Ann. Phys. N. Y. 2, 471 


(1957). 


'S A. E. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 


1 
u 


O2452 yo) 


0.40X 10°* 0.008 


0.50 10° 0.06 
3.33 1073 0.04 
5.31 107 0.2 


of the cross sections of the N"(djay)C" and N¥(d,ay)C! 
reactions indicate that reactions cannot be 
described by either of the two extremes of the genera! 
theory, but should be treated as intermediate cases. 

The angular distribution and the magnitude of the 
cross section of N“(d,a,)C"* both suggest that this is 
predominantly a direct reaction. Here the discrepancies 
between the theoretical and experimental differential 
cross sections are probably due to the inadequacies of 
the theory. The similarity in the trend for the yo and 
the (c.f.p.)? calculated for the three nitrogen reactions 
strongly support the importance of direct processes in 
these reactions. 


these 
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Evidence for Three-Body Vector Forces in Light Nuclei* 
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The splittings of the P-doublet states of Li’ and N", and the 
D-doublet states of O', are calculated with phenomenological 
two-body vector forces of both Gaussian and Yukawa shapes with 
arbitrary ranges and exchange character. It is found to be im- 
possible to fit the experimental data with a two-body force of fixed 
strength, in agreement with Pearse’s calculations based on a 
relativistic two-body vector force. The splittings are then calcu 
lated with a phenomenological three-body vector force of the type 
expected to arise from higher order effects of the tensor force. The 
predicted ratio of the P doublet splitting in N to that in Li’ is 
found to be quite insensitive to the range or shape of the three 
body force, and in excellent agreement with experiment, provided 
that the exchange character of the force is not chosen close to the 
Serber mixture. The O'’ D-doublet splitting, while somewhat more 
sensitive to the choice of range and exchange mixture, can also be 


I. INTRODUCTION AND SUMMARY 


HE original nuclear shell model! used, mainly for 

simplicity, a one-body spin-orbit force, analogous 
to the atomic spin-orbit force. It was soon recognized 
that to obtain agreement with the observed level 
separations, particularly in the p-shell nuclei,’ one had 
to assume that the strength of the one-body spin-orbit 
force increased steadily with A, the mass number. Two- 
body vector forces,’ as has been emphasized by Elliott 
and Lane,' do lead to an effective one-body force whose 
strength does increase with A, and for large A in the 
manner required by the experimental data.° A two-body 
vector force is indeed necessary to explain the high- 
energy nucleon-nucleon scattering and _ polarization 
data.® However, both the Gammel-Thaler and Signell- 
Marshak forces seem too weak to account for the shell 
model.? 

In a careful analysis of the nuclei Li’, N’*, and O", 
Pearse® found that it was impossible to fit the doublet 
splittings of these three nuclei with a two-body vector 
force of fixed strength. The experimental ratio of the 
P-doublet splitting in N™ to that in Li’ is 13.3, and 


* A preliminary report of this work was presented by the author 
at the 1957 Stanford meeting of the American Physical Society 
[Bull. Am. Phys. Soc. Ser. II, 2, 392 (1957) ]. 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949) ; Haxel, Jensen, and 
Suess, Phys. Rev. 75, 1776 (1949). 

2D. R. Inglis, Revs. Modern Phys. 25, 390 (1953); D. Kurath, 
Phys. Rev. 101, 216 (1956). 

3C. H. Blanchard and R. Avery, Phys. Rev. 81, 35 (1951); J. 
Hughes and K. T. LeCouteur, Proc. Phys. Soc. (London) A63, 
1219 (1950). 

4J. P. Elliott and A. M. Lane, Phys. Rev. 96, 1160 (1954). 

5R. J. Blin-Stoyle, Phil. Mag. 46, 973 (1955); A. Schroder, 
Nuovo cimento 7, 461 (1958). 

6 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 
(1957); P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 
(1958). 

™M. Moshinsky, Phys. Rev. 109, 933 (1958); B. P. Nigam and 
M. K. Sundaresan, Phys. Rev. 111, 284 (1958). 

8C. A. Pearse, Phys. Rev. 106, 545 (1957). 


fitted simultaneously, with a wide variety of three-body vector 
potentials. An attempt is then made to derive the parameters of 
the three-body vector force from the Gammel-Thaler tensor force 
parameters, but the resultant force has the wrong exchange 
character, and is also much too weak, to fit the experimental data. 
This is mainly due to the Serber-like exchange character of the 
Gammel-Thaler tensor force. A moderate increase in the strength 
or range of the odd-state tensor force would give a satisfactory 
three-body vector force. The splitting of the *D states of Li® is also 
examined. Here one-, two-, and three-body vector forces all 
predict too small a splitting, when the strength of the interaction 
is normalized to the Li? P-doublet splitting. For the three-body 
vector force, however, there exists the possibility that the strength 
parameter is greater for Li® than for Li’, which would improve 
the fitting. 


the ratio of the D-doublet splitting in O" to P-doublet 
splitting in N! is 0.80.° In Sec. II of this paper the 
theoretical predictions for these ratios for two-body 
vector forces of various shapes, ranges, and exchange 
character is reviewed. The optimum values predicted 
by a two-body force for the N'*/Li? and O'7/N?* doublet 
splitting ratios are 4.5 and 1.4, respectively, in rough 
agreement with Pearse’s calculations. A one-body force 
of fixed strength predicts the values 3 and 5/3, respec- 
tively. While the two-body force predictions are an 
improvement over the one-body predictions, they are 
not significantly better. 

It is well known that the tensor force will lead to 
doublet splittings in second and higher order,” i.e., to 
an effective vector spin-orbit force that might be 
responsible for the shell model."'~!® Such an effective 
vector force contains both two-body and three-body 
terms, as well as terms of higher order. Recent calcula- 
tions!® based on the Brueckner formulation of the many- 
body problem,'’ indicate that the two-body vector force 
obtained from the tensor force is much too small, or has 
the wrong sign, to account for the shell model. A crude 
perturbation-variational calculation by the author™ 
indicated, however, that the effective three-body vector 


* Experimental data are taken from the compilation of F. 
Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

0S. M. Dancoff, Phys. Rev. 58, 326 (1940). 

1 J. Keilson, Phys. Rev. 82, 759 (1951). 

2 A. M. Feingold, Phys. Rev. 101, 258 (1956). 

13D, H. Lyons, Phys. Rev. 105, 936 (1957). 

4 A. M. Feingold, Phys. Rev. 105, 944 (1957). 

'8L. S. Kisslinger, Phys. Rev. 104, 1077 (1956). 

‘6B. Jancovici, Phys. Rev. 107, 631 (1957); Nuovo cimento 7, 
290 (1958) ; B. P. Nigam and M. K. Sundaresan, Can. J. Phys. 36, 
571 (1958); Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 
431 (1958). 

17K, A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955); K. A. Brueckner, Phys. Rev. 100, 36 (1955) ; Brueckner, 
Eden, and Francis, Phys. Rev. 99, 76 (1955); H. A. Bethe, Phys. 
Rev. 103, 1353 (1956); K. Brueckner and J. L. Gammel, Phys. 
Rev. 109, 1023 (1958). 
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force derived from the tensor force may have the correct 
strength, and sign, to give the observed shell-model 
splittings. 

It therefore seemed worthwhile to see what a three- 
body vector force would predict for the N!°/Li’ and 
O'’/N!® doublet splitting ratios. For this purpose 
phenomenological three-body vector forces of the type 
given by the theory of references 12 and 14 were used, 
with Yukawa or Gaussian radial shapes, and arbitrary 
ranges and exchange character. Harmonic oscillator 
shell model wave functions are used. Section III 
includes some general theory of the three-body vector 
force, and the results of the calculations are given in 
Sec. IV. Excellent agreement with the experimental 
N!5/Li’ ratio is found, practically independent of the 
shape or range of the vector force, provided the ex- 
change character does not approach the Serber mixture. 
The predicted O'’/N" ratio is somewhat more depend- 
ent on the shape and range of the force, but for both 
Gaussian and Yukawa shapes, a wide choice of ranges 
and exchange character exists where agreement is found 
with the experimental value. 

An attempt to derive the characteristics of the three- 
body vector force from the Gammel-Thaler® tensor 
parameters, using the theory of references 12 and 14, is 
given in Sec. V. The resultant three-body force has the 
wrong exchange character, and is also much too weak, 
to fit the data. This is mainly due to the Serber-like 
exchange character of the Gammel-Thaler tensor force. 
Increasing the strength or range of their odd-state 
tensor force would lead to a satisfactory three-body 
vector force. Section VI contains a general discussion of 
the results and also a discussion of the *D splittings 
in Li®. 


II. ONE- AND TWO-BODY VECTOR FORCES 


A one-body vector force of the form é1;-s;, where é is 
a constant, predicts that the ?-doublet splitting of N™ 
should be equal (but inverted) to that of He®. Experi- 
mentally the N'® splitting is about twice that of He® 
(6.33 Mev compared to ~3 Mev), and it was mainly 
for this reason that Elliott and Lane‘ preferred the two- 
body vector force which, for a reasonable choice of 
range and shape, and assuming the same single-particle 
radius parameter for He® and N!*, does predict a ratio 
of 2 for the splittings. However, the use of He® in 
determining the nature of the vector force is undesirable 
due to its heavy-particle instability and the consequent 
uncertain ‘“‘radius” to be used for it, the predicted level 
splitting for a two- or three-body force being quite 
sensitive to the choice of nuclear radius (see Fig. 1). 

Due to this sensitivity of the splitting on the value of 
the nuclear radius, it is important to have accurate 
values (or rather accurate relative values) of the radii 
of Li’, N, and O!’. According to the Coulomb energy 
analysis of the mirror nuclei by Carlson and Talmi,'* the 


18 B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 
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Fic. 1. The P doublet 
splitting in He, in units of 
Vo, as a function of 1/a 
for two-body vector forces 
(dashed lines) and _ three- 
body vector forces (solid 
lines). Curves labeled G and 
Y are for Gaussian- and 
Yukawa-shaped forces, re- 
spectively. The curves are 
shown for nonexchange 
forces. For two-body vector 
forces characterized by the 
exchange parameter a [Eq. 
(1) ], the ordinate should be 
multiplied by the factor 
(1—a). For three-body vec- 
tor forces characterized by 
the exchange parameter g, 
the ordinate should be 
multiplied by the factor 


[1+ (18/5)¢(g—1) ]. 





harmonic oscillator parameter is essentially identical for 
all three nuclei. Using harmonic oscillator single-particle 
wave functions with radial dependence r' exp(—a’r’), 
and assuming that a is the same for the s, p, and d 
particles in a given nucleus, the Carlson-Talmi analysis, 
using the most recent Coulomb energies given by 
Kofoed-Hansen,!® gives a (Li’) = 2.31, a!(N') = 2.34, 
and a—!(O!”)= 2.37 fermis. Use of the exact harmonic 
oscillator Coulomb energy formulas for the p shell,’ and 
the corresponding formula for O'” given by Pearse,*® 
yields identical results.” High-energy electron scattering 
data,” when interpreted in terms of harmonic oscillator 
wave functions, yields a somewhat larger value for 
a~!(Li’).> We adopt the value a!= 2.34 fermis for all 
three nuclei, Li’, N', and O!”. 

The most general two-body charge-independent vec- 
tor force linear in the momentum of the particles is™ 


LV (ri2)+ V" (ria) Pie JL (tie X prs) : (o,+¢2) | h, 


where V and V’ are arbitrary scalar functions of the 
nucleon separation, 712, Pi. is the Majorana space 
exchange operator, and ry. and py are the relative 
position and momentum vectors for the two nucleons. 
We shall consider the more restricted form 


V (ry2)[1+aP 12 JL (t12X Piz) - (61+ 2) |/h, (1) 


a being an adjustable parameter, and V(r,2) having a 


9 Q. Kofoed-Hansen, Revs. Modern Phys. 30, 449 (1958). 

” E. Feenberg and E. P. Wigner, Phys. Rev. 51, 95 (1937). 

21 Due apparently to a numerical error, Pearse obtains a con- 
siderably smaller value for a~!(N'5), and thus concludes that the 
d particle in O"” has a much larger value of a'. This error does not 
affect any of his other conclusions. 

2 YJ. F. Streib, Phys. Rev. 100, 1797 (1955); R. Hofstadter, 
Revs. Modern Phys. 28, 214 (1956). 

*3 A serious discrepancy is the fact that the Coulomb energies 
indicate that a~!(Li®) is some 20% larger than a~!(Li’), while the 
electron scattering data implies only a 3% difference. See W. M. 
Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957), for a 
discussion of this point. 

*%L. Eisenbud and E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 
27, 281 (1941). 
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Fic. 2. Ratio of 
the *P;-*P, splitting 
in Li’ to the *P3*P, 
splitting in He as a 
function of r/a and 
the exchange param- 
eter a, for the two- 
body vector force of 
Eq. (1). The upper 
set of curves is a a 
Gaussian-shape force, 
while the lower set is 
for a Yukawa shape. 
The curves are used 
with Fig. 1 to fix the 
scale of the Li’ P 
doublet splitting. 





-0.2* 


Gaussian or Yukawa radial dependence : 
V (rio) = Vo" exp(— T’r2"), 
V¥ (712) = Vo e~7"*/ trip. 


The calculation of the doublet splittings in He’, Li’, 
N?®, and O” due to such a potential is straightforward,” 
and the results are shown graphically in Figs. 1-4. The 
splittings were calculated in first order only. While this 
is exact for He®, N'*, and O"’, it involves the assumption 
of pure LS coupling for Li’, which presumably is close 
to the truth.” 


TWO-BODY 
2 1.6 
n°/Li7 
20 


Fic. 3. Ratio of 
the *P,-*P, splitting 
in N™ to the *Py*P; 
splitting in Li’ as a 
function of r/a and 
the exchange param- 
eter a, for two- 
body vector forces 
of Gaussian and Yu- 
kawa shape. The 
experimental value 
of the ratio is 13.3. 


Gaussian 


Yukowo 


26 See J. P. Elliott and A. M. Lane, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 39, for the general techniques 
for calculating the matrix elements involved. Specific calculations 
using a potential of the form (1) have been given by Elliott and 
Lane (reference 4); G. Abraham, Nuclear Phys. 1, 415 (1956); 
Visscher and Ferrell (reference 23). 
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The dashed curves in Fig. 1 give the He P-doublet 
splitting as a function of the parameter r/a for the 
two-body vector force. Due to the unstable nature of 
He’, Fig. 1 is intended only to show the sensitivity of 
the splitting to the choice of 7/a, and, together with 
Figs. 2-7, to determine the absolute magnitudes of the 
splittings in Li’, N'* and O'”. The curve for the two- 
body Yukawa potential in Fig. 1 was originally given 
by Elliott and Lane.‘ For large values of r/a (6-function 
potential) the splitting is inversely proportional to the 
fifth power of r/a. The operator P 1, is, for He®, equiva- 
lent to multiplication by the factor —1. Hence for 
fixed Vo, 7, and a, the He? splitting is proportional to 
(1—a), the parameter a determining the exchange 
character of the potential (1). The He® splitting thus 
vanishes for a Serber mixture (a= +1).** The Li’, N", 
and O" doublet splittings vanish for different 7/a values 
for a near +1, and this is the cause of the wild fluctua- 


o/n'® 


Gaussian 


TWO-BODY 


Fic. 4. Ratio of 
the *Ds5/2-*Dy_ split- 
ting in O to the 
2P;"P, splitting in 
N®* as a function of 
t/a and a for two- 
body vector forces 
of Gaussian and Yu- 
kawa shape. The 
experimental value 
of the ratio is 0.80. 








tions in the curves of Figs. 2-4 for such a values. The 
value a=2 corresponds to the symmetric mixture, 
1°%2, discussed by Elliott and Lane.* 

The curves for the Li’/He® doublet splitting ratio, 
Fig. 2, should not of course be compared directly with 
the experimental value of ~0.2, since the curves are 
computed on the basis of the same value of a for 
both nuclei, but serve mainly to fix the scale of the Li’ 
splitting when used together with Fig. 1. Correction for 
the 3% difference in the value of a going from Li’ to O”” 
would reduce the values of the N'*/Li’ and O'/N® 
doublet splitting ratios given in Figs. 3 and 4 by at most 
8%. The experimental D-doublet splitting in O' of 
5.08 Mev should perhaps be increased to allow for a 
possible Ehrmann-Thomas shift of the upper level.?’ If 
we take 1 Mev as an arbitrary upper limit for this 
shift, then the “experimental” O'7/N! doublet ratio 

26 Compare with K. M. Case and A. Pais, Phys. Rev. 80, 203 


(1950). 
27 W. M. Visscher and R. A. Ferrell, reference 23. 
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would be increased from 0.80 to 0.96. It is seen from an 
examination of the computed N!/Li? and O!7/N'® 
ratios of Figs. 3 and 4 that for either Gaussian or 
Yukawa shape two-body vector potentials, it is im- 
possible, for any choice of 7 and a, to fit simultaneously 
the experimental values of the ratios. This is in agree- 
ment with Pearse’s conclusion, based on a relativistic 
two-body vector force,* that a two-body vector force of 
fixed strength cannot explain the Li’, N', and O" 
doublet splittings. 


Ill. THREE-BODY VECTOR FORCE 
Consider a tensor force of the form 
hye= Tof (ri2)S12X12, 
where S12 is the tensor operator, 
Si2= 3(t12° 61) (F12° 62) /r12"— (01-62), 


T» is the strength of the potential, f(ri2) is the shape, 
which again we take to be either Gaussian, exp(—7r°r12"), 
or Yukawa, e~""!#/rrj2, and Xj. describes the exchange 
character, X12= (1—g)+gP 12, where Pj: is the Majorana 
space exchange operator and g is a mixing parameter. 
The exchange character has been so written that the 
effect of the tensor force on the deuteron ground state 
is independent of g. According to the theory of reference 
14, such a tensor force will give rise to an effective 
three-body vector force of the form 


v => X50 (4, 7R)Xix, 
ijk 


01,23) = Vof (ria) f(ria)L (tie: ts) (tie X 13) /ri27r 13? | (3) 
. { (o2Xo3)+ 1i[4e;(02- 03) 


— 62(03:01) —03(01- a2) |}. 


The sum in (3) is to be extended over all triples of 
nucleons i, j, &. For the nonexchange case (g=0), 
X12=X13= 1 and the spin terms in (3) that are multiplied 
by the factor 37 may be omitted." 

According to the theory of reference 14, the strength 
parameter Vo is given by 

Vo= — (9 2) T° E, (4) 
where £ is the ‘‘average” excitation energy of high-lying 
states connected to the low states via the tensor force.”® 
From the work of references 12 and 13, the calculated 
value of Vo was too small to account completely for the 
multiplet splittings in Li® and Li’. However, Tamura?’ 
has shown that by slightly modifying the wave func- 
tions, considerably larger effects can occur.® In the 
present paper we are primarily concerned with the 
ratios of the doublet splittings in different nuclei, and 
28), as defined here, is identical with the expression (H—&o) of 
reference 14. The right-hand side of Eq. (25) of reference 14 should 
be divided by the factor (&0—£). 

* T. Tamura, Phys. Rev. 105, 1808 (1957). 

%® Tamura’s calculations specifically refer only to the singlet- 
triplet separation in Li® produced by the tensor force in second 
order, i.e., the scalar part of the operator ? (see references 12-14), 
and not to the effective vector operator. But it seems reasonable 
to expect similar effects on the strength of the vector operator. 
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thus shall consider Vo as an adjustable parameter so 
chosen as to fit, say, the N'® P-doublet splitting. ‘ 

A serious difficulty, however, is that in principle E, 
and hence Vo, are functions of the mass number, A. 
This dependence is difficult to estimate, but from a 
review of earlier calculations on the nuclei from He* 
through Li’,” it appears to be small. This possible 
dependence will be unimportant for the O'7/N! doublet 
splitting ratio but might be considerable for the N'°/Li? 
ratio. FE, and hence Vo, can also be expected to depend on 
the type of nucleus, i.e., whether A4=4n, 4n+1, or 
4n+2, since the supermultiplet structure* will almost 
certainly affect E. Since He®, Li?, N"®, and O" are all of 
the same type, this effect will not occur here. Some 
possible evidence for such a structure effect will be 
discussed below in Sec. VI in connection with Li®. E can 
also be expected to depend on the parameters a and r. 
Earlier calculations” indicate that this dependence is 
much smaller than the a and 7 dependence of VU itself 
(with fixed Vo). We can therefore safely neglect this 
source of variation in Vo. For most of what follows, we 
shall use (3) as the form of the three-body vector force, 
with Vo constant. 

For the calculations on He®, N'®, and O! we shall use 
the nlmym,m, representation, as this makes the appli- 
cation of hole theory particularly simple. Consider such 
a state in a nucleus consisting of closed shells (total 
number of particles m) plus € particles in an incomplete 
shell. A properly antisymmetrized wave function for 
the state A is then 

1 
=—— } (—1) °Puy(1)--- my e(m+e), 

(A!)) P 
where the w’s are single-particle wave functions, the 
subscripts being particle labels, the numbers in paren- 
theses the state labels, P represents a permutation of 
the particle labels, and p is the signature of the permu- 
tation. The diagonal matrix element of a three-body 
operator, O= >>; O(7, jk), is then 


Wa 


O44=(uy(1)- ++ tmye(m+e) | O! 


XE (—1)?Puy(1)- + tmp e(m+e)) 
. 


=P> (uy (i) uo(7)u3(k) | O(1,23) 


iyk 


Xd (— 1)? Puy (i) ol j)u3(k)) 
> 


=} > i (uy (1)t2( 7) u3(R) 0’ 


ijk 


Xd (— 1)? Puy (t)ue( j)u3(k)) 
. 


= L(y (i)u2(j)u3(k)| 0’ 


i<g<k 


> i = 1)? Py (1)4t2(7)u3(R)) 
P 


DL Lijk]=6 X Lik], 


i<y<k izk 


1 E, P. Wigner, Phys. Rev. 51, 106 (1937). 





544 


where 0’=)> p PO(1,23). Note that [17k] is independ- 
ent of the ordering of i, 7, and k. Now 


m+e m+e m+e mre 


eS e-5+ SHE S43 SS. 


ijk=1 ijk=1 ijk=m+1 i=l jk=m+1 i=—m+1 jk=1 


For ©=V, a three-body vector force, the sum over 
closed shells vanishes, leaving 


m+e m+e m+e 


Vaa=sl DL $35 a 3 2, >}. (5) 


ijk=m+1 i=] jk=m+1 i=m+1 jk=1 


For a single particle outside closed shells, such as He® 
and 0’, the first two sums in (5) vanish, leaving 


Vaa= DL [mt+1, jk]. (6) 


k>j=1 


Hole Theory 


Consider now the “complementary” state in the 
“complementary” nucleus, A’=m-+n—e, where n is the 
total number of possible states in the incomplete shell, 
and where we have replaced the occupied states in the 
incomplete shell by holes, and vice versa. The *P; states 
of N'* and He’ are such a pair of complementary states, 
for example. The relationship between the diagonal 
matrix element of a three-body force for the comple- 
mentary state and the original state in the nucleus, 
A=m-+-e, is readily found by an extension of the original 
method used by Shortley for one- and two-body forces. 
We have 


min 


Onrar=s >» 


igk=1---m,mt+et+1 


[ijk ] 


m+n 


Sy) 


i=m+e+1 jk=1 


m+n 


$33 » 


i=] jk=m+e+1 


“ns. 


ijk=1 igk=m+e+1 


min min m m+n 


=o + } $35 Sz. Zz, 


igk=1 ijk=m+1 i=1 jk=m+1 ij=1 k=m+1 


m+e m m+e 


43o 4-35 > 


i=] jk=m+1 ij=1 k=m+1 


me 


igk=m+1 


m+n m+e m+n m+e 


Re ee * 


i7=m+1 k=m+1 i=m+1 jk=m+1 


—3 


m+n m+e 


6%. ae eS 


i=] j=m+1 k=m+1 


where ¢€ is the number of holes in the complementary 
ee A’. Again for O=V, a three-body vector 


% G. H. Shortley, Phys. Rev. 40, 185 (1932); E. U. Condon and 
G. H. Shortley, Theory of Atomic Spectra (Cambridge University 
Press, Cambridge, 1935). 
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operator, the sums over closed shells vanish, leaving 


m m+e m m+n m+e 


Vaa=—Vaat{> 2 —-L> Lb Lb 


i=]1 jk=m+l = i=] j=m+l k=m+t1 


m+n m+e 


ie eS 


i>j=m+1 k=m+1 


min m+e 


+> y - 


i=m+1 j>k=m+1 


For the case of a single hole in a closed shell, as in N", 
(7) reduces to 


m+n 


DL (m+, jk] 


k>j=m+2 


Vara =—Vaa- 


m m+n 


—-> > [m+1, jk}. (8) 


k=1 j=m+2 


For a one-body force, the two sums in (8) are absent and 
one has the well-known result that the one-body vector 
splitting for a hole is the same in magnitude, but 
opposite in sign to that for a particle. We shall use 
formula (6) to calculate the P- and D-doublet splittings 
in He® and O", respectively, and formula (8) to obtain 
the P-doublet splitting in N'®. The Li’ P-doublet 
splitting is most easily computed by using the method 
of reference 12, where similar matrix elements (called 
V, and V; there) were computed. 

Formulas for a two-body vector force, analogous to 
(5) and (7), are® 


m m+e 


Vaa=L LD Lij]+ _ ij], 


i=l j=m+1 i>j=m+1 


m+n m+e 


ee 


i=m+1 j=m+1 


m+e m+e 


tinal a 4+- z. 


i=l j=m+1 i>j=m+1 
where 
[aij ]= (tay (i) m2( J) |W (12) | 4 (4) at2( 7) — to(t) 1 (J)). 


The second sum in (5’) and (7’) vanishes for the case 
of a single particle (or hole) outside closed shells. The 
addition term present in (7’), which represents the 
interaction of the hole with the entire unfilled shell, i 
the origin of the larger hole splittings compared to 
single particle splittings for a two-body vector force, as 
found by Elliott and Lane.‘ For the three-body vector 
force, there are two additional sums, which have the 
same origin, in formula (8) for a hole as compared to a 
particle [formula (6) ]. We can therefore expect that 
the ratio of hole to particle splittings will be larger for 
the three-body vector force than for a two-body vector 
force.*4 


33 Formulas (5’) and (7’), which follow directly from Shortley’s 
calculations (reference 32) on the electrostatic energy, have also 
been given by D. M. Brink and G. R. Satchler, Nuovo cimento 
4, 549 (1956) and by Visscher and Ferrell (reference 23) using the 
second-quantization formalism. 

* The different hole-particle relationship for a three-body 
central (scalar) force as compared to that for a two-body force has 
been used by S. P. Pandya and J. B. French, Ann. Phys. 2, 166 
(1957), as evidence for the existence of three-body scalar forces in 
the efiective nuclear interaction. 
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IV. APPLICATION TO He’, Li’, N'*, AND O17 


Some details of the calculations of the P-doublet 
splittings in He®, Li’?, and N', and the D-doublet 
splitting in O'’, are given in the Appendix. The results 
are given in Figs. 1, 5-7 as a function of 7/a and the 
exchange parameter g for both Yukawa- and Gaussian- 
shape three-body vector forces. The solid lines in Fig. 1 
show the strong dependence of the He® P-doublet 
splitting on the parameter 7/a for the three-body force, 
inversely proportional to the tenth power of v/a in the 
limit of a 6-function force (r/a— ~), and inversely 
proportional roughly to the sixth power for the Yukawa 
shape with r/a= 2-3, which corresponds to the Gammel- 
Thaler tensor force parameters. This is roughly twice 
the power dependence on 7/a for the two-body vector 
force, and is not unexpected in view of the form (3), 
where f(r) occurs twice. The He® splitting is pro- 
portional to [1+ (18/5)g(g—1)] in its dependence on 
the exchange parameter g, reaching its minimal value 
of one-tenth the nonexchange (or pure space-exchange) 
value for g=}, the Serber mixture. For g<0 or >1, the 
He® splitting increases indefinitely above the non- 
exchange value, but this of course would imply a tensor 
force stronger in odd states than in even states in the 
nucleon-nucleon problem. 

The reason for the small splitting for near Serber 
mixtures can be made more explicit as follows. We can 
rewrite X2V(1,23)X1; of Eq. (3) in the form 


X20 (1,23)Xi3= (1 — g)*0 (1,23) 
+9(1—g)[Pi:0 (1,23) +0 (1,23) Pis] 
+¢°P120(1,23)Pi3. (9) 


Let us call U(1,23) the nonexchange term, P}:0 (1,23) P13 
the pure-exchange term, and P,.0(1,23)+0(1,23)Pis 
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the mixed-exchange term. For the states considered in 
this paper, detailed calculations (see Appendix) show 
that the pure-exchange term, when summed over all 
triples of nucleons, is exactly equivalent to the non- 
exchange term, so that (9) may be written 


*+ (1—g)? J0(1,23) 


+¢(1—g)[Pis0 (1,23) +0 (1,23) Pis]. (10) 


Since (10) is unchanged by the substitution (1—g) for g, 
we see that the splittings are symmetric about the 
Serber value, g=4. For all the states we shall consider, 
the mixed-exchange term produces doublet splittings 
having the opposite sign to those produced by the non- 
exchange term, so that for g values between 0 and 1 
cancellation occurs. For He’, the mixed-exchange term, 
again when summed over all triples of nucleons, can be 
shown to be equal to —8/5 times the nonexchange term, 
independent of r/a. Thus the minimum splitting for He® 
occurs at the Serber value, g=}. A similar situation 
occurs with the two-body vector force (see Sec. II). 
Figure 5 serves mainly, when used with Fig. 1, to fix 
the scale of the Li’ P-doublet splitting. Figure 6 gives 
the ratio of the P-doublet splitting in N° to that in Li? 
for the three-body vector force of Eq. (3). It is seen that 
the predicted ratio is relatively insensitive to both the 
range and the shape of the force. It is also fairly 
insensitive to the exchange parameter, g, provided one 
stays away from the neighborhood of the Serber 
mixture, g=}. For g=0 or 1, for both Yukawa- and 
Gaussian-shape potentials, the predicted ratio varies 
from ~ 12 at r/a=0 to 17 at r/a= ©, compared to the 
experimental value of 13.3. Correction for the smaller 
value of a~! for Li’ as compared to that for N', would 
reduce the predicted value of the doublet splitting ratio 
by 15% for large r/a values, and by a smaller amount 
for small 7/a values. Somewhat larger values of the 
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ratio can be obtained by going to negative or large 
positive values of g. 

The O'7/N" doublet splitting ratio, given in Fig. 7, is 
somewhat more sensitive to the choice of the parameters 
r/a and g, but again agreement with the experimental 
value of 0.8-1.0 can be obtained for both the Gaussian 
and Yukawa shapes provided g does not lie in the region 
0.1<g<0.9. Indeed for g near 0.5, the O'’ D-doublet 
splitting has the wrong sign. One sees from Figs. 6 and 7 
that for both the Yukawa and Gaussian shapes, there 
exist many g and 7 combinations that will simultane- 
ously fit the N'°/Li’ and O'’/N* doublet splitting ratios. 
Examples of three-body vector potentials that give good 
fits for these ratios are, for g=0 or 1, Gaussian: 
Vo=—21 Mev, 7'=1.95 fermis; Yukawa: Vo= —163 
Mev, 7r~!=1.17 fermis. Here Vo has been chosen to fit 
the N'® P doublet splitting. 


V. GAMMEL-THALER TENSOR POTENTIAL 


We have seen in the preceding section that a phe- 
nomenological three-body vector force can easily be 
chosen to fit the Li’, N', and O'” doublet splittings 
simultaneously. Since, as discussed in Sec. III and 
reference 14, such a force can be expected to be a 
reflection of certain higher order effects of the tensor 
force, it is interesting to see whether the three-body 
vector force predicted from the tensor force in this 
manner is actually of the proper type to fit the N'®/Li’ 
and O'7/N' doublet splitting ratios. 

It is clear that, if the theory of Sec. III and reference 
14 is roughly correct, the tensor force of conventional 
meson theory®* would yield a three-body vector force of 
incorrect exchange character. Meson theory yields a 
tensor force with the asymptotic exchange character, 
#1°%2, which corresponds to g= 4. From Figs. 6 and 7, 
we see that such a choice of g gives results completely 


8%. Hulthén and M. Sugawara, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol, 39, 
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incompatible with experiment. It has the further dis- 
advantage that the magnitude of the doublet splittings 
is reduced to a very small value—the He’ splitting, for 
example, being reduced to } the value obtained for 
g=0or 1. 

Similar results occur with the Gammel-Thaler® phe- 
nomenological potential, which contains a tensor force 
having an exchange character close to the Serber 
mixture. The theory of Sec. III cannot be applied 
directly to the Gammel-Thaler tensor potential since 
the odd and even tensor forces have different ranges. 
However a slight extension of the theory suffices. Let /, 
be the even-state two-body tensor potential and ¢, the 
odd-state tensor potential. Then the over-all tensor 
potential may be written 


=43[(t-+t.) + (t.-1.)P], 


where P is the Majorana space-exchange operator. The 
three-body vector force resulting from such a two-body 
tensor force can then be written as 


V=B[Vee(1,23) +3 { PisV ee(1,23) +Ve(1,23) Pi} ] 
+ $[Voo(1,23) —3{ PisV00(1,23) +V.0(1,23) Pis} J 
+-4[PislVeo— Vee} —(Vso— Vee} Pin], (11) 


where U,, is the vector force formed from ¢, alone in 
both even and odd states, ie., in Eq. (3), f(r) is 
replaced by f-(r) and Vo by Vo’. According to Eq. (4), 
Vo°x (To*)?, where To* is the strength of ¢,. Similarly, 
U.. is the vector force formed in the same manner from 
t, alone, with strength Vo’« (7 ’)*, while U.. is the 
vector force formed by taking f(ri2)=f-(ri2), f(ris) 
= f.(ri2) in Eq. (3), with strength « To*To°’. The first 
line of Eq. (11) will be recognized as just the three-body 
vector force resulting from placing ¢,=0, i.e., it is the 
vector force arising from a Serber tensor force. The 
second line of (11) is the vector force arising from the 
“anti-Serber” force, placing ¢<=0, while the third line 
of (11) represents an interference term. Due to the 
special symmetry properties of the interference term, it 
can be shown to vanish for all the states we are con- 
cerned with. (See the Appendix for the matrix elements 
of this term.) 

The Gammel-Thaler tensor potential is of Yukawa 
shape, with parameters*® 


Te= 1.0494 10" cm™, 


T°= — 159.40 Mev, 
(12) 
7,.=0.80X 10" cm—. 


To°= 22.0 Mev, 


The Gammel-Thaler potential also includes a repulsive 
core of radius r>=0.4X 10—-" cm, but we shall omit this 
cutoff since the vector splitting comes mainly from the 
tail of the potential (see Fig. 1). Since Vo* is some 50X 
greater than Vo’, we might expect the first line of (11) 
to dominate completely over the second line of (11). 
However, this is mitigated by two effects: Firstly, the 


36 We use the parameters of the Gammel-Thaler potential given 
by Brueckner, Gammel, and Weitzner (reference 16). 
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larger range of ¢, has a large effect due to the strong 
dependence of the vector splitting on r/a (Fig. 1), and 
secondly, the nonexchange and mixed-exchange terms 
tend to cancel in the first line of (11), while they 
reinforce in the second line, the ‘“‘anti-Serber” term, of 
(11). These two effects, however, are not quite sufficient 
to compensate for the large value of Vo* compared to 
Vo’, and the results for the doublet splitting ratios due 
to the Gammel-Thaler tensor parameters of (12) are 
N®/Li’=4.8 and O!”/N'*= —2.7, i.e., the O'” doublet 
splitting has the wrong sign. These results are similar 
to what one would get using a tensor force of the form 
(2) with g=%, the same as the meson-theoretical tensor 
potential, too close to the Serber mixture to give 
acceptable results. For the same reason, the predicted 
Li’ P-doublet splitting is only about 75 the experimental 
value. 

Of course the derivation of the three-body vector 
force from the nucleon-nucleon tensor force that we 
have used is extremely crude, and a more accurate 
theory might give an effective value of g further 
removed from the Serber value, thus giving better 
predicted values for the N'*/Li? and O'’/N" doublet 
splitting ratios, and larger doublet splittings. In this 
connection it is interesting to note that doubling of the 
strength of Ty’, or a decrease in 7, from 0.80X 10" cm 
to 0.62 10" cm™ in the Gammel-Thaler tensor poten- 
tial, would give results in approximate agreement with 
experiment. 


VI. CONCLUDING REMARKS 


We have seen that while a one- or two-body vector 
force cannot explain the N'®/Li’ and O'7/N! doublet 
splitting ratios, a phenomenological three-body vector 
force does so in a manner remarkably independent of 
the shape, range, or exchange character chosen for the 
three-body vector force, provided one stays away from 
the Serber exchange mixture. Our attempt, however, to 
derive the three-body vector force so indicated from the 
nucleon-nucleon tensor parameters, which was the 
original motivation for introducing a three-body vector 
force, was not successful. 

In view of the success of a phenomenological three- 
body vector force in fitting the N'/Li’ and O'7/N® 
ratios, it would be desirable to extend the calculations to 
other nuclei. This is particularly simple in the case of 
Li®. Here we can compare the 2.33-Mev splitting of the 
3+, T=0 and 2+, T=0 states, which presumably are 
members of the *D multiplet, with, say, the P-doublet 
splitting in Li’. For a one-body vector force of fixed 
strength, the predicted ratio would be 3, in the limit 
of LS coupling,?*’°8 compared to the experimental 
value of 4.9. A complication here is that the tensor force 
would also split the members of the *D multiplet. 
However, according to the analysis of Pinkston and 


3G. E. Tauber and T. Y. Wu, Phys. Rev. 93, 295 (1954). 
38 W. T. Pinkston and J. G. Brennan, Phys. Rev. 109, 499 
(1958). 
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Brennan,** the effective tensor force in Li® must be 
much weaker than the nucleon-nucleon tensor force, so 
weak as not to affect the level structure of Li® appreci- 
ably. We shall therefore omit the tensor force com- 
pletely. It is perhaps significant that the same theory 
that predicts the three-body vector force, also predicts 
a weakened tensor force.'*-"4 

The three-body vector force matrix elements for the 
8D states of Li® have been given by Lyons" (see also 
the Appendix). We find that, for g=0 or 1, the calcu- 
lated value of the Li® splitting ratio is 2.9, not signifi- 
cantly different from the value predicted by a one-body 
force. A nonexchange two-body vector force gives the 
value 2.7. That all three types of vector force make ap- 
proximately the same prediction is not surprising, since 
for such light nuclei as Li® and Li’ most of the vector 
interaction is between the p particles and the closed 
s-shell, and this can be considered as due to an effective 
one-body vector force that should have essentially equal 
strengths in Li® and Li’. The calculated ratio for the 
three-body vector force assumed that the single- 
particle radius parameter, a, is the same for both Li® 
and Li’. Correction for the 3% difference shown by the 
electron-scattering data®® would reduce the predicted 
value to 2.4, while use of the Coulomb energy data™ 
would reduce the predicted value of the Li®/Li’ ratio 
to ~1.5. The large experimental *D splitting in Li® is 
thus hard to understand on any theory of the vector 
force. From the point of view of the three-body vector 
force theory, it might be due to F [Eq. (4) ] being 
considerably smaller for Li® than for Li’ (see Sec. ITI). 
The only calculations of F are those reported in refer- 
ence 12. These do indicate such an effect, but only 
it~} the size needed to explain the entire discrepancy. 

An interesting result of the Li® calculations is that 
the off-diagonal matrix element of the three-body vector 
force between the *S; and 'P; states is very much 
fmaller when compared to the diagonal matrix elements 
for the *D states than is the case for a one-body vector 
sorce. This would provide a natural explanation of the 
small quadrupole moment of Li® without requiring 
cancellation by a tensor force, as is needed for a one- 
body vector force.** 

If the three-body vector force is the main vector force 
in nuclei, the question of how much two-body vector 
force is also present in the effective nuclear potential 
cannot, unfortunately, be answered by the calculations 
of the present paper. The N!°/Li’ doublet splitting 
ratio is sensitive to the possible dependence of Vo on A 
(see Sec. IIT), and the O'7/N" ratio is influenced by the 
uncertainty in the magnitude of the Ehrmann-Thomas 
shift. If the strength of the three-body vector force, Vo, 
is the same for Li’ and N", then the results of Sec. IV 

9 Tn any event, an “attractive” effective tensor potential would 
increase the discrepancy between theory and experiment since it 
tends to depress the *Dz: state below the *D; state [T. Regge, 
Nuovo cimento 11, 285 (1954); J. P. Elliott, Proc. Roy. Soc. 
(London) A218, 345 (1953) ]. A “repulsive” effective tensor force 
would, of course, reduce the discrepancy. 
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would permit a two-body vector force strong enough to 
cause, by itself, a splitting of the *P states of Li’ of 
~200 kev, with, however, a normal ordering of the 
levels, i.e., the $ state below the $ state. If, however, Vo 
increased, say, by 50% on going from Li’ to N', then 
the results would imply a two-body vector force of 
about the same strength as for the case of constant Vo, 
but now of opposite sign. Evidence on the trend of Vo 
with A could be obtained by extending the calculations 
to the f-shell (Ca"), though the labor would be 
formidable. 

The remarkable agreement with experiment obtained 
by Talmi and others,” on the assumption that shell- 
model nucleon-nucleon forces are solely two-body in 
nature, is not necessarily in conflict with the possible 
presence of three-body vector forces. As discussed in 
reference 14, for the case of a few particles outside 
closed shells, integration over the closed shells will 
yield effective one- and two-body vector forces that will 
dominate over the remaining three-body interactions 
among the outer nucleons. Thus for three-body forces 
one can expect a conspicuous breakdown of the Talmi 
procedure only in the case of a large number of particles 
outside a small closed core, such as occurs in the p shell. 
Here indeed the Talmi analysis does lead to disagree- 
ment with experiment, but what part of the disagree- 
ment is due to three-body forces and what part is due to 
a departure from jj coupling, another assumption of 
the Talmi analysis, is an open question. 


APPENDIX 


We wish to evaluate the sum (6) for He® (m=4) and 
O'7 (m=16), and the expression (8) for N'!® (m=4, 
n=12). We label the single-particle states in the follow- 
ing order: first in increasing order of /, each set of given 
l in decreasing order of m;, each set of given / and m;, in 
decreasing order of m, (+3, then —}), and finally each 
set of given /, m,, and m, in decreasing order of m, 
(+4 for neutron, —3 for proton). This follows Shortley’s 
procedure.” Each term [ijk] of (6) and (8) is a sum of 
36 matrix elements but takes on a simple form after the 
spin and isotopic spin integrations are performed. The 
spin and isotopic spin integrations can be performed for 
a general term of the form [ajbnc,_] where a, b, or c 
stand for the /, m; values of the single-particle state, and 
the subscripts give the m,, m, values of the state. For 
the subscripts we use the numbers 1-4, in the order 
given above, e.g., the subscript 2 means a proton with 
spin up. Since the operators are independent of isotopic 
spin, the matrix elements are invariant to the simultane- 
ous subscript substitution, 1 <> 2, 3<> 4. The results of 
performing the spin and isotopic spin integrations for 
the four types of three-body vector operators of the text 


“S$. Goldstein. and I. Talmi, Phys. Rev. 102, 589 (1956) ; 105, 
995 (1957);S. P. Pandya, Phys. Rev. 103, 956 (1956) ; I. Talmi and 
R. Thieberger, Phys. Rev. 103, 718 (1956); R. D. Lawson and 
J. L. Uretsky, Phys. Rev. 106, 1369 (1957); I. Talmi, Phys. Rev. 
107, 326, 1601 (1957). 
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are given in Table I. The operators are U,, the non- 
exchange operator, U.x, the pure-exchange operator, 
Um, the mixed-exchange operator, all defined in Eq. (9), 
and U,, the interference operator defined in Eq. (11) 
[the last line of Eq. (11), without the factor 4]. In 
Table I the notation abc|def represents the spatial 
matrix element (aiboc3| O|d,e2f3), where for the oper- 
ators Un, Vex, and U,,, © is the operator 


4iV of (riz) f(r13) tie" Tis) P12 T13) 2/712°P 13", 


and the subscripts 1, 2, 3 on the state labels a, 6, ¢ are 
particle labels. For the operator Uj, f(ri2) f(713) is to be 
replaced by fe(ri2) fo(r1s) (see discussion in Sec. V). The 
labels a, 6, etc. now refer to the spatial parts of the 
single-particle wave functions, and are assumed nor- 
malized to unity. The matrix elements abc|def have, 
for the case of U,, Vex, Um, the symmetry properties, 


abc | de f= —def| abc=d fe| ac. 


The sums in Eqs. (6) and (8) can now be readily 
performed. As mentioned in the text, for the states we 
are concerned with, the operator U.x gives results 
identical with U,, and U; vanishes. We obtain 


(U,)(He*) 


= (218/2/39¢9/2) V galt f f f exp[—2a2(r2-+re?-+r32) ] 


X f (rie) f(ris) (tie: tas) (te X ris) ryo"ri3" | 
-[3(reXr3) +2 (Xr) |doidvedv;, 
which we abbreviate as 
(U,) (He) = 3(reX rs) +2(11 X12). 
Using the same abbreviated notation, 
(U,,) (He®) = — (8/5)[3(reX 13) +2(11Xr2) ], 
(U,)(N"!) = —3(reX4r3) — 2(r3X 01) 
—8a"{ (reXr3)[2r?+2(re-r3) — (t1- Fe) ] 
+ (r3X0i)[ (1-82) + (re-rs) J} 
—16a4{ (ro X13) [472 (re-r3) — (t1- 82) (t1° 8s) | 
+2(1r3X 11) (1°82) (tets)}, 
(Um) (N!5) = (24/5) (to 13) + (16/5) (13X11) 
16a°{ (roXr3)[712+ (re rs3) —2(r1-4s) | 
+2(rsXry)[ (11-82) + (re: 8s) |} 
—64a4{ (reXr53)[ (ri: ts) (tits) — 712 (re-rs) | 
+2(11)Xrs) (ti- 2) (2° ts)}, 
(O,)(O") = (8/5)a2[2(r3X 11) (t1- 83) +3 (re Xr) (tet) | 
+ (64/5)a4{ (2X rs) (Te: Fs) 
X [2 (re-r3) + 2rP?— (1-8) ] 
+ (tsX ty) (t1-8s)[ (te-¥s) + (t-te) J} 
+ (128/5)a®{ (reX 13) (ro: Ts) 
X [4r2 (rors) — (ti- Te) (f° rs) } 
+2(r3X ry) (ti °F) (2-3) (Ti-T2)}, 
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TABLE I. Matrix elements of the various three-body vector operators after spin and isotopic spin integration. See text for notation. 


Vi 


(1/10) (2bac| cha— 2bac| cab+2abe| cab ike a? 


—2abc| cha+2bca| abe —bea| bac —acb| abc) 


[aibics | 


Larbec; ] 


(2abc | bea —abc| ach 
— bac | bca) 
—bac| bea 


2bac| acb—bac| bca—abc| ach 


—[aic1b2 ]—abc| ach 


(—4bac| ach+2bac| bea 0 
+-2abc| ach) 


—2abc| bea —2abc| bca+2bac| ach 


e Caibici) =0; [aibica] = —[aibic 2]; [arb 2] = [bicia2]; [abe a] = [biaoca]; Caibscs } = — [bic 103]; [aibsaca] a = [bic 203]; [aibaca] = [bicia2 3. 


(Um)(O") = (64/5)a? (11 X15) (11+ Fs) — (128/5)at 
x { (t2X 13) (ro-r3)[ 7° + (To: I3)— 2(r1 : ro) | 
+2(rsX 11) (ti-8s)[ (re: t3) + (r):Fs) }} 
— (512 ‘S)a®{ (f2X rz) (2-3) 
X [12 (re-ts) — (tie 82) (tis) ] 
+2(r3X 11) (t1:8s) (re 3) (1° Fe)}. 
The above matrix elements refer, by our method of state 
ordering, to the *P3 and 7D, states of He® and N", and 
O'’”, respectively. For the *P; state of Li’ we can use the 
method of reference 12, and obtain 
(U,)(Li’) = (r¥2X¥3)+ (2/3) (rsX 11) 
+ (8 45)o?[ (ro 13)r2+ 2(ri Xr) (r1° re) |, 
(Um) (Li?) = — (8/15)[3(reX 13) +2(r3X 11) | 
+ (16/45)a"[ (reXr3)r?+2(r1Xr3) (t1- 82) ]. 


The matrix element (U,,) for the *D3 state of Li® has 
been given essentially by Lyons." The result is 


(On) (Li®) = (8/15) [11 (re X13) +7 (13X11) 
+607 (r2Xr3)r1" J. 
The integration over the coordinates of particle 1 can 


now be performed by changing to m, fi, tz as the 
independent variables. We obtain 


(U,)(He®) = (5X32V wn) ff expl—s?+(s-t)-#] 


x f( rio) f ( 113) (S- t)[ (sxt)? Ss? |dv,d2, 


where 8= 3!r}2/a, t= 3'r,3/a. The other matrix elements 
differ from the above by the presence of an additional 


factor in the integrand. We list below this additional 
factor: 


(Um) (He') . 
(U,)(N") ; 


—8/5, 
(1/45)[— 118+ 22s?— 131(s-t) 
+8s'+ 175°? —4s?(s-t)—29(s-t)?], 
(4/45)[76—34s?+65(s-t) 
+4s'— 557? 25s*(s-t)— (s-t)?], 
(2/625)[1098— 846s?+ 621 (s-t)+432s4 

— 18957? — 252s?(s-t)+234(s-t)? 

+ 202s®— 78s4??+ 20454(s-t) 
— 3995%f2(s-t) — 1145?(s-t)?-+205(s-t)*], 
(8/625)[ —612+414s?— 459(s-t)—486s4 

+ 135s°P?+ 90s*(s-t)+198(s-t)? 

— 178s®+ 150s‘? — 276s*(s-t) 

+3275??? (s-t)+245?(s-t)?—55(s-t)*], 

(1/625)[203+8s?+8(s-t) ], 
(4/625)[ —101+4s?+-4(s-t) ], 
(4/75)[35+2s?+2(s-t) ]. 

The 6-dimensional integrals above are readily re- 
duced by going to polar coordinates and integrating 
over the angles. The resultant 2-dimensional integrals 
are then most conveniently evaluated in terms of 
power series. See reference 12 and Lyons" for the 
details. 

By the Landé interval rule, the P- and D-doublet 
splittings are 3 times and (3) times the matrix elements 
for the *P; and *D, states, respectively, and the *D;-*D» 
separation in Li® is (7/6) times the matrix element for 
the *D; state. 


(Um) (N15) : 


(Us) (0): 


(U,)(Li*): 
(UL) (LI): 
(U,)(Li®) : 
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Proton-Proton Scattering from 1.4 to 2.4 Mev* 


Davin J. Knecut, S. MesseEt,} E. D. Berners,} anp L. C. NorTHCLIFFE§ 
University of Wisconsin, Madison, Wisconsin 
(Received November 17, 1958) 


Differential cross sections for the scattering of protons by protons have been measured at energies of 1.397, 
1.855, and 2.425 Mev over an angular range from 12° to 90° in the center-of-mass system. Total uncertainties 
vary from about +0.1% at large angles to +0.3% at the smallest angles. A thorough investigation of sources 
of error has yielded cross-section values in disagreement with previously published values. A simple phase- 
shift analysis has been made. Without the inclusion of vacuum polarization contributions, a satisfactory fit 
is not obtained with only S-wave and effective nuclear P-wave phase shifts. With their inclusion, the data 
are fitted well by pure S-wave nuclear scattering. An upper limit on the magnitude of the effective nuclear 
P-wave phase shift is estimated at about 0.02° at these energies. 


INTRODUCTION 


HE analysis' of early proton-proton scattering 

experiments at low energies indicated the 
presence of a strong nuclear S-wave interaction and 
the absence of appreciable higher phase shifts. The 
experiment of Worthington, McGruer, and Findley’ 
was done with greater accuracy and showed up small 
anomalies which were interpreted in the analysis of 
Hall and Powell’ as contributions arising from small, 
negative, effective P-wave phase shifts. 

Since the uncertainties of the WMF experiment were 
not much smaller than the observed anomalies, the 
present work was begun as an attempt to verify the 
results of WMF with a further reduction of experi- 
mental error and the incorporation of additional check 
work suggested by them. While preliminary results 
agreed with those of WMF, they also revealed serious 
discrepancies between cross sections measured with 
different slit systems. Subsequent theoretical work‘ 
and a re-analysis’ of the WMF data indicated that 
satisfactory fits to the data were indeed not possible 
without the inclusion of large split P-wave phase 
shifts. These circumstances led to the measurements 
and the investigation of errors reported here. 


EQUIPMENT 


The scattering chamber, shown in Fig. 1, was 
originally constructed by WMF; additions and modi- 
fications to the chamber and associated equipment 
* Work supported by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

+ On leave from the University of Oslo, Oslo, Norway. 

t Now at Marquette University, Milwaukee, Wisconsin. 

§ Now at Yale University, New Haven, Connecticut. 

1 Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1018 (1939). 

2 Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953). Referred to as WMF in text. Further details are found 
in H. R. Worthington, Ph.D. thesis, University of Wisconsin, 
1952 (unpublished); J. N. McGruer, Ph.D. thesis, University of 
Wisconsin, 1951 (unpublished); and D. E. Findley, Ph.D. thesis, 
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3H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
Details of the analysis are found in H. H. Hall, Ph.D. thesis, 
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were made for the present work. The chamber body is 
a heavy aluminum cylinder, 36 inches in diameter and 
10 inches high, mounted on a solid aluminum baseplate 
4 inches thick, and having an aluminum lid 2 inches 
thick. 

The incident beam is collimated by a tube which 
extends into the chamber to within about 10 cm of the 
target volume and which contains two 1}-mm circular 
defining apertures, A; and A3, spaced 1 meter apart, 
with an antiscattering baffle, As, located between them. 
No foils are used between the accelerator and the 
target volume. 

The unscattered beam is collected on a large Faraday 
cup recessed at the rear of the chamber in an evacuated 
housing, which is separated from the chamber by a 
thin nickel window. Electric and magnetic fields are 
provided at the cup opening for electron suppression. 

The scattered particle analyzer and detector are 
mounted on a precision angle wheel which is constrained 
vertically and horizontally by ball bearings at its rim. 
It is rotated by a friction drive operating through a 
rotating seal in the baseplate. The scattered particle 
detector (data counter) is a proportional counter with 
a Mylar end window. Flexible gas and electrical leads 
enter through a center well in the baseplate. The 
analyzer consists of a rear slit or detector aperture, 
which is a rectangular opening to limit the counter 
window area, and a front slit, which limits the length 
along the beam viewed by the detector. The target 
volume thus defined by the collimator and analyzer 
has the shape of a truncated cone. Three sets of front 
and rear slits, made of stellite and having widths of 1, 2, 
and 4 mm, may be independently selected by use of 
slit-changer rods operating through seals in the lid. 
Each rear slit has a height 5.1 times its width. 

The scattering angle defined by the analyzer axis 
is read by comparing the graduated scale of the angle 
wheel with either of two quartz-fiber index markers 
with the aid of microscopes mounted in the lid. An 
antiscattering shield is arranged to keep itself positioned 
between the front slit and the last capillary opening. 
A retractable lithium target at the center of the 
chamber is available for energy calibration. 
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A second proportional counter located in the lid 
directly above the center of the chamber is used to 
monitor contamination. This counter views the target 
volume at a scattering angle of 90°, where protons 
scattered from hydrogen have insufficient energy to 
penetrate the counter window. 

The gas supply system consists of commercial 
hydrogen cylinders, a pressure regulating valve, a 
catalytic purifier, and a nickel-leak purifier. In the 
nickel-leak purifier, gas enters a 50-foot coil of thin-wall 
nickel tubing, which is heated by conduction; the gas 
is purified by diffusion through the hot tubing wall 
into a region connected to the chamber. The gas inside 
the tubing is flushed slowly to prevent the accumulation 
of contaminants. Gas from the chamber flows out 
through the collimating tube in which there are three 
capillary constrictions, one associated with each 
collimating aperture or baffle. The pressure regions so 
defined have separate vacuum pumping systems and 
form a differentially pumped transition from chamber 
pressure to a high vacuum. Chamber gas is flushed in 
this way at the rate of 18 atmospheric liters per hour. 

The chamber pressure is measured by use of a glass 
manometer filled with Octoil-S. The heights of the two 
menisci are measured by comparison with division 
marks of a scale placed between the manometer arms. 
A cathetometer with two travelling telescopes to view 
the menisci and the scale is used to interpolate between 
scale divisions. A second manometer is used as an 
element of a pressure stabilizing system. A light 
source and a photosensitive crystal are mounted at 
each meniscus; the oil column below the meniscus acts 
as a cylindrical lens to focus on the crystal a line 
image which is terminated by the meniscus. Resistance 
changes of the crystals caused by movement of the 
menisci are used as an error signal to vary the power 
supplied to a small heater coil concealed in the capillary 
nearest the chamber center; the resulting changes in 
gas temperature vary the mass rate at which gas flows 
out of the chamber. 

The temperature of the target gas is measured with 
accurately calibrated mercury thermometers which are 
inserted in small oil-filled wells in the lid and baseplate. 
Temperature stabilization is achieved by sensitive 
thermostatic control of room temperature. 


A beam-control system is used to stabilize further 


the direction of the incident beam in the chamber. A 
vertical slit, } mm in width and centered on the’col- 
limator axis, is formed by two separately insulated 
jaws in the collector cup; almost all of the unscattered 
beam falls on these jaws and the current from them 
passes through a well-insulated reflecting-type galva- 
nometer movement, shunted in such a way as to make 
its deflection proportional to the difference in currents 
from the two jaws. The deflection is read by photocells 
mounted at the scale position to provide an error signal 
which varies the current in a beam-deflecting magnet 
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Fic. 1. Sectional view of the scattering chamber with the 
scattering angle set at zero. 
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at the first collimating aperture; the beam is thus kept 
centered on the slit. 

The current collected on the slit jaws, as well as on 
other portions of the collector cup, is passed through a 
current integrating circuit, which consists of a 4- 
microfarad polystyrene condenser, a network to charge 
the condenser to a known potential of about 10 volts, 
and a sensitive null-detecting dc amplifier. The con- 
denser, initially charged, is discharged completely by 
the beam current, at which time the null detector 
terminates the run by simultaneously disconnecting 
the beam-current and counting circuits. 

Pulses from the data counter are amplified, clipped 
with a 1-usec delay line, and fed to three discriminator- 
scaler circuits, termed the A, B, and C scalers. They 
are also fed to a 10-channel pulse-height analyzer for 
detailed study of the pulse spectrum. Pulses from the 
fixed 90-degree counter are amplified, RC-clipped, and 
fed to two discriminator-scaler circuits. Discriminator 
levels are set with a precision pulse generator. 

The incident proton beam is obtained from an 
electrostatic accelerator. Particles other than protons 
are excluded by magnetic deflection and the proton 
energy is defined and measured with a cylindrical 
electrostatic analyzer with a slit system adjusted to 
give an energy spectrum 0.1% wide at half-maximum. 


PROCEDURE 


To measure the cross section at each angle, runs 
were made in pairs, with the counter set alternately at 
positions to the right and to the left of the beam, until 
the desired number (usually 1 million) of counts had 
been obtained. Data usually recorded for each run 
were the A-, B-, and C-scaler and 10-channel yields, 
scattering angle, slit width, time of day, run duration, 
contamination yield, and integrator end-point readings. 
A continuous log was kept of the chamber pressure and 
the temperatures of the lid, baseplate, oil, integrating 
condenser, and room air. Observation and adjustment 
were made as often as necessary of beam control 
operation, integrator charging voltage, null detector 
zero, incident beam energy, normal pulse height in 
both counters, background levels, and counter voltage 
and pressure. Detection of malfunctioning equipment 
was aided by the predictability and interdependence 
of the observed data. 

The angular range covered by each slit system was 
extended to provide four points measured by two slit 
systems and one point measured by all three. 

The final values for cross sections at 1.855 Mev 
result from seven complete or partial angular distribu- 
tion measurements. At 1.397 and at 2.425 Mev a single 
measurement was made. 

The energy value for each distribution was deduced 
from measurements of the Li’(p,2)Be’ threshold 
energy. Eight such determinations were made during 
the course of final angular distribution measurements. 
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CALCULATION OF THE EXPERIMENTAL 
CROSS SECTIONS 


The cross section in the laboratory system, a, is 
related to the yield of scattered particles per run, Y, 
by the expression 

o=Y siné/nNG, (1) 


where @ is the laboratory scattering angle, m is the 
total number of incident protons, N is the target proton 
density, and G is a geometrical factor given in terms of 
the front-slit half-width 6, rear-slit half-width 0b», 
rear-slit height /, spacing h between slits, and the 
distance Ro of the rear slit from the target volume by 
the approximation 


GAb bol/ Roh. (2) 


The number of incident protons n, integrated by 
allowing them to discharge a condenser of capacitance 
C from an initial voltage — V to zero, is given by 


n=CV/e (3) 


where e is the electronic charge. The density N is 
given by . 
N = 2Lo (t/t) (pgH/A 0), (4) 


where Lo is Loschmidt’s number defined for temperature 
to (O°C), and a pressure of one standard atmosphere, 
Ao. The other quantities are the target gas temperature 
t, the manometer oil density p, the gravitational 
acceleration in the laboratory g, and the height of the 
manometer oil column H. The cross section in the 
center-of-mass system is given approximateiy by 


P—~a/ (4 cos6). 


and the center-of-mass scattering angle, 
approximately 


O~28. 
The center-of-mass cross sections were calculated from 


the resulting expression: 


I~ 
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The bracketed factor was assumed to be constant for 
each set of analyzer slits. Small deviations from its 
constant value caused by fluctuations and inaccurate 
approximations were taken into account by applying 
small percentage corrections to the cross sections thus 
calculated. In the same way corrections were applied 
for spurious additions to and losses from the yield. 


CORRECTIONS 


In the measurement of scattering cross sections to 
an accuracy of a few parts per thousand, many sources 
of error become appreciable; in the present work the 
major effort was directed toward the reduction, 
control, and calculation of these errors. The following 
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paragraphs describe the experimental methods em- 
ployed to reduce and control recognized errors and the 
calculated corrections applied to the experimental 
cross sections. Those corrections which exhibit an 
inherent angular dependence and which, if ignored or 
made incorrectly, might confuse the interpretation of 
the angular distribution data, are shown in Fig. 2. 


Temperature 


The temperature of the target gas was found by 
averaging the lid and baseplate thermometer readings. 
Thermometer scales were corrected by assuming a 
linear calibration between the ice and sodium sulfate 
points. The temperature rise at the target ‘volume 
caused by absorption of energy from the beam was 
calculated. Temperature gradients within the chamber 
were minimized by the large thermal conductivity and 
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Fic. 2. Corrections and adjustments applied to the experimental 
data at 1.855 Mev plotted as percentages of the total value of the 
differential cross section. In A the labels refer to the pressure of 
the argon-COz2 counter gas. In B, C, and F the labels refer to the 
analyzer slit width. In B and E individual points represent 
corrections applied in a typical distribution measurement. In E 
the solid curve is calculated to fit the experimental points with 
the assumption of a constant percentage contamination of air. 
In G the assumed energy difference is that which applied to most 
of the measurements at 1.855 Mev. 
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mass of the chamber and by control of room temper- 
ature. The uncertainty estimated in the temperature 
determination was +0.02%. 


Pressure 


The determination of pressure involves the reading 
of the oil column height. The total uncertainty resulting 
from various scale and screw calibrations, telescope 
alignments, and resolution of the optics was estimated 
at +0.02%. The density of the manometer oil at 
several temperatures was measured by the standard 
pycnometer method; the temperature of the oil was 
recorded during the taking of data and used with the 
observed coefficient of thermal expansion to make a 
density correction. The uncertainty in density was 
estimated at +0.02%. The effects of surface tension 
at the oil menisci, pressure gradients, and deviations 
from ideal gas behavior were considered and found 
negligible. The pressure-control system stabilized pres- 
sure to within 0.01% over long periods of time and 
drifts contributed no additional uncertainty. 


Flux Integration 


The accuracy of incident flux integration reflects 
errors in both the collection of particles and the 
measurement of total charge. The loss of particles 
from the beam by scattering in the chamber gas and 
the collector cup window is minimized by the large 
diameter of the cup and window. A correction for this 
loss was calculated by integration of the Rutherford 
scattering formula; its uncertainty, estimated at +20%, 
arises largely from an uncertainty in the window 
thickness, Errors caused by secondary electrons leaving 
the cup or window were made negligible by the com- 
bination of magnetic and electric suppression fields 
placed between these two objects. The error caused by 
the collection of ions produced by bombardment of 
gas in the region of the collector cup was made negligi- 
ble by maintaining a sufficiently good vacuum in the 
cup housing. Electrical leakage was made negligible by 
the provision of very good electrical insulation and the 
maintenance of low humidity in the laboratory. 

The current integrator circuit built by WMF is 
capable of 0.01% precision; provision is made to 
measure at the end of each run the residual charge on 
the integrating condenser and the total charge drawn 
as grid current by the null detector. The initial voltage 
of the condenser is measured by comparison with a 
standard cell. An over-all calibration of the integrator 
was made by the current-time method with an accuracy 
of +0.04% to find the value of the total charge collected 
per run. The calibration was made with the integrator 
connected and operating as in an ordinary yield 
measurement except that the charge was supplied by 
a current source connected to the cup; several possible 
sources of error were thus eliminated without special 
effort. A small error arises from the variation of the 
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integrator capacitance with temperature; the co- 
efficient determined by WMF was used to make a 
correction. 


Detection Efficiency 


Among the errors affecting the observed yields is 
the counter-efficiency error which results from the 
scattering of particles out of the active volume of the 
counter by the window and the counter gas. The 
counter was operated at a pressure low enough that a 
normal proton would pass entirely through the active 
counter volume, losing only part of its energy; low 
pulses therefore resulted almost entirely from protons 
scattered in the window or the counter gas, and a 
study of the low-pulse spectrum could be used to 
correct for losses from this cause. The A, B, and C 
scalers were set with thresholds at 8, 16, and 50 volts, 
respectively, while the normal pulse height was main- 
tained at 40 volts. The yield in the 8-16 volt channel, 
termed the A-B difference, was above background and 
was available for each run as an estimate of the low- 
pulse component of the yield. From a knowledge of the 
window thickness and composition, the gas pressure 
and composition, and the counter dimensions, a calcu- 
lation could be made of the number of protons expected 
to miss entirely the active counter volume. Inter- 
polation then gave an estimate of the number of pulses 
expected in the 0-8 volt channel. The sum of these 
three groups constituted the total loss since the basic 
yield was taken from the B scaler. In a detailed study 
during preliminary work, the total loss was found to 
be related to the A-B difference by a constant factor 
for the counter conditions normally utilized. A semi- 
empirical formula was also found which accurately 
predicted the A-B difference from the counter condi- 
tions and particle energy. The observed and calculated 
A-B differences were used to calculate a counter- 
efficiency correction [Fig. 2(A)] for each measured 
yield. The uncertainty in the correction was estimated 
at 410%. 

An additional error in the yield was caused by the 
finite resolving time of the scaling circuits. A careful 
study of yield as a function of counting rate gave the 
most reliable value for the resolving time of the B 
scaler; this value was multiplied by the average 
counting rate to find a counting-rate correction 
[ Fig. 2(B) ] for each run. The correction was estimated 
to be uncertain to +10% and counting rates were 
usually limited to 2000 counts per second to avoid 
corrections in excess of 0.2%. The difference in resolving 
times for the A and B scalers was also taken into account 
in computing A-B differences. 


Slit-Edge Scattering 
A slit-edge scattering error arises from the partial 
transparency of the slit edges to scattered protons; 
although the entire thickness of a slit jaw is sufficient 
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to stop a proton of full energy, it is possible for a 
proton striking the front face or edge surface to emerge 
after a short path in the material of the jaw having 
lost only a fraction of its energy. Thus a certain number 
of protons, having first been scattered from some point 
in the beam in such a way that they should not be 
counted, suffer a collision with a slit edge which directs 
them into the detector where they are counted. 

This process gives rise to protons of abnormally low 
energy. Since a normal proton passes entirely through 
the counter, losing only a fraction of its energy, a 
proton of abnormally low energy will produce a higher 
pulse than normal. Thus, although pulses caused by 
slit-scattered protons are included in the B-scaler yield, 
they are characterized by excessive height. Data 
obtained with the C scaler, the threshold of which was 
set 25% above normal pulse height, were used as the 
experimental basis for a correction for this effect. 
Since high pulses can also be caused by the accidental 
superposition of normal pulses, it was necessary first 
to remove this contribution from the C-scaler yield. 
The maximum time interval by which two pulses 
could be separated and still produce a pulse high 
enough to register in the C scaler was found by meas- 
uring the C-scaler yield as a function of counting rate; 
this time interval multiplied by the counting rate and 
by the B-scaler yield gave for each run the number of 
pulses in the C-scaler yield which could be attributed 
to superposition. The remainder were assumed to 
represent low-energy protons. The energy intervals 
over which the B and C scalers could count were found 
from a measured curve of pulse height as a function of 
energy. Under the assumption of a uniform distribution 
in energy of the slit-scattered protons, the slit-edge 
contribution to the B-scaler yield was inferred from the 
corresponding C-scaler yield by multiplying by the 
ratio of these energy ranges. 

A theoretical estimate of the slit-edge contribution 
to the yield, based on the model of Courant,® was also 
made. Courant’s results were applicable directly to 
scattering by the rear slit edges and were re-evaluated 
with the aid of analytic and graphical integration to 
make them applicable to scattering by the front slit 
edges. A detailed consideration of the geometry 
involved in the illumination by scattered protons of 
the various slit edges and in the acceptance by the 
counter of slit-scattered protons, as well as a considera- 
tion of counter operating conditions, made possible the 
conversion of these results into an estimate of the 
slit-edge contribution to the B-scaler yield. The experi- 
mental and theoretical estimates were substantially in 
agreement; the former were somewhat larger and 
somewhat scattered. The correction applied to the 
data [Fig. 2(C)] retained the angular dependence of 
the theoretical estimate, which was arbitrarily adjusted 
in magnitude to conform to the experimental data. 


°F. D. Courant, Rev. Sci. Instr. 22, 1003 (1951). 
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The possibility of a low-energy component in the 
incident beam was not experimentally investigated ; 
such protons, scattered normally, would also produce 
high pulses indistinguishable from slit-scattered proton 
pulses and would cause a spurious addition to the yield 
because of the energy dependence of the cross section. 
The two errors are not quantitatively the same, 
however, and the possibility of confusing them to some 
extent necessitates the assignment of an uncertainty 
of +33% in the slit-edge-scattering correction. 


Double Scattering 


Processes in which a proton from the incident beam 
undergoes two scattering collisions in the chamber gas 
lead to an appreciable error in the measured yields. 
Those in which particles are lost from the scattered 
proton beam passing through the analyzer are generally 
compensated for very well by those which add spurious 
protons unless the geometry is such as to interfere with 
such processes. The present chamber was designed to 
take full advantage of such compensation. Worthington 
has given formulas for the net error to be expected 
from incomplete compensation. These have been used 
to make a double-scattering correction to the data 
[ Fig. 2(D) ]; the estimated uncertainty is +50%. 


Contamination 


The use of the nickel-leak purifier and the replace- 
ment of some chamber parts with components of lower 
vapor pressure greatly reduced the contamination. 
However, since the scattering at small angles from 
heavier elements is much stronger than from hydrogen, 
the presence of a smal] percentage of contaminant in 
the chamber gas produces an error of much larger 
percentage in the yield of scattered protons. The yield 
in the 90-degree counter was used to estimate the 
contaminant contribution to the B-scaler yield for each 
run on the assumption that the contaminant was air. 
Differential cross sections for oxygen and nitrogen were 
obtained from published data or from measurements 
made with the chamber filled with these gases. The 
assigned uncertainty of +25% in the correction thus 
calculated [Fig. 2(E)] arises mainly from uncertainty 
as to the composition of the contaminant and from the 
statistical uncertainty of the yield in the 90-degree 
counter. 

Contamination by deuterium was a special case in 
that it was not removed by the nickel-leak purifier and 
was not detectable by the 90-degree counter. A correc- 
tion was calculated from published cross-section values 
and the assumption that it was present in its natural 
abundance. 


Geometry 


A variety of errors arise in connection with the 
geometrical arrangement of the collimator and _ the 
scattered-particle analyzer. The requirements of angular 
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accuracy and alignment of parts were considered by 
WMEF in the design of the chamber and were re- 
investigated during the present work. 

The alignment of the collimating apertures, the 
center of rotation, the front and rear analyzing slits, 
and the slit in the collector cup was checked at the 
zero of the angle wheel by using a lens placed behind 
the opened collector cup housing to project real images 
of these objects. The relative positions of the various 
images were then determined by a combination of 
travelling cross-hair, microscope, and Michelson inter- 
ferometer, and the corresponding positions of the objects 
were calculated. 

The observed alignment was precise enough to insure 
a negligible error in the average yield for equal numbers 
of measurements made with the counter placed to the 
right and to the left of the beam if the position of the 
beam did not change. In preliminary work it was found 
possible to effect a 1% change in yield at the smallest 
angles by deflecting the beam through the range of 
positions allowed by the collimator without loss of 
intensity ; the possibility that fluctuations approaching 
this size might occur between yield measurements made 
to the right and to the left of the beam led to an 
appreciable uncertainty in the average yield when 
relatively few measurements were included, The beam- 
control system introduced to eliminate this 
uncertainty. 

The slit dimensions, 5), b., and /, were measured with 
the use of an accurately calibrated dividing engine 
screw and a microscope. The distances, Ro and A, were 
similarly measured with the additional aid of graduated 
bars placed between the slit faces and the center of 
rotation. The total uncertainties in the G-factors thus 
determined were +0.14%, +0.08%, and +0.04%, for 
the 1-, 2-, and 4-mm slits, respectively. 

A precise expression for the G-factor, which is 
approximated by Eq. (2), involves an expansion in the 
successive derivatives of the cross section, where the 
coefficients involve ratios of analyzer and collimator 
dimensions and spacings. Approximations previously 
used were found not to be sufficiently accurate, and a 
new expression, derived by Silverstein,’ was used to 
calculate a correction for finite analyzer and collimator 
geometry [Fig. 2(F)]. The derivatives needed were 
found from analytic differentiation of the expression 
for the pure S-wave cross section with the experimental 
value of the phase shift, and the entire calculation was 
programmed for machine computation, 


Was 


7E. A. Silverstein, Nuclear Instr. (to be published). The 
expression used in the present work is (if p is the radius of the 
collimator apertures) 
G=[4bybol/ Roh [1+ (— 612/22 — be? /2h?— 3P/24RF+b2 cot?e/3Re? 
+p? csc*6/4.Ro? — 3p?/8Ro?) + (2/24 Re — b2?/3.Roh 
+p?/8R¢?) (cotd) (o’/a) + (b;?/6h? +-b22/6h?) (a’"/a) 
+ (—bet/30 Roh? — b,7b2?/18 Rol + bP /144R eh? 
+b7l?/144R 2h? + p2b,?/24 Rh? + p2b2/24R2h*) (cotd) (a’’/a) 
+ (by4/120/4 + bot /120/4+-6 22? /36h') (0'"""/a) J. 
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TABLE I. Values of the cross section at 1.855 Mev. 


Experimental 
value of the 
center-of-mass 
cross section 
> 


Ko= 44.246 
Ki = —0.011° 


Dp 
(barns) 


11.193 
5.8267 
3.2927 
1.2676 
0.59959 
0.27838 
0.19680 
0.16751 
0.15624 
0.15980 
0.16436 
0.16734 
0.16835 


Center-of-mass 
scattering 
angle e 
6 (barns) 

11.179 +0.30% 
5.8277 +0.26% 
3.2901 +0.25% 
1.2658 +0.23% 
0.59900 +0.22% 
0.27800+-0.19% 
0.19689+0.18% 
40° 0.1675740.13% 
50° 0.15637+0.11% 
60° 0.15999+0.11% 
70° 0.16435+0.11% 
80° 0.16733+0.11% 
90° 0.16781+0.14% 


12° 
14° 
16° 
20° 
24° 
30° 


Energy Determination 


The calculation of the energy was based on measure- 
ments of the Li’(p,m)Be’ reaction threshold at 1.8811 
Mev.® The lithium fluoride target, mounted at the 
center of the chamber, was evaporated onto a thin 
nickel foil to allow integration of the incident flux in 
the usual way. The deviation from linearity of the curve 
of energy as a function of plate voltage was incorporated 
in making a relativistically correct calibration of the 
cylindrical electrostatic analyzer. The energy loss of 
the incident beam in the chamber gas ahead of the 
target volume was found at the threshold energy by 
measuring the threshold with the chamber both filled 
and evacuated and was extrapolated to other energies 
with the aid of published values of the stopping power. 
The total uncertainty in the energy was estimated at 
+0.09% and includes uncertainties in the calibration 
measurement, the loss in the gas, and the accepted 
value of the threshold energy. 


ADJUSTMENTS 


Two additional adjustments of the data were made 
in a manner similar to that of applying corrections in 
order to afford greater convenience in the tabulation 
and analysis of results. Each has a characteristic 
angular dependence. Neither adds an appreciable 
uncertainty. 


Energy Adjustment 


It was not always possible to know accurately, in 
advance, the energy of an angular distribution, and 
small deviations from the nominal energy were en- 
countered. In order to compare and average these 
measurements, all cross-section values were adjusted 
to the nominal energy by using a calculated value of 
the derivative of the cross section with respect to 


§ Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 
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S- plus P-wave 
(vac. pol. included) 
4 ° 


(P. —Ps)/Py 
—0.12% 
+0.02% 
—0.08% 
—0.15% 
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Calculated values of the center-of-mass cross section 
Pure S-wave S- plus P-wave 
(vac. pol. included) (vac. pol. omitted) 
Ko= 44.259° Ko= 44.274° 
Ki= 0 Ki = —0.040° 


Py 
(barns) 


11.189 
5.8239 
3.2906 
1.2663 
0.59876 
0.27792 
0.19652 
0.16735 
0.15621 
0.15983 
0.16443 
0.16743 


Py 
(barns) (Pe —Ps)/Ps 


(Pe —Ps)/Py 


—0.09% 
+0.07% 
—0.01% 
—0.04%; 
+0.04% 
+0.03% 
+0.19% 
+0.13% 
+0.10% 
+0.10% 
—0.05% 
—0.06% 





11.143 
5.8007 
3.2783 
1.2629 
0.59812 
0.27835 
0.19703 
0.16777 
0.15638 
0.15980 
0.16426 
0.16720 
0.16819 


+0.32% 
+0.46% 
+0.36% 
40.23% 
+0.15% 
0.13% 
—0.07% 





energy. The expression for the pure S-wave cross 
section was differentiated analytically and programmed 
for machine computation; experimental values of the 
phase shift and its derivative with respect to energy 
were used. The angular dependence exhibited by this 
adjustment [Fig. 2(G)] is the same as that which 
would be introduced into the angular distribution by 
an incorrect determination of the energy. 


Relativistic Kinematics 


The nonrelativistic approximations given by Eqs. (5) 
and (6) are not sufficiently accurate for the present 
purpose; the relativistically correct relations, which 
are also simple, permit the calculation of cross sections 
at center-of-mass angles which are slightly different 
from twice the measured laboratory angles. However, 
it is more convenient to have cross sections quoted for 
exactly twice the laboratory angle; therefore, the 
previously computed derivatives with respect to angle 
were used to adjust all cross-section values to make 
them relativistically correct at exactly the nominal 
center-of-mass angle. The curve of Fig. 2(H) shows 


TABLE IT. Values of the cross section at 1.397 Mev. 


Calculated value 
S- plus P-wave 
(vac. pol. included) 
Ko= 39.208° 
K1=—0.017° 

Py 
(barns) (Pe —Py)/Ps 
+0.04% 
+0.36% 
+0.17% 
+0.26% 
+0.14% 
+0.02% 


Experimental 
value of the 
center-of-mass 
cross section 


Center-of-mass 
scattering 

angle e 

e (barns) 
42° 
14° 

- 
20° 
24° 
30° 
35° 
40° 
50° 
60° 
70° 


20.128 

10.515 
5.9502 
2.2687 
1.0327 
0.42061 
0.25609 
0.19150 
0.15716 
0.15624 


20.136 +0.34% 
10.553 +0.32% 
5.9603 +0.27% 
2.2746 +0.26% 
1.0341 +0.23% 
0.42068+-0.20% 
0.2556740.17% 
0.19139+0.16% 
0.1573640.14% 
0.15615+0.14% 
0.16050-+0.14% 
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the total difference between the cross-section values 
thus adjusted and those calculated by use of Eq. (5). 


RESULTS 


Final values of the cross sections are given in Tables 
I, II, and III. At all energies the values obtained with 
different slit systems have been averaged, and at 
1.855 Mev the values from the various angular distribu- 
tion measurements have been averaged. In averaging, 
no attempt was made to weight the various values 
according to their uncertainties; at a given angle these 
did not differ greatly. 

The uncertainty listed for each point is the total of 
all recognized uncertainties, most of which have been 
discussed, compounded quadratically. A separation 
into systematic and nonsystematic uncertainty has not 
been made since some contributions exhibit characteris- 
tics of each; further, absolute value is of no less im- 
portance than relative value in the analysis to follow, 
and nonsystematic uncertainty may be inferred to some 
extent by the scatter of the points. 

The present data are not in good agreement with the 
data of WMF, differing by nearly 1% at small angles. 
The differences have generally been explained by newly 
discovered errors and revisions in applied corrections. 
No significant discrepancies are now found between 
cross-section values measured with different slit 
systems. The estimated uncertainty in each of the 
present cross-section values has been reduced to about 
half of that in the previous values. 


ANALYSIS 


In attempting to reduce cross-section data to a set 
of phase shifts it is reasonable to try the simplest 
possibilities first; therefore it was tentatively assumed 
that all phase shifts for states of L>1 were zero and 
that the triplet P-wave phase shifts were independent 
of J. The scattering amplitudes given by Breit and 


TABLE III. Values of the cross section at 2.425 Mev. 


Calculated value 
S- plus P-wave 
(vac. pol. included) 
E 48.273° 
Ki = —0.019° 

Py 


(barns) 


6.4600 

3.3622 

1.9067 

0.75317 
0.37887 
0.20399 
0.16216 
0.14873 
0.14628 
0.15043 
0.15418 
0.15647 
0.15723 
0.15647 


Experimental 
value of the 
center-of-mass 
cross section 
> 


Center-of-mass 
scattering 
angle 
6 


e 
(barns) (Pe —Py)/Ps 


0.00% 

0.00% 
—0.18% 
—0.10% 
—0.06% 
+0.20% 
—0.13% 
+0.01% 
+0.06% 
+0.20% 
+0.08% 

0.00% 
~0.12% 
~0.22% 


12° 6.4602 +0.29% 
14° 3.3622 +0.25% 
16° 1.9032 +0.25% 
20° 0.75240+-0.23% 
24° 0.37863 +0.23% 
30° 0.20439+0.21% 
3° 0.16195+0.17% 
40° 0.14874+0.15% 
50° 0.14636+0.13% 
60° 0.15073+0.14% 
70° 0.15431+0.13% 
80° 0.15647 +0.13% 
90° 0.15703+0.14% 
100° 0.156134-0.14% 
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Hull’ were used to find the Coulomb and nuclear S- 
and P-wave contributions to the cross section, Py, 
AP», and AP,, respectively, and the vacuum polariza- 
tion contributions, AP,,, were taken from the numerical 
values computed by Durand." The angular dependence 
of small contributions to the cross section at 1.855 Mev 
is shown in Fig. 3. The cross section in the center-of- 
mass system is given by 


P= Pyt+APot+APi+APrp, (8) 


1 1 s? 
+—-— cos( In Dh 
C sé é 


n° 2 
= (X,+X,) sinK 9 cosK 9 
4k°L on 


where 


2 4 
+-(Y.+Y,) sin’Ko+— sin*K} (9) 
n Un 


n° 18¢ 
AP, = a< |- (Xsi-— Xe1) sink, cosk, 
n 


18C 108C? 
-sin?Ky | 


+ (Ysi— Ye) sin*Ky+— 
n " 


and where the notation is as follows: 
n= e*/hv, 
?=M,E/2h’, 
E= particle energy (laboratory system), 
v= particle velocity (laboratory system), 
s=sind, 
c=cos6, 
‘=cosO= P;(cos0), 
Ko= S-wave phase shift, 
K,= P-wave phase shift (effective), 
e=s~ cos(n Ins’), 
=c? cos(n Inc’), 
’,=5~* sin(n Ins?), 
=c~* sin(n Inc’), 
=s~* cos(n Ins?+2 tan»), 
=c~* cos(n Inc?+2 tan»), 
’31= 57? sin(n Ins?+2 tan), 


Y.=c~ sin(n Inc?-+2 tan»). 


The importance of calculating the particle velocity, 2, 


9G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). 

10 Values were taken from Table II of reference 4 except for the 
value for 12° c.m. at 1.855 Mev, which was taken from footnote 
17 of reference 5. 
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Fic. 3. Small contributions to the calculated differential cross 
section at 1.855 Mev plotted as percentages of the total value. 
Vacuum polarization contributions are from reference 4; P- and 
D-wave contributions are calculated for assumed values of K, 
and Ky. Also shown is the change in cross section produced by a 
small decrease in Ko (for Ko™~44.2°) 


relativistically was emphasized by Durand; relativis- 
tically correct parameters were used throughout the 
present analysis. 

The procedure of Hall and Powell’ was adapted to 
make a fit to the experimental points. A first value for 
the cross section, P*, was calculated from estimated 
values for the phase shifts, Ay* and A,*. The value of 
K,* was taken to be zero; the value of Ko* was taken 
as the average of values found by solving the cross- 
section expression for Ko and using the experimental 
data to evaluate for angles near 90° c.m. The final-fit 
cross section, P;, was assumed to be given by 


Py=P*+A(OP/AKo)+B(OP/AK,). (11) 


The expression for the weighted sum of the squares of 
the deviations of the experimental values from the 
values of P; was minimized by variation of the quanti- 


TABLE IV. Results of phase-shift analysis. 

Effective 
P-wave 
oo 


S-wave 
phase 
Method of shift 
weighting> Ko 
44.246° 
44.265° 
44.2465 
44.259° 
44.274° 


Lab energy 
: Contributions 
included* 


S,P,V 
S,P,V 
S,P,1 
S,V 
S,P 


(Mev) 
1.855 


—0.017° 
—0.021° 
—0.020° 


39.208 

39.191° 
39.198° 
39.238° 
39.226‘ 


S,P,V 


—0).048 


—(),019° 
—0.017° 
—0.016° 


48.273° 
48.279° 
48.286° 
48.294° 
48.297° 


—0.051° 


* Terms included in the cross-section expression (in addition to Mott 
terms) are indicated by S (S-wave terms), P (P-wave terms), and V 
(vacuum polarization terms). 

b The weight attached to each experimental point is indicated by method 
1 (reciprocal square of the uncertainty), method 2 (number of measure- 
ments included in the average), and method 3 (equal weight at each point). 
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ties A and B. Equation (11) is justified if A and B 
turn out to be sufficiently small. The desired phase 
shifts are then 

Ko=Ko*+A, 
K,=B. 


The analysis was programmed for machine computa- 
tion. At each energy, three such analyses were made 
with the weight at each angle being assigned as (1) the 
reciprocal square of the total uncertainty, (2) the total 
number of measurements included in the average, or 
(3) unity. The results of the three methods did not 
differ significantly; in subsequent analyses only the 
first method of weighting was employed. The data 
were also analyzed with the omission of the vacuum 
polarization contributions. Since the first analyses 


(12) 
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Fic. 4. Departures of the experimental data at 1.855 Mev from 
cross section values calculated to fit the data by a least-squares 
procedure. 


yielded very small P-wave phase shifts, a least-squares 
fit by a pure S-wave cross section was also made. The 
phase shifts derived by these analyses are given in 
Table IV. Details of the fits obtained in three of the 
analyses at 1.855 Mev are given in Table I and Fig. 4. 
Details of one analysis at each of the energies 1.397 
and 2.425 Mev are similarly given in Tables IT and III 
and Fig. 5. Each of these five fits given in detail em- 
ployed method 1 in weighting the data. 


DISCUSSION 


An estimate of the uncertainty in the P-wave phase 
shifts found by the analysis may be made by observing 
that if K, were 0.02° in magnitude, the maximum 
fractional contribution to the cross section would be 
(.004 in a region where the uncertainties are 0.002; it 
would seem unreasonable to expect a smaller contribu- 





PROTON- 


tion to be detected. Similarly, if Ko were changed by 
0.04°, the maximum fractional change in the cross 
section would be 0.002 in a region where the uncertain- 
ties are 0.001. 

The data at 1.855 Mev are the result of repeated 
measurement under somewhat varied conditions. They 


are fitted very well by a pure S-wave cross section. 
Without the inclusion of vacuum polarization contribu- 
tions for L>1 (the vacuum polarization P-wave phase 
shift becomes included in K}), the fit is not satisfactory, 
especially since relative uncertainties are smaller than 
the total absolute uncertainties shown; a significant 
systematic anomaly remains. It appears that its large 
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Fic. 5. Departures of the experimental data at 1.397 and 2.425 
Mev from cross section values calculated to fit the data by a 
least-squares procedure. 


contribution at small angles makes the vacuum polariza- 
tion effect distinguishable from expected nuclear effects. 

The distributions at 1.397 and 2.425 Mev are each 
the result of a single measurement, and the random 
scatter of the points is greater than at 1.855 Mev. 
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FROM 1.4 TO 2.4 MEV 59 
Acceptable fits give P-wave phase shifts which approach 
a significant magnitude, but the pure S-wave fits are 
not greatly inferior. The acquisition of more data at 
these energies will be undertaken, and the present 
values should be regarded as preliminary. 

In general, it may be said that the present data 
place an upper limit of about 0.02° on the magnitude 
of the effective P-wave phase shift at energies from 
1.4 to 2.4 Mev. The possibility of much larger split 
P-wave as well as D-wave phase shifts is not excluded."! 
It should be remarked that the S-wave phase shifts 
derived here include the effect of the vacuum polariza- 
tion interaction for L=0, since the contributions 
calculated by Durand result only from states with 
L>0O. Further, it should be mentioned that a new 
consideration of the effects of molecular electrons on 
the scattering has been made by Breit,'"® who has 
pointed out that compensation of inelastic scattering 
by inelastic effects on the coherent scattering is not 
likely to be good in this energy range. Rough calcula- 
tions indicate that the net change in cross section from 
this effect may be as large as the experimental un- 
certainty in the present data. 


ACKNOWLEDGMENTS 


The authors would like to thank Professor R. ( 
Herb for his guidance in this work. They are indebted 
to Professor G. Breit and Professor J. L. Powell for 
their continued interest and valuable aid. They wish 
to thank E. A. Silverstein for his derivation of the 
G-factor expression and members of the departmental 
electronics and machine shops for their aid in the 
design, construction, and maintenance of equipment. 
Many other persons, in this department and elsewhere, 
deserve thanks for valuable contributions to this work. 


"M.H. Hull, Jr., and J. Shapiro, Phys. Rev. 109, 846 (1958). 
2G. Breit, Phys. Rev. Letters 1, 200 (1958). 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 2 


Evidence for Direct Interactions at Low Energy* 


H. A. Lackner,} G. F. DELL, anp H. J. HausMAN 
Department of Physics, The Ohio State University, Columbus, Ohio 
(Received November 19, 1958) 


The angular distributions of protons corresponding to the first excited-state transition in the reaction 
Mg™(p,’)1.38 Mev have been measured for bombarding energies between 5.0 and 6.2 Mev. The angular corre- 
lations between the gamma rays emitted from the first excited state of Mg and the inelastically scattered 
protons have been measured at two different bombarding energies and for three proton detection directions. 
The angular correlation data are fitted to curves of the form A +B sin*[2(@—6,) ], where 6, is the momentum 
transfer direction for the reaction. The angular correlation data are consistent with predictions of the direct- 


interaction theory. 


INTRODUCTION 


HE differential cross sections for inelastic reac- 
tions such as (p,p’), (a,a’), and (n,p), leading to 
residual nuclei in low-lying excited states, have shown 
a behavior different from that predicted on the basis 
of statistical models of the nucleus. In particular, for 
bombarding energies between 10 and 30 Mev, the dif- 
ferential cross sections are usually peaked in the for- 
ward direction and are not symmetric about 90°. There 
is now considerable experimental evidence for such re- 
actions which seems to indicate the presence of a direct- 
interaction mechanism rather than the formation of a 
compound nucleus.’ In his analysis of direct-interaction 
processes, Butler? has shown that reactions proceeding 
to the low-lying levels of the residual nucleus should 
be dominated by direct reactions if the bombarding 
energy is high enough to excite many levels of the 
residual nucleus. For, if the bombarding energy is 
sufficiently high, the probability that the compound 
states would decay to highly excited states of the resi- 
dual nucleus where level densities are large should be 
greater than the probability of decay to low-lying 
states of the residual nucleus where level densities are 
small. At lower bombarding energies, it is expected that 
the relative contribution of compound-nucleus decay to 
direct reaction through the first excited state should in- 
crease due to the limited number of channels available 
for compound-nucleus decay. However, results that can 
be interpreted in terms of direct-reaction mecha- 
nisms have been reported at energies as low as 5.0 Mev 
by von Herrmann and Pieper’ in the B"(a,p)Ne” re- 
action, at 6.0 Mev by Pieper and Heydenburg! in the 
F(a,p)C™ reaction, and be Seward? in (p,p’) reactions 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at the University of California Radiation Laboratory, 
Livermore, California. 

1R. Sherr, Proceedings of the University of Pittsburgh Conference 
on Nuclear Structure, 1957, edited by S. Meshkov (University of 
Pittsburgh and Office of Ordnance Research, U. S. Army, 1957), 
p. 361. 

2S. T. Butler, Phys. Rev. 106, 272 (1957). 

*P. von Hermann and G. F. Pieper, Phys. Rev. 105, 1556 
(1957). 

4G. F. Pieper and N. P. Heydenburg, Phys. Rev. 111, 265 
(1958). 

5 F. D. Seward, Bull. Am. Phys. Soc. Ser. II, 3, 200 (1958). 


at energies from 3.5 to 7.0 Mev. In the present paper 
we wish to present evidence for the presence of direct- 
reaction mechanisms at proton bombarding energies of 
from 5.0 to 6.2 Mev. The reactions investigated were 
the angular distributions of protons scattered inelasti- 
cally from Mg” in the Mg**(p,p’)1.38 Mev reaction, and 
the angular correlation between the de-excitation 
gamma rays from this state and the inelastically 
scattered protons. 


EXPERIMENTAL APPARATUS 


The experimental layout is shown in Fig. 1. The 
Ohio State University cyclotron is used to accelerate 
protons to an energy of 6.2 Mev. The proton beam is 
extracted from the cyclotron and enters a 2-inch brass 
pipe which passes through the fields of a pair of quadru- 
pole focussing magnets and a 15° sector-type deflecting 
magnet. The deflected beam then passes through the 
target, which is located in the center of the scattering 
chamber, and is finally collected in a Faraday cage. A 
high-resolution double-focussing spectrometer magnet 
is under construction and will be used to analyze 
charged particles emitted from bombarded targets. 

The scattering chamber is constructed from a 10-inch- 
diameter brass cylinder and is capped with flat brass 
lids on both ends. Four fixed access ports are soldered 
into the brass cylinder in the plane of the reaction. 
The top lid is mounted on ball bearings so that it may 
be rotated while under vacuum. A scintillation crystal 
is mounted on a lucite rod which passes vertically 
through the top lid. A multiplier phototube is mounted 
to the top lid in opticak contact with the Lucite rod. 
By rotation of the lid, the detector angle may be 
changed continuously from 0° to 160° with respect to 
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Fic. 1. Plan view of the Ohio State University 
cyclotron scattering system. 
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the incident beam direction. A second multiplier photo- 
tube is located in one of the access ports and serves as 
a fixed detector. The angle of this detector may be 
varied from 68° to 120° with respect to the incident 
beam direction. The beam is defined by two apertures 
located 15 inches apart. The first is a circular aperture 
of 0.20 inches diameter and the second is a rectangular 
aperture of width 0.10 inch by 3 inch. The final aperture 
is located one inch from the target. Protons scattered 
from the final collimator are prevented from hitting the 
detector by an antiscattering shield. In this way the 
detector is prevented from seeing the final aperture for 
detector angles greater that 13°. Targets were prepared 
from magnesium ribbon and were 0.0003 inch thick. 
For the angular distribution experiments, thin CsI(T1) 
crystals were affixed to both the fixed and movable de- 
tectors. The outputs of each detector went separately 
to linear amplifiers and single-channel pulse-height ana- 
lyzers. The fixed-detector analyzer was biased so that it 
counted all pulses corresponding to protons elastically 
scattered from magnesium as well as pulses correspond- 
ing to protons inelastically scattered leaving Mg” in its 
first excited state. The window of the movable-detector 
analyzer was set so that it completely bracketed the 
peak corresponding to the proton group which leaves 
Mg* in its first excited state. The counting rate of the 
movable detector was then recorded for a fixed number 
of counts in the fixed detector. The beam energy was 
degraded by placing varying thicknesses of aluminum 
foil between the last beam aperture and the target. 
For the correlation experiments a ‘‘fast-slow” coin- 
cidence circuit was used designed by P. S. Jastram of 
this university. A schematic diagram of the circuit is 
shown in Fig. 2. The circuit employs both time and 
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Fic. 3. Differential pulse- 
height spectrum of 6.2-Mev 
protons scattered from magne- 
sium, Peak A is the proton 
group corresponding to elastic 
scattering from magnesium. 
Peak B corresponds to protons 
inelastically scattered from 
Mg” leaving the residual state 
at an excitation of 1.37 Mev. ? 
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Fic. 2. Block diagram of the “fast-slow” coincidence circuit. 


pulse-height coincidence and has a measured resolving 
time of 20 millimicroseconds. Beam currents for the 
coincidence experiments were reduced by a factor of 
100 below that used for the angular distributions in 
order to obtain a favorable ratio of true to accidental 
coincidences. True to accidental rates of from 10:1 to 
20:1 were used throughout the runs. A NaI(T1) crystal, 


A 





PULSE HEIGHT 





LACKNER, 


me®*(p p')1.37 Mev 


RELATIVE CROSS SECTION 


u L rn 





“ 8 
THICKNESS OF ABSORBING FOIL,CMx 10° 


G@e0/6N RELATIVE 





1 1 4 1 4 4. j 
40 60 60 100 120 140 160 
PROTON DETECTOR ANGLE (LAB) 





Fic. 4. Curves A, B, C, and D are the angular distributions of 
inelastically scattered protons from Mg*. Aluminum foils of 
thickness 0.0, 0.02 mm, 0.038 mm and 0.06 mm were used to 
degrade the incident beam energies. The insert shows the energy 
dependence of the inelastic scattering cross section at 90°. 


1 inch in diameter and 2 inches long, was attached to 
the Lucite pipe of the movable detector and was located 
approximately 1 inch from the target. The fast coin- 
cidence circuit was checked and calibrated by using 
both a mercury switch pulser and the annihilation 
gamma rays from a Na” source. This source was also 
used to secure an energy calibration of the gamma-ray 
detector. The coincidence counts were normalized 
against a predetermined number of counts in the 
fixed proton detector. Peak coincidence counting rates 
were of the order of from 3 to 5 counts per second. 


THEORY 


The first theoretical treatment of a direct-reaction 
process was proposed by Butler® for the analysis of 
deuteron stripping reactions. The possibility that in- 
elastic reactions of the form (p,p’) (n,n’), (pe), etc., 


*S. T. Butler, Proc. Phys. Soc. (London) A208, 559 (1951). 
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might proceed by a direct process was considered by 
Austern, Butler, and McManus.’ Recently, Butler? has 
proposed a theory of direct reactions which include 
stripping as a special type of a more general class of 
reactions. The angular-dependent terms in the differ- 
ential cross sections predicted for these direct-reaction 
processes contain a characteristic oscillatory term of 
the form 


Lii(Qr) F, 


where j; is the spherical Bessel function of order /, R is 
the interaction radius, and Q is the magnitude of the 
momentum transfer, which for (p,p’) reactions is given 
by 
Q=|k,—k,'|. 

k, and k,’ are the wave vectors for the incident and 
outgoing protons. The angular distributions predicted 
on the basis of the direct-reaction mechanism are de- 
pendent on the spins and parities of the initial and 
final nuclear states involved, and are thus capable of 
yielding information regarding these parameters. The 
agreement between inelastic scattering experiments 
above 10 Mev and the predictions of Butler’s theory 
are excellent. At lower bombarding energies, where the 
probability of compound-nucleus formation is high, the 
angular distributions of inelastically scattered particles 
do not agree very well with predictions of the direct- 
reaction process. However, the differential cross sec- 
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Fic. 5. The angular correlation between gamma rays and in- 
elastically scattered protons from the first excited state of Mg”. 
The gamma-ray detector is located in the plane determined by 
the incident beam direction and the proton detector direction. 
The angle of recoil of the residual nucleus is 49°. The proton de- 
tector angle is 68° with respect to the incident beam direction. 


7 Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 
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tions observed also do not exhibit the symmetries pre- 
dicted on the basis of the statistical models of the 
nucleus. 

An additional test for measuring the presence of 
direct-reaction mechanisms in inelastic scattering pro- 
cesses is measurement of the angular correlation be- 
tween the inelastically scattered particles and the 
radiative decay of the excited residual nucleus state. 
This process was first studied theoretically by Satchler,* 
using a description in which the initial and final nu- 
cleon states are represented by plane waves. He showed 
that the proton gamma angular correlation is sym- 
metric about the nuclear recoil direction. For the case 
of a target nucleus of ground-state spin 0, excited by 
inelastic scattering to an excited state of spin 2, de- 
caying to the ground state by the emission of quadru- 
pole radiation, the angular correlation is given by 
sin*{ 2(0—6,) ], where 6 is the angle between the gamma- 
ray and the initial proton beam direction and @, is the 
classical nuclear recoil direction or momentum-transfer 
direction. Sherr and Hornyak’ investigated the angular 
correlation of gamma rays from the 4.45-Mev state of 
C® excited by 16.2-Mev protons. The angular-correla- 
tion function was fitted to a distribution of the form 


A+B sin*{2(6—6o) ], 
where 69 refers to the axis of symmetry. Banerjee and 


Levinson ' analyzed these data considering the effects 


Mg@4(p, p'r) 1.37 Mev 

Ep * 6.2 Mev 

PROTON DETECTOR ANGLE = 92,5° 
° 


COINCIDENCE COUNTS 





lie ) 





aneene 
re) 4 1 4 1 1 1 4 4 r 
20° 40° 60° 80° 100° 120° 
GAMMA RAY DETECTOR ANGLE (LAB) 


Fic. 6. The angular correlation between gamma rays and in- 
elastically scattered protons from the first excited state of Mg” 
for a proton detector angle of 92.5°. The angle of recoil of the 
residual nucleus is 38.5°. 


8G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 

9R. Sherr and W. F. Hornyak, Bull. Am. Phys. Soc. Ser. II, 
A, 197 (1956). 

10M. K. Banerjee and C. A. Levinson, Ann. Phys. N. Y. 2, 499 
(1957). 
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Fic. 7. The angular correlation between gamma rays and in- 
elastically scattered protons from the first excited state of Mg™ 
for a proton detector angle of 121°. The angle of recoil of the 
residual nucleus is 26°. 


of the distortions of the plane waves on the angular 
correlation. They found that the angular correlation 
function could be represented as A+B sin?(@—O), 
where the symmetry axis 6) coincided only approxi- 
mately with the nuclear recoil direction for all scatter- 
ing angles. 


RESULTS 


A typical differential pulse-height spectrum of the 
protons scattered from the magnesium target is shown 
in Fig. 3. The proton group corresponding to Mg* in 
its first excited state is seen to be well resolved from the 
elastically scattered proton group. A differential yield 
curve for the inelastically scattered protons was ob- 
served, and it was decided that the angular distribu- 
tions of most interest would be those corresponding to 
the peaks and valleys of this curve. Accordingly, angu- 
lar distributions were measured for foil thicknesses of 
0, 0.02 mm, 0.038 mm, and 0.06 mm. These distribu- 
tions are shown in Fig. 4. A curve based upon Butler’s 
theory for direct reactions was calculated using a nu- 
clear radius of 5.5 10~" cm. The experimental curves 
A and B of Fig. 4 agree with the theory in the positions 
of the peaks, but not in details of the distributions, 
such as the increase in yield in the backward angles. 
The forward peaking in the distribution has disap- 
peared completely at a foil thickness of 0.038 mm. 
Finally, at a foil thickness of 0.06 mm there is a very 
broad peak centered at about 115°. In all cases ob- 
served the angular distributions fail to be symmetric 
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Fic. 8. The angular correlation between gamma rays and in 
elastically scattered protons from the first excited state of Mg” 
at a proton bombarding energy of 5.4 Mev. Curve A was taken 
for a proton detector angle of 90° whereas curve B was taken for 
a proton detector angle of 121°. 


about 90° (c.m.). This would seem to rule out the case 
of pure compound-nucleus formation in which one or 
more distinct levels of the compound nucleus are 
formed. 

Two possible explanations for the asymmetries ob- 
served and the rapid variation of the angular distribu- 
tions with energy are (a) interference between direct- 
reaction processes and decays through one or more 
levels of the compound nucleus, and (b) interference 
between states of the compound nucleus of opposite 
parity. The level spacings'in AP* at these excitation 
energies is not known; consequently, one cannot evalu- 
ate the relative strength of the interference between 
compound-nucleus levels. However, the results of the 
angular correlation measurements seem to indicate the 
presence of direct reactions. Thus it appears likely that 
some, if not all, of the asymmetries observed in the 
angular distributions are due to interferences of type 
(a). 

The results of the angular correlation experiments 
are shown in Figs. 5, 6, 7, and 8. The angular correla- 
tion measurements were performed at incident beam 
energies of 5.4 and 6.2 Mev and at laboratory proton 
detector angles of 68°, 92.5°, and 121°. The experi- 
mental data were corrected for accidental counts but 
not for the finite detector geometry. The standard de- 
viations associated with the experimental points were 
determined by averaging the data from three to six 
separate angular correlation runs. The solid curve in 
each correlation is not the best fit to the experimental 
data, but is of the form 


A+B sin*[2(0—@p) |, 


where 6 is the gamma-ray detector angle with respect 
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to the incident beam direction, and 6x is the classical 
residual-nucleus recoil direction or laboratory momen- 
tum transfer direction. The momentum transfer direc- 
tions for the data of Figs..5, 6, 7 are, respectively, 49°, 
38.5°, and 26°. The results of the 6.2-Mev correlation 
data appear to be consistent with symmetries about 
the momentum transfer directions. The A/B ratio for 
the 6.2-Mev data is, within experimental precision, 
equal to 1. While the strong angular asymmetries ob- 
served appear to be “washing out” at bombarding 
energies of 5.4 Mev, it is striking to observe that the 
data are still consistent with the symmetries predicted 
on the basis of the direct-reaction mechanism. 


CONCLUSIONS 


The purpose of our experiment was to investigate 
the presence of direct-reaction mechanisms at low par- 
ticle bombarding energy. While it was not expected 
that angular distribution experiments at these low 
energies would permit an unambiguous determination 
of the presence of direct-reaction mechanisms, it was 
felt that this information plus the more definitive angu- 
lar correlation experiments would serve to determine 
the existence of direct reactions. The results of the 
angular correlation experiments are in agreement with 
predictions of Satchler,* and Banerjee and Levinson,” 
based on direct-reaction mechanisms. It has been 
pointed out by Satchler and Biedenharn"™ that the 
momentum transfer direction Q has no significance in 
compound-nucleus processes. The possible symmetries 
that might exist for compound-nucleus processes are 
the incoming beam direction or the outgoing particle 
direction in the center-of-mass coordinates. For the 
angular correlation experiments, only the data for a 
proton detector angle of 92.5° are consistent with 
compound-nucleus symmetries, since the peak of the 
sin*[ 2(@—@p) ] distribution, computed for the appro- 
priate momentum transfer direction at this detector 
angle, is within experimental accuracy also symmetric 
about the outgoing proton direction. However, for 
proton detector angles of 68° and 121° the data are 
consistent only with the direct-reaction mechanism. 

The angular correlation data indicates the presence 
of direct-reaction processes even at these low incident 
bombarding energies. A possible explanation for the 
observed energy dependence of the angular distribu- 
tions is that there is interference. between compound- 
nucleus decay and direct-reaction processes. In this case 
the nature of the experimental distributions observed 
depend upon the detailed nature of the compound- 
nucleus levels excited. At these low bombarding ener- 
gies it does not appear that angular distribution ex- 
periments alone will yield decisive quantitative infor- 
mation either concerning the nature of the reaction 
mechanisms or the parameters of the residual states 
excited. However, with sufficiently good energy resolu- 


4 Biedenharn, Boyer, and Charpie, Phys. Rev. 88, 517 (1952). 
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tion of the incident beam and for compound-nucleus 
states well resolved in energy, an analysis of the inter- 
ferences between compound-nucleus decay and direct 
processes could lead to information concerning the 
spins and parities of the compound-nucleus states in- 
volved in the reaction. 
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The relative cross section for Zn®‘(n,p)Cu® has been measured by an activation method for neutron 
energies of 2.0 to 3.6 Mev. The absolute cross section at 3.55-Mev neutron energy is found to be 56.4+9.0 mb 
by comparing the Cu® positron activity with the amount of Si*! formed in the P!(n,p)Si*! reaction, which 
has a previously known cross section of 96.2+9.0 mb. The cross section rises monotonically with increasing 
energy from a value of 12 mb at 2.0 Mev. The experimental results are compared with the predictions of 
statistical theory; experimental level densities are used in the calculations, but even so the predicted yield 
is too small. An upper limit of 2 mb is assigned to the cross section for Zn®*(n,7)Zn®* at 3 Mev. 


INTRODUCTION 


HE excitation function of the reaction Zn (n,p)- 
Cu® is of interest from the various standpoints 
of fast-neutron detection, reactor design, and nuclear 
theory. Previously the reaction has been investigated 
by Bretscher and Wilkinson, who measured the relative 
yield of the Cu® beta activity at neutron energies be- 
tween 2 and 3.5 Mev.' However, no attempt was made 
to determine the cross section. The reaction cross section 
was measured by a number of authors? at 14-Mev inci- 
dent neutron energy. 

The reaction Zn™(n,p)Cu®™ has a positive Q value of 
0.20 Mev, and the product Cu® decays with a half-life 
of 12.8 hours.’ The decay of Cu® consists of 19% posi- 
tron emission and 42% of K-capture to the ground state 
of Ni*, and 39% electron emission to the ground state 
of Zn®™. This paper reports positron activation measure- 
_ ments of the relative yield of the Zn™(n,p)Cu® reaction 
at neutron energies in the range from 2.0 to 3.6 Mev. 
The absolute cross section is obtained by comparing the 
Cu® positron activity with the amount of Si*! formed 
in the P*!(”,p)Si*! reaction, which has a cross section of 
96.2+9.0 mb at 3.56 Mev neutron energy.‘ 


1. Bretscher and D. H. Wilkinson, Proc. Cambridge Phil. Soc. 
45, 141 (1949). 

2E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953); 
L. Rosen and A. H. Armstrong, Bull. Am. Phys. Soc. Ser. II, 1, 
224 (1956); H. G. Blosser (private communication); D. L. Allan, 
Proc. Phys. Soc. London A68, 925 (1955). 

3 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 

4 Grundl, Henkel, and Perkins, Phys. Rev. 109, 425 (1958). 


EXPERIMENTAL PROCEDURE 


The 800-kev Philips cascade generator of the Uni- 
versity of Chile delivering an ion beam of about 1 milli- 
ampere was used to obtain neutrons by means of the 
reaction H?(d,n)He*®. The accelerating voltage of the 
deuterons is controlled by a rotating voltmeter, the scale 
of which was calibrated previously in terms of energy 
through the resonances in the Al?’(p,7)Si?* reaction.® 

The target was a deuterium self-regenerating target, 
water-cooled at a speed of two liters per minute. From 
a systematic study of deuterium self-regenerating tar- 
gets, Fiebiger concluded that the highest neutron yield 
was given by a gold target.* Our experience is that the 
best results could be obtained with a sandwich-type 
target, in which consecutive thin layers of gold, palla- 
dium, and gold are evaporated onto a 1-mm copper 
backing. Saturation in the neutron yield from a freshly 
prepared target occurred after 13 hours of continuous 
bombardment giving total neutron outputs up to 
3.5 10° neutrons/sec at 600 kev deuteron bombarding 
energy. These targets appeared to be very stable and 
bombardment with currents up to 1 milliampere hardly 
deteriorated the target. In order to make an estimate of 
the target thickness, a similar target has been prepared 
in which the lower gold layer was replaced by one of 
aluminum. This target was bombarded with protons 
and from the displacement of the resonance in the 
AP? (p,y)Si?* reaction, we obtained an estimate of the 


5P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
6K. Fiebiger, Z. Naturforsch. lla, 607 (1956). 
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average energy loss of the bombarding particles in the 
target. 

Throughout the experiment the neutron yield was 
monitored by a Hanson and McKibben type long 
counter’ placed at 90° with respect to the deuteron 
beam, and at a distance of 1 meter from the target. At 
each deuteron energy, the corresponding neutron energy 
at each angle in the laboratory system was taken from 
the tables of Fowler and Brolley.* A check on the neu- 
tron energy was obtained by means of a transmission 
experiment with good geometry on the well-known 2.95- 
Mev resonance in carbon.’ In order to cover the neutron 
energy range between 2.7 and 3.5 Mev, points were 
taken at five different deuteron energies between E,= 200 
kev and E,= 600 kev at angles of 0° and 55° with respect 
to the deuteron beam. From the displacement of the 
peak in the transmission curve, the spread in neutron 
energy due to target thickness was found to be about 
100 kev at 3 Mev neutron energy, in agreement with 
the average energy loss of the bombarding particles. 

The excitation function was determined by placing 
seven zinc samples at various angles around the d-D 
neutron source, irradiating them simultaneously for 
eight hours, and measuring the induced Cu® positron 
activities afterwards. Since the neutrons produced by 
this source have energies varying greatly with angle, 
the energy range from 2.0 to 3.6 Mev could be covered 
in stepsof about 200 kev by irradiations at 400 and 
600 kev incident deuteron energy. In order to obtain 
relative cross sections, the angular distribution of neu- 
trons from the source must be known. The sets of data 
obtained at the different deuteron energies can then be 
internormalized if the integrated neutron flux is known 
at one angle for each irradiation. 

The relative angular distributions at the two energies 
were measured by use of a methane-filled proportional 
counter (R.C.L., model 203). The counter subtended 
about the same angle with respect to the neutron source 
as the zinc samples ; thus the measured angular distribu- 
tions were directly applicable to the zinc irradiations. 
A correction was made for the variation in counting 
efficiency of the proportional counter with neutron 
energy, using the total neutron-proton cross section.” 
The counting rate due to neutrons scattered from the 
target tube, the walls, and the floor was measured at 
each angle by placing a paraffin cone of 25-cm length 
between the counter and the neutron source. The count- 
ing rate due to degraded neutrons increased from 5 to 
10% with increasing angle. 

The integrated neutron flux at each deuteron energy 


7 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

* J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 

® Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 

”D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend- 
dent of Documents, U. S. Government Printing Office, Washing- 
ton, D.C., 1955). 
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was obtained by the simultaneous irradiation of the 
zinc samples, and a red phosphorus sample of about 
100 mg/cm? thickness placed on top of the Zn at the 
zero-degree position. The 2.65-hour activity, Si*!, formed 
by the P*'(n,p)Si*! reaction, was measured with a thin- 
walled, end-window Geiger-Miiller Counter (20th Cen- 
tury Electronics Mark EW3H) over a few half-lives. 
No other activity was found to be present in the phos- 
phorus. The G.-M. counter was calibrated with a set of 
standard beta-ray sources, which enabled us to derive 
the absolute activity of the phosphorus sample. 

The samples irradiated were disks of spectroscopically 
pure zinc, about 25 mm in diameter and 6 mm thick. 
During irradiation the samples were held in well-defined 
positions, at 6.0 cm from the target inside an aluminum 
sample-holding ring which was carefully aligned about 
the target. The positions of the different samples were 
respectively 0°, 30°, 60°, 90°, 115°, and 143° as illus- 
trated in Fig. 1. In order to reduce the effect of errors 
due to possible improper alignment, two samples were 
placed at 90° on either side of the neutron source. A 
small correction had to be applied in order to account 
for a slight displacement of the beam off center. 

The positron activities were measured by means of 
the photopeak of the 0.51-Mev annihilation radiation 
in a Nal(TI) scintillation spectrometer. The zinc sheets, 
placed directly on top of the Nal crystal, 4.4 cm in 
diameter and 5 cm long, were covered with a very thin 
aluminium foil in order to make sure that all the posi- 
trons were annihilated at the sample. The Nal detector 
was calibrated by using a set of standard gamma-ray 
sources made up as disks the same diameter as the Zn 
samples. A source of Na® was used for the energy cali- 
bration; sources of Hg™*, Cs"*7, Sc**, and Co™ were used 
for the determination of the photopeak efficiency. The 


beam 





Fic. 1. Schematic rep- 
resentation of target and 
sample arrangement. 
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latter sources were calibrated by comparison with point 
sources, whose strength was determined by passing a 
narrow collimated gamma-ray beam through a Nal 
crystal 5 cm long. The complete pulse-height spectrum 
and the solid angle subtended, at the source, by the 
collimation diaphragm were sufficient to determine the 
absolute gamma-ray yield of the sources. The Co® 
source-strength was also determined by 6-y coincidence 
technique, and good agreement was obtained between 
the two methods. 


RESULTS 


Two or more irradiations were performed for each of 
the neutron energies with essentially the same results 
each time. The results of the irradiations performed 
under the best conditions are given in Table I. The 
Zn*(n,p)Cu® absolute cross section of 56.4+9.0 mb at 
E,=3.55 Mev has been based on the absolute cross 
section for the P*'(n,p)Si*' reaction at 3.56-Mev neutron 
energy, recently measured at Los Alamos.‘ The normali- 
zation of the neutron flux in the forward direction at 
Ea= 400 kev with that at Ea=600 kev was based on 
comparing the activities of the phosphorus samples, and 
interpolating the P*!(n,p)Si*' cross section from the data 
of Grund] ef al. An independent check of this cross 
section was made using a Lamphere-type of fission 
chamber" with natural uranium. The amount of ura- 
nium on the foil was determined by alpha counting in a 
2m proportional flow counter. A simultaneous irradiation 
was made with a phosphorus sample mounted on top of 
the fission chamber. The neutron flux was measured by 
observing the fission disintegration rate in the uranium 
and using the known fission cross section for natural 
uranium. The resultant flux was in excellent agreement 


TABLE I. Cross sections for Zn™(n,p)Cu®. 


Relative 

angular 

Oia» = distribu- 
from tion of 
neutron source 

D(d,n) He source (measured) 


Ea=600 kev 0° 1.00 
30° 0.69 

60° 0.34 

90° 0.255 

115° 0.29 

143° 0.42 


Initial 
counting 
rate 
(counts/ 
min)» 


10940 
6450 
2560 
1280 

896 
728 


Zn™(n,p)Cu™ 
cross 
section 
(mb)e 


56.4+4.0 
53.543.8 
46.4+3.4 
26.4+2.0 
17.1+1.3 
10.5+0.8 


Neutron 
energy 
(Mev)* 


3.55+0.10 
3.40+0.13 
3.04+0.20 
2.58+0.19 
2.21+0.16 
1.99+0.10 


Source 
reaction 


1.00 
0.73 
0.37 
0.27 
0.325 
0.46 


5600 
3600 
1630 
850 
614 
672 


3.27+0.09 
3.15+0.12 
2.88+0.14 
2.5340.14 
2.24+0.13 
2.05+0.07 


51.345.2 
48.84+4.9 
46.4+44.7 
30.443.1 
19.8+2.0 
15.0+1.5 


Ea=400 kev 0° 


* The neutron energy spread at the sample due to target thickness and 
angular spread. 

> Counting rate at the photopeak corrected for background. 

e Standard deviations are relative, including all uncertainties, except the 
normalization to the cross section of P*'(n,p)Si®! at 3.55-Mev neutron 
energy (reference 4). 


"R. W. Lamphere and R, E, Greene, Phys. Rev. 100, 763 
(1955), 
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Fic. 2. Excitation function for Zn™(n,p)Cu®™. The experimental 
cross sections are given with their standard deviations. The cal- 
culated yield is obtained from statistical theory, using experi- 
mental level densities of Zn™ and Cu“. The nuclear radius used 
is ro=1.50K 10-8 cm. 


with the one obtained from the Si*! activity, the latter 
being based on the cross section for P*'(,p)Si*". 

In Table I the energy spread is indicated for each 
neutron energy; this spread arises primarily from the 
target thickness and from the angular spread caused by 
the sample diameter. Also tabulated are the relative 
angular distributions used at each deuteron energy. 
These distributions are consistent with those in the 
literature,” taking the finite acceptance angle into ac- 
count. The angular distribution data are estimated to 
be uncertain to 3% or 4% at 600-kev deuteron energy, 
and 5% or 6% at 400-kev deuteron energy. Normaliza- 
tion of the 400-kev data to the 600-kev data involves 
an additional uncertainty of 5%, to allow for an error 
in the neutron flux determination at the lower deuteron 
energy. 

Corrections for gamma-ray attenuation, neutron self- 
absorption, and multiple scattering in the zinc sample 
have to be considered. These corrections were calculated 
following the same procedure as described by van Loef 
and Lind." The correction factor, defined as the ratio 
of the observed yield to the true yield, was 0.75 for zinc 
of 6 mm thickness. An experimental check was made by 
irradiating a zinc disk sandwiched between two phos- 
phorus samples of 100 mg/cm? thickness each. From the 
two silicon activities we estimated an average neutron 
flux in the zinc. Using an average attenuation for the 
0.51-Mev gamma radiation, we obtained a correction 
factor, which within the experimental uncertainties was 
in agreement with the calculated one. 

Small corrections have been applied to all data for 
decay during irradiation, counter background, and 
effects due to a slight displacement of the beam. No 


2 N. Jarmie and J. D. Seagrave, Los Alamos Scientific Labora 
tory, Report LA-2014, 1956 (unpublished). 
18 J. J. van Loef and D. A. Lind, Phys. Rev. 101, 103 (1955). 
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corrections were considered necessary for backscattering 
from the sample-holding ring, nor for the effect of de- 
graded neutrons from wall scattering. Counting statis- 
tics (in most cases 1% or better), uncertainties in the 
angular distributions, absolute flux determinations, and 
geometry have all been taken into account in assigning 
relative standard deviations to the Zn™(n,p)Cu®™ cross 
sections. The results are shown in Fig. 2 where the ex- 
perimental cross séctions with their relative standard 
deviations are given as function of neutron energy. The 
standard deviation in the absolute cross section includes 
the efficiencies of the counters, and the absolute error 
in the cross section of the P*'(,p)Si*! reaction at 3.56- 
Mev neutron energy. 

No half-lives other than that of Cu®™ were observed 
in the course of this work. Our best value for its half-life 
is 12.88-++0.08 hours (probable error), which is in excel- 
lent agreement with 12.82 hours which is an average 
over the four best values given by Seaborg and co- 
workers.’ One other known activity produced by neu- 
trons on zinc has a half-life which could interfere with 
the measurement of the Cu® positron activity. This is 
the Zn® isomeric state produced by Zn**(n,7)Zn™, 
which decays with a 13.8-hour half-life and emits a 
gamma ray of 435 kev on decaying to the ground state of 
Zn®. In the neutron cross-section compilation” Hughes 
and Harvey give a cross section for fission neutrons of 
15 mb. We have established the presence of this activity 
in an experiment, in which Zn samples were placed be- 
hind a paraffin body put around the neutron source. 
Since fast and slow neutrons were present at the same 
time, the gamma-ray spectrum showed two peaks at 435 
and 510 kev. From the fact that the 435-kev photopeak 
is absent in the fast-neutron experiments, we can assign 
an upper limit to the cross section of the Zn®*(n,y)Zn®™* 
reaction of 2 mb at 3 Mev neutron energy. 


DISCUSSION 


The results of the cross section measurements of the 
Zn (n,p)Cu®™ reaction may provide a stimulus for the 
reinvestigation of the mechanism of neutron counting 
in ZnS(Ag) phosphors. As both sulphur and zinc show 
appreciable (n,p) cross sections above 2 Mev neutron 
energy, neutron detection with these phosphors may be 
more complicated than was thought." 

Although many studies have been made of (n,p) re- 
actions by medium-weight isotopes,’® all but one have 
been confined to neutron energies higher than 12 Mev. 
The exception is the reaction Fe®*(m,p)Mn*® recently 
reported by Terrell and Holm.'* These authors find a 
rapid increase in cross section at about 2 Mev above the 
energetic threshold of this reaction at 2.9 Mev neutron 
energy. Taking into account a Q value of +0.20 Mev 


4G. R. Keepin, Rev. Sci. Instr. 25, 30 (1954). 

16 B. B. Kinsey, Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 40. 

16 J. Terrell and D, M. Holm, Phys. Rev. 109, 2031 (1958). 
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for the Zn™(n,p)Cu® reaction, the cross section of this 
reaction shows the same trend. This is no surprise, since 
the Coulomb barrier penetration factor in both reactions 
should be very similar. Furthermore the two reactions 
are equivalent in the sense that the initial nucleus is 
even-even, which through the (n,p) reaction leads to an 
odd-odd residual nucleus. 

The most probable reaction in the neutron energy 
range 2 to 4 Mev is inelastic scattering of neutrons. 
Besides this reaction, competition is possible from the 
Zn™(n,a)Ni®™ reaction which has a positive Q value of 
3.92 Mev according to the nuclear disintegration energy 
data.'’ However, it would be expected that its yield is 
much lower than that of the Zn™(n,p)Cu® reaction, and 
would, therefore, have little effect on the excitation 
function. No other reaction is considered to be important. 

There is no evidence so far that (,p) reactions below 
12 Mev proceed by a different process than through the 
compound nucleus. For this reason a comparison of the 
observed yield of protons with that predicted by the 
statistical model of nuclear reactions as formulated 
originally by Blatt and Weisskopf seems to be justified."® 

In order to calculate the cross section for the Zn™(n,p)- 
Cu® reaction, we applied the same expression as Terrell 
and Holm. These authors used level densities which are 
based on a Fermi degenerate gas model of the nucleus, 
and normalized the calculated yield to the experimental 
cross section at 14 Mev in order to obtain the unknown 
ratio of level densities between the odd-odd and even- 
even nucleus. With this normalization, they extended 
the calculated yield curve to lower energies and obtained 
cross sections, which are considerably smaller than the 
experimental ones at neutron energies below 12 Mev. 

In our calculations we did not follow this normaliza- 
tion procedure, but, instead, we took level densities 
which were derived” from the results of charged-particle 
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Fic. 3. Experimental level densities. The data for Cu®™ are 
obtained from the Cu®(d,p)Cu® results, and the data for Zn™ 
are taken from the known level densities of the adjacent even-even 
nuclei Ni5®-©.®8 and Fe5.56,58, 


17D). M. van Patter and W. Whaling, Revs. Modern Phys. 29, 
757 (1957). 

18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 

18 J. J. van Loef (to be published). 
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scattering data obtained by Buechner ef al. at the 
Massachusetts Institute of Technology.” It turns out 
that the ratio of the level densities between odd-odd 
and even-even nuclei varies strongly with excitation 
energy. 

In Fig. 3 the level density for odd-odd Cu® obtained 
from Cu®(d,p)Cu® results”! is shown as a function of 
excitation energy. The level density rises very rapidly 
with increasing excitation energy, after which it tends 
to level off. On the other hand, the level densities of 
even-even nuclei in general show a more exponential 
rise with energy. Although no direct data are available 
for even-even Zn®, the level densities of adjacent even- 
even nuclei, such as Ni®*:®.8 and Fe*®5§ all show a 
striking resemblance. Thus we feel rather confident that 
the level density of Zn™ changes in the same way. It 
should be noted here, that the level densities of odd-odd 
Mn’* and Cu® are very similar to Cu®. 

The results of the statistical model calculation are 
given in Fig. 2 along with the experimental data for the 


2 Buechner, Browne, Enge, Mazari, and Buntschuh, Phys. Rev. 
95, 609 (1954). Further references in 19. 

*1 Figueiredo, Mazari, and Buechner, Bull. Am. Phys. Soc. Ser. 
IT, 3, 38 (1958). 
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yield of Zn™(n,p)Cu®. For the calculations performed, 
Tcn and o-»y, the cross section for the formation of the 
compound nucleus by an incident neutron and an inci- 
dent proton, respectively, were taken from tables given 
by Blatt and Weisskopf, based on a black square-well 
model for the nucleus, with the radius constant ro= 1.50 
fermis. The cross sections were calculated using the ex- 
perimental level densities of Zn®™ and Cu® shown in 
Fig. 3; level densities based on the Fermi degenerate 
gas model resulted in much lower yields. 

Even if we use experimental level densities, there still 
remains a considerable difference between the experi- 
mental and the calculated cross sections. It would be of 
some interest, therefore, to know if optical model cross 
sections o,, and o-, for a potential well with rounded-off 
edges would lead to a better agreement, or if another 
nuclear mechanism should have to be considered at this 
energy range. 
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515-kev and 679-kev Resonances in the Reaction Na” (,7)Mg™ 


LENNART SIMONS 
Institute of Physics, University of Helsinki, Helsinki, Finland 
(Received November 18, 1958) 


The 515-kev and 679-kev resonance levels have previously been assigned J =1* and J =3*, respectively, 
the latter being formed by LS coupling. An alternative assignment is presented in this paper, according to 
which the 515-kev level has J =2~ formed by jj coupling with jp>=}> or jp>=3~. J=3* is confirmed for the 
679-kev resonance level, assuming jj coupling with jp=}*. 


S is known from angular distribution measure- 

ments,! the 515-kev and 679-kev resonance levels 
are assigned J=1+ and J=3", respectively, the latter 
being obtained by LS coupling. An alternative assign- 
ment is obtained in the present paper, according to 
which the 515-kev level has J=2-, obtained by 77 
coupling with 7,=}~ or j,= 3. For the 679-kev reso- 
nance level, it is confirmed that J=3*, if one assumes 
jj coupling with 7,= 3". 

In (p,y) reactions one has frequently two entrance 
channels s;, 52, with s2,=5,+1. If we assume an orbital 
angular momentum /, with a channel spin mixture and 
multipole mixture of the y radiation, the angular dis- 
tribution of the y radiation can be written 


W (6) =1+A 2P2(cosé)+A 4P4(cosé)+ ear, (1) 


1 Grant, Rutherglen, Plack, and Hutchinson, Proc. Phys. Soc. 
(London) A68, 369 (1955). 


where A,(v even) contains, as a factor, 
F (Is J) +FF, (IsoJ), (2) 


in which F is the channel spin ratio and J the spin of 
the compound state. The same is also true for the angu- 
lar distribution of the later radiation in a (p,yy) re- 
action in which the first y radiation is unobserved. A 
consequence of this is that for every such y radiation 
which originates from the compound state, A,=0 if 


F,(Is,J) W(lJ1J; sy) 
F,(IsJ) WIJ; sav)’ 


—_ 


(3) 


which is possible if the expression (3) is 20. 

This kind of exceptional vanishing of a term can occur 
when /=J/—s, and /=s,+1—J. It is of interest in cases 
where A, normally vanishes for larger values of v. Of 
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particular interest are the case in which A2=0 and that 
in which A,=0. In the former case we obtain an iso- 
tropic distribution. In the latter case W « 1+ B, cos*6. 

Being primarily concerned with the reaction 
Na*™(p,7y)Mg", we shall now consider the case in which 
s,;=1 and s2=2. For /=J—s,, A,=0 for 


‘ W(J-1J J-1J; 1») 


WU-1SJ-15;2) P-# 


In particular, A, vanishes for F= —(J*—1)/(J*—7), 
and F>0 only for J=2, with /=1 and F=1. Moreover, 
the compound state must have opposite parity to that 
of the bombarding nucleus since, if the parities are the 
same, almost only s-wave contributions will be ob- 
tained via the channel with s=2. 

Also, A, vanishes for F=—(J?—1)/(J?—21), in 
which the only cases with F>0O are J=3 (/=2) and 
J =4 (1=3). In the former case F= 2, in the latter F=3. 
These cases are of importance, of course, only if the 
compound state in the former case has the same parity 
as, and in the latter case opposite parity to that of the 
nucleus. 

The case in which /=s,+1—J has reality only when 
J=1 (/=1) and when the compound state has opposite 
parity to that of the nucleus. In this case A 4 vanishes nor- 
mally and A2=0 for F=W (1111; 12)/W(1111; 22)=5. 

In the reaction Na*(p,y)Mg™ one may thus have an 
isotropic distribution when J= 1~ and 2-. A, can vanish 
for J=3* and 4-. The case in which A ,4=0 is naturally 
of interest only if the radiation (in the case of a cascade, 


the latter y ray) contains multipoles of higher order 
than dipoles, since otherwise A, vanishes normally. 


515-KEV RESONANCE 


This resonance does not emit a-particles to the ground 
state of Ne”. Consequently, J is even with odd parity 
or odd with even parity. The experiments show iso- 
tropic angular distribution for the measured y,, y2, and 
ys radiations (Fig. 1). It is most convenient then to 
assume J =0~ or J= 1+, for which A: vanishes normally. 
But A,=0 also when J=2-, /=1, F=1, which corre- 
sponds to 77 coupling for the two possible cases j,= 37 
and j,=%-. For jj coupling, namely, 


4 (Qse+1)W2(lipJT ; j ps2) 

(25:+1)W2(lipJT; j psi) 

where /= 3+ is the ground-state spin of Na™ and i,= 4+ 
is the intrinsic spin of the proton. 

It is now clear why it has not been possible to detect 


any radiation to the ground state of Mg*. If such radia- 
tion occurs, it is a very weak M2 radiation. 


(5) 





679-KEV RESONANCE 


The experiments indicate that in the angular distri- 
bution of the measured 1, Y2, Y3, and ys radiations the 
cos“@ term can vanish. With the proposed J = 3+ for the 
compound state, /=2, and F=%, one has A,y=0, and 
one obtains, taking into account the experimental limits 
of error and the solid angle correction, rather good 
agreement with the experiments. According to (5), one 
has jj coupling even here, with j,= 3. 

Although Grant et al. assume F=0, we also obtain, 
with F=%, approximately the same mixing ratio, 
6= +0.25, I(E2)/I(M1)=8= 4g, in y1, whereas y2 is a 
nearly pure M1 radiation (6~ —0.08). 

For y3, however, such a high mixing ratio is obtained, 
6~+0.24, that ys can hardly be a mixture of E1 and 
M2 radiation, whereas the obtained 6 value is plausible 
for an M1, E2 mixture. We then have for the 5.26-Mev 
level of Mg* the spin 3. This is in agreement with 
Grant ef al. with the exception that it has even parity. 
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Total Neutron Yields from Light Elements under Proton and Alpha Bombardment 


J. H. Grppons anv R. L. MACKLIN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received November 10, 1958) 


Total neutron production cross sections have been measured for targets of D, T, Li’, Be, B", C®, C¥, 
and F"® under proton bombardment and of Li’, Be’, B", and Si under alpha-particle bombardment. Energy 
ranges covered differ, but were contained between threshold and 5 Mev for protons and between threshold 
and 9 Mev for alphas. In several cases cross sections for the inverse reactions, (#,p) and (n,«), have been 
computed and compared, where available, with direct measurements. 


INTRODUCTION 


HE study of the locations and properties of nuclear 
energy levels in light nuclei by (p,m) and (a,m) 
reactions has been a fruitful field of investigation. In 
only a few cases, however, has the absolute cross section 
been determined. A knowledge of the absolute cross 
section should be valuable for several reasons. Reso- 
nance analysis can be considerably simplified and clari- 
fied if one knows the absolute cross section involved. An 
example of this is the 2.25-Mev resonance and the 
threshold-associated resonance in Li’(p,m)Be7)? A 
second reason for wanting to know absolute cross section 
is a utilitarian one, that of comparing the yields of 
different neutron-producing reactions not only in order 
to be able to choose an optimum neutron source, but 
also as an aid in choosing materials to be used in experi- 
ments, such as target backings which have very low 
neutron yields. A third reason is that cross sections for 
certain (n,p) and (n,a) reactions can be obtained only 
by studying the inverse reaction and then computing 
the direct reaction by means of the reciprocity theorem.* 
An example is N¥¥(,p)C'’. Several reactions of this type 
provide critical parameters in theories of heavy-element 
buildup by stellar reactionst and in the problem of 
neutron-production mechanisms in supernovae. At the 
time when this work was initiated it was thought that 
a more quantitative comparison of some (p,m) and (a,n) 
reactions with their (measured) inverse reactions might 
be a sensitive test of the assumed validity of time- 
reversal invariance in strong interactions.° 


EXPERIMENTAL 


The neutron detector has been fully described else- 
where.® It consists of a five-foot diameter sphere of 
reactor-grade graphite with eight BF; counters em- 
bedded around its surface. A 4 in.X4 in. hole allows 
introduction of the target into the center of the sphere. 


1 Newson, Williamson, Jones, Gibbons, and Marshak, Phys. 
Rev. 108, 1294 (1957). 

2R. L. Macklin and J. H. Gibbons, Phys. Rev. 109, 105 (1958). 

3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 336 ff. 

4 Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
29, 547 (1957). 

5E. M. Henley and B. A. Jacobsohn, Phys. Rev. 108, 502 
(1957). 

6R. L. Macklin, Nuclear Phys. 1, 335 (1957). 


The experimental arrangement and absolute efficiency 
calibration were essentially the same as reported earlier.” 
The proton and alpha-particle beams were obtained 
from the ORNL 5.5-Mv Van de Graaff accelerator. 

Energy calibration was made assuming threshold 
energy for Li’(p,m)Be’ to be 1.8811 Mev.’ The usual 
corrections® were made for energy losses associated with 
the gas targets. Particle energy was determined by 
proton resonance frequency, corrected for magnet satu- 
ration effects and relativistic mass.’ 

A daily check of relative counter efficiency and cur- 
rent integrator calibration showed variations of less 
than a few tenths of a percent. Proton or alpha current 
was collected in a four-foot Faraday cup when solid 
targets were used. Current collection for the case of the 
gas target measurements has been discussed previ- 
ously." 

The determination of the absolute efficiency of the 
detector was discussed earlier. More recent information, 
however, deserves mention here. It was pointed out in 
an earlier paper’ that the detector efficiency “calibra- 
tion” consisted of normalization to an Sb—Be source 
calibrated by the National Bureau of Standards. A pre- 
liminary independent determination of the efficiency of 
the sphere by measuring the thermal flux leakage out of 
the sphere indicated an efficiency some 8% higher than 
was indicated by the Sb—Be calibration. Since that re- 
port the ““Ra—Be—II” second standard NBS source 
was obtained on loan in order to obtain a direct calibra- 
tion. The result of this calibration was a sphere efficiency 
some (4+2)% lower than the value indicated by the 
earlier Sb—Be measurement. Also, a more careful 
analysis (including a solid angle factor that was un- 
fortunately omitted in the earlier report) of the results 
of thermal leakage measurements indicated an efficiency 
factor some 13% lower than the preliminary value. The 
net result of these tests is that the local, independent 
calibration indicates a neutron yield of 1.21 10* n/sec 
for NBS, Ra—Be—II. The accuracy of this result is 

7 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). 

8 J. L. Fowler and J. E. Brolley, Revs. Modern Phys. 28, 103 
(1956). 
ass Bair, Cohn, and Willard, Phys. Rev. 99, 1393 
10C. H. Johnson and H. E. Banta, Rev. Sci. Instr. 27, 132 
(1956). 


571 





572 : 


TaBLe I. Targets and target backings. The thicknesses of the 
boron targets, first measured by weight, were found by chemical 
analysis to contain much less boron than expected. Boron thick- 
ness by chemical analysis is given in parentheses. In other cases 
where chemical (Be, Si), mass spectrographic (D2, Tz), or radio- 
activity (F) analyses were used, good agreement was obtained. 


Isotopic Average total target 
purity thickness 
(%) (ug/cm*) 


13.8 
T2: 47,90;Zr—T: ~150 Pt 
Li: 6.5, 40; LiF: 380 

6, 70, 184 

11 (1.6 B") 

12 (1.5 B") 

24.8 


Target 


D De 

= T2; Zr—T 
Li? Li; LiF 
Be® Metal 

BY’ = Metal 97.2 
B" Metal 89.1 
C8 “Carbon” 61 
C4 “Carbon” see 
FS UF, (100) 120 
Si*® SiO» 70.8 43 


Form Backing 


99.4 
88.5 
92.5 
(100) 


still in some doubt because the neutron thermal diffusion 
length for the graphite has not yet been directly re- 
checked. The NBS measurements yield 1.186X 10° 
+3% n/sec. It is-interesting to note in a recent com- 
munication" that this same source is within (1+3)% 
agreement with other “world standards.” The close 
agreement found (for ~}-Mev neutrons) is perhaps 
fortuitous in view of the graphite nonuniformity and 
anomalously long neutron pulse decay observed earlier.® 

In the case of deuterium gas-target measurements, 
the neutron background was measured with the gas cell 
filled with helium. For the study of T(p,n)He*, measure- 
ments were made as a function of tritium pressure. 
Blank target backings were used for the determination 
of solid target background. Corrections for the D(p,p’)p, 
reaction ranged from 90% at 3.6 Mev to 15% at higher 
energies. Except for the first several points near thresh- 
old, background corrections for the remaining reactions 
were less than 10%, 


TARGETS 


Most reactions were studied using solid targets, 
vacuum-evaporated onto platinum backings. When pos- 
sible, the thicknesses determined by weighing were 
checked by quantitative chemical analysis. With the 
exception of the boron targets satisfactory agreement 
was obtained between the two calibration techniques. In 
one case (U**F,) a third check was made, that of 
thickness determination by absolute alpha-particle 
counting. Lithium targets for absolute calibration pur- 
poses were prepared by using thick LiF targets since 
these are able to be weighed for thickness determination. 
The C™® target preparation has been described else- 
where.” The C™ target, prepared in a similar fashion to 
that of the C® target, was obtained from Chalk River 
Laboratories. A summary of targets used is given in 
Table I. 


Gas targets were used for studies involving deuterium 


K. E. Larsson, J. Nuclear Energy 6, 322 (1958). 
”® Bair, Kington, and Willard, Phys. Rev. 90, 575 (1953). 
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and tritium. Separate target assemblies were, of course, 
used throughout the experiment for the two gases. The 
details of these targets and the associated uranium gas 
ovens have been fully described elsewhere.” The 
deuterium gas had been checked periodically and found 
to be 99+ % pure. The tritium gas “purity,” however, 
was found to be an elusive but significant source of error 
and uncertainty. It will be discussed in greater detail 
later. 
RESULTS AND DISCUSSION 


1. D(p,p’)p,n 


Barkas and White" first observed neutrons from the 
p—D breakup at a bombarding energy of 5.1 Mev. Later 
studies of the sister reaction, D(n,n’)p,n, by Poss et al.!° 
and Allred et al.'® considerably advanced knowledge of 
the interaction of protons and neutrons with deuterons. 
Henkel e al.,” and more recently Ferguson and 
Morrison,'* have reported results for the absolute 
neutron yield at zero degrees. The measurement re- 
ported here is essentially the first absolute measurement 
of the fofal neutron yield as a function of proton energy. 
This is not only of interest in direct comparison with 
calculated results but also serves as normalization for 
angular distribution results. 


10° 











CROSS SECTION (mb) 














& (Mev) 


Fic. 1. D(p,p’)p,n cross section as a function of energy. The 
dashed line is from Frank and Gammel (reference 19) and the 
point at 5.1 Mev is from Barkas and White (reference 14). 


18 A. Galonsky and C. H. Johnson, Phys. Rev. 104, 421 (1956). 

4 W. H. Barkas and M. G. White, Phys. Rev. 56, 288 (1939). 

18 Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952). 

16 Allred, Armstrong, and Rosen, Phys. Rev. 91, 90 (1953). 

17 Henkel, Perry, and Smith, Phys. Rev. 99, 1050 (1955). 

18 A, T. G. Ferguson and G. C. Morrison, Nuclear Phys. 5, 41 
(1958). 





TOTAL 


The results of the measurement are shown in Fig. 1. 
Background measured with the deuterium replaced by 
helium, was as high as 90% at 3.5 Mev. However, the 
error in the background correction was relatively small. 
Background corrections ranged downward from 90% to 
15% at higher energies. For comparison the calculations 
of Frank and Gammel" are given in the figure. These 
calculations are, however, for the reaction D(n,n’)p,n 
and thus do not contain the Coulomb penetrability 
factors present in the case of D(p,p’)p,n. The Coulomb 
correction is a product of two factors, one for the in- 
coming proton wave and the second to account for the 
interaction of the two (free) protons in the outgoing 
channel. The first correction is not difficult to estimate 
but the second is sensitively dependent upon the relative 
velocity of the two protons in the center-of-mass sys- 
tem.” The effect of the first correction is to cause the 
calculated and experimental curve to essentially overlap 
at 5.5 Mev but diverge as one goes to lower energy, the 
calculated curve lying higher than the experimental 
curve. This is to be expected since the (neglected) 
Coulomb interaction in the exit channel is strongest at 
threshold. Thus we are in qualitative agreement with 
the predictions of Frank and Gammel. 

Bransden and Burhop* published calculations prior to 
the work of Frank and Gammel in which they used a 
weak-interaction approximation. They were faced with 
bad divergences at high energies but their calculations 
should be valid in the energy region of our results. They 
calculated (without Coulomb corrections for the exit 
channel) a cross section of 30 mb at 5.1 Mev. This is in 
excellent agreement with our results, but the slope as 
well as curvature of their results appears to be in signifi- 
cant disagreement with the observed curve. 

A linear extrapolation of the data of zero yield gives 
an incorrect (by ~ 100 kev) value for the relatively well- 
known reaction threshold as determined by mass differ- 
ences. Indeed, the yield curve must start up with a 
nearly zero slope. 


2. T(p,n)He*® 


There has not been entirely satisfactory agreement 
between the several earlier reported measurements of 
the absolute cross section for this reaction. The true 
detailed shape of the neutron yield in this region is of 
considerable interest in attempts to fit the curve from 
either direct-interaction theory” or dispersion theory* 
since there appears to be some evidence*** for the 
existence of an excited state in Het just below the 
neutron threshold. Finally, this reaction is important as 


19R. M. Frank and J. L. Gammel, Phys. Rev. 93, 463 (1954). 

2 J. L. Gammel (private communication). 

1B. H. Bransden and E. H. S. Burhop, Proc. Phys. Soc. 
(London) A63, 1337 (1950). 

2 W. Selove, Phys. Rev. 103, 136 (1956). 

23 Bergman, Isakov, Popov, and Shapiro, J. Exptl. Theoret. 
Phys. a 33, 9 (1957) [translation: Soviet Phys. JETP 6, 6 
(1958). 

2 R. M. Frank and J. L. Gammel, Phys. Rev. 99, 1406 (1955). 
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a neutron source and accurate data on its yield are 
obviously needed. In an earlier paper® the results up to 
2.4 Mev were presented and discussed. These measure- 
ments have been repeated and extended to 5 Mev. 
Several checks were made on the accuracy of the 
results. The principal difficulty in an absolute measure- 
ment when using a gas cell is that of hydrogen con- 
tamination of the tritium. Of course, there is always the 
problem of tritium gas analysis for its isotopic abund- 
ance. For these reasons, two different gas samples were 
run on separate occasions. Good agreement was ob- 
tained between the two results. However, a later 
spectroscopic analysis of the second gas sample showed 
it to be different by some 30% from its “original” value. 
This discrepancy, plus the lack of good agreement 
between various results for both T(p,2)He*® and 
He*(n,p)T measurements, made mandatory a third 
measurement of the T(p,m)He® cross section. A new 
sample (500 atmos cm*) of 99.9% purity tritium was ob- 
tained and transferred through an all-metal system into 
a new freshly prepared uranium oven.” After soldering 
onto the gas target assembly, the system was thoroughly 
leak-chased and pumped down to about 10~* mm Hg. 
Then the uranium oven valve was opened into the 
pumping system and the uranium heated to 400°C to 
allow outgassing of He* as well as a small amount of 
tritium. After two preheating cycles, the system was 
sealed off from the diffusion pumps and the oven was 
heated to 440°C, the standard temperature for releasing 
tritium from the uranium. The entire gas target as- 
sembly as well as sample bottle A were filled to 4 
absolute atmosphere and left for 16 hours in order to 
condition the two (alcohol dried) neoprene “O”’ rings in 
the system as well as the walls of the vacuum housing. 
After the “conditionIng” tritium was pumped off and 
discarded, sample bottle A was filled directly from the 
oven and sealed off. Then more tritium was evolved 
filling the gas target to 3 atmosphere. The neutron yield 
was measured for this pressure and again for a target 
pressure of 75 atmos. The reduction of pressure was 
done, not by allowing tritium to be soaked up by the 
uranium, but by opening a valve to evacuated sample 
bottle B. Thus the analysis of sample B should be that 
of the gas actually in the target. This process (neutron 
intensity measurement for two target pressures) was 
repeated once again, using sample bottle C. Finally, 
tritium was again evolved directly from the uranium 
oven into sample bottle D. This was essentially a repeat 
performance of the filling of sampling bottle A except 
that container A was a welded stainless steel can and 
container D was a glass container, located in a slightly 
different position than sample A. Analysis of sample A 
was performed at Savannah River and the remaining 


samples were analyzed at Los Alamos. Results of the gas 
analysis are summarized in Table II. It certainly ap- 
pears that hydrogen contamination in the sampling and 
perhaps in the uranium oven was the principal source of 
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TABLE II. Results of mass spectrometric analysis of tritium gas 
samples, in atomic percent. These samples were taken at various 
stages of the T(p,n)He* cross-section measurement. The results 
indicate probable protium contamination by the uranium oven as 
well as sanepetel dieues in transferring and sampling tritium 
without introducing hydrogen contamination. 








A B Cc D 
Target Target 
U-oven cell (a) cell (b) 


18.36 10.07 9.95 
0.19 0.08 0.10 

80.50 88.25 88.73 
See iF 121 
0.06 0.03 0.00 

81.0 888 89.3 


Sample 
Major 
constituent 


U-oven 


10.59 
0.08 

87.46 
1.21 
0.63 

88.8 


Initial 


0.58 
0.06 
99.24 





Hydrogen 

Deuterium 

Tritium 

Helium-3 

Air 

Tritium at sampling time 


0.11 


dilution of the tritium. The amount of dilution indicated 
is considerably greater than expected since the normal 
oven preparation techniques are thought to reduce the 
content of retained hydrogen in the oven to an in- 
significant amount."° 

The two results for the absolute T(p,m)He* cross 
section for E,=2955 kev gave 0.580 and 0.572 barn. 
Earlier studies of the reaction, which were made over a 
period of a year with both gas and Zr—T targets, have 
been normalized to the means of the values given above 
and are given in Fig. 2. 

Because of the uncertainities in the gas purity, we 
must assign an error of +10%. Although the values 
disagree with the earlier Los Alamos results (see Fig. 2), 
they are in agreement with recent integrated angular 
distributions.*® The He*(m,p)T cross sections as calcu- 
lated by reciprocity are shown in Fig. 3. The recent 
measurements at Harwell, shown for comparison, aver- 
age 10% lower though one point of their ten overlaps 
ours. 

3. Li’(p,n)Be’, Be’* 

The importance of this reaction as a neutron source is 
at least equal to that of T(p,n)He’*. Its rapid rise near 
heey 22aee 
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Fic. 2. T(p,n) He’ cross section as a function of energy. The solid 
square data points are those given in Charged Particles Cross 
Sections, Los Alamos Scientific Laboratory Report LA-2014 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1957). 


*6 Communicated by J. E. Perry, Jr., of Los Alamos. 
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threshold provides large quantities of low-energy neu- 
trons. The yield near threshold and the resonance at 
2.25 Mev have been discussed in an earlier paper.? For 
proton energies greater than 2.378 Mev the advent of a 
second neutron group due to Li’(p~,)Be’* complicates 
attempts to fit the curve, since the total yield of this 
group is not separately known. It is clear, however, that 
the resonance seen in the Li’(p,a) reaction®® at about 3 
Mev is at most barely evident (Fig. 4). Indeed it would 
be surprising to observe many neutrons from this alpha- 
emitting level. The suggestion of a broad peak cen- 
tered about 3.2 Mev may be due to neutrons from 
Li’ (p,n)Be™.2”? The next maximum occurs at a bom- 
barding energy of 5.00.05 Mev. Its width appears to 
be about 0.9 Mev and the peak cross section is about 140 
millibarns. This restricts the possible resonance angular 
momentum to J>3 if this maximum is due to a single 
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Fic. 3. He*(n,p)T cross section as a function of energy. The data 
reported here (circles and squares) were obtained by reciprocity 
from the T(p,n) He’ data. The open and closed triangles are results 
of direct measurements given by J. H. Coon, Phys. Rev. 80, 488 
(1950) and Batchelor, Ave, and Skyrme, Rev. Sci. Instr. 26, 1037 
(1955), respectively. 


resonance. Bair ef al.** reported a maximum at 4.89 Mev 
with a width of about 0.4 Mev, as determined from 
measurements of the zero-degree yield. It may be 
possible that the difference between the two results is 
due to the presence of multiple resonances, some with 
strong, forward-peaked angular distributions. 


4. Be’(p,n)B° 


The general features of the excitation curve are well 
known.”*~* The cross section rises rapidly from thresh- 


26 Heydenburg, Hudson, Inglis, and Whitehead, Phys. Rev. 74, 
405 (1948). 

27 Bevington, Mitchell, Rolland, Wilerzich, and Lewis (to be 
published). 

8 Bair, Willard, Snyder, Hahn, Kington, and Green, Phys. Rev. 
85, 946 (1952). 

* W. J. Hushley, Phys. Rev. 67, 34 (1945). 

*® Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

3! Hahn, Snyder, Willard, Bair, Klema, Kington, and Green, 
Phys. Rev. 85, 934 (1952). 





TOTAL NEUTRON YIELDS 
old (Fig. 5), leading to a peak at a bombarding energy 
of 2.563 Mev. Marion® reported the width of this 
resonance as 85+10 kev, with a peak cross section of 
100 mb if one includes the contribution of the underlying 
background. Our results, obtained with a 1-kev thick 
target (but normalized for cross-section determination 
with results using a thicker target at higher energy), 
indicate a width of 100+10 kev (Fig. 6) with a peak 
cross section (again including the resonance back- 
ground) of 160 mb. This resonance, it will be recalled, is 
actually an energy-degenerate doublet.” 

The 2.563-Mev resonance is followed by what appears 
to be a broad maximum, peaked at a bombarding energy 
of about 3.5 Mev. This “resonance” is responsible for 
the neutron yield between threshold (2.059 Mev) and 
about 2.35 Mev. This presumably corresponds to the 
broad peak observed® in the 90° differential neutron 
yield near 3.2 Mev. The broad resonance is followed by a 
maximum between 4.5 and 5.0 Mev, due to two known” 
resonances reported at 4.7 and 4.9 Mev. 

We have searched for evidence of the Be®(p,p’n) Be’ 
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Fic. 4. Li7(p,n)Be’,Be™ cross section as a function of energy. 


reaction between its threshold (~1.86 Mev) and the 
Be*(p,n) B® threshold.** Using a 105-kev thick target the 
(p,p’n) cross section does not exceed 1.0 microbarn for 
an average proton bombarding energy of 1.97 Mev. 


5. B'°(p,n)C!° 


Ajzenberg and Franzen* observed neutrons from this 
reaction by means of photoplates at a bombarding 
energy 17 Mev. In their paper reporting measurements 
of energy levels in C”, they refer to unpublished studies 
of B(p,n)C” and B"(p,n)C™ at a proton energy of 6 
Mev where the yield of the two reactions differs by a 
factor of about 50. The total cross section for B!°(p,2)C", 
obtained in the present experiment, was <1.4 mb at 


® Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 

33 J. B. Marion, Phys. Rev. 103, 713 (1956). 

4 Johnson, Ajzenberg, and Laubenstein, Phys. Rev. 79, 187 
(1950). 

35 F, Ajzenberg and W. Franzen, Phys. Rev. 95, 1531 (1954). 
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Fic. 5. Be®(p,n)B*,B* cross section as a function of energy. 
The effects of such possible reactions as Be®(p,p’)Be’,n are also 
included here. 


E,=5.35 Mev and <2 mb at E,=5.51 Mev. Compari- 
son of this result with the B"(p,2)C" cross section (see 
below) indicates that the ratio of cross sections at 5.5 
Mev is 245, in good agreement with the earlier work. 
The cause of this large ratio in cross sections, pointed 
out by Ajzenberg and Franzen, is due to the large differ- 
ence in AJ for the two reactions (AJ =3 for BY — C” 
and AJ=0 for B' — C"). The source of the larger un- 
certainty in the results reported here is due to a large 
uncertainty in thickness of targets currently available. 
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Fic. 6. A resonance in Be*(p,2)B*,B**. A smooth background 
(dashed line in Fig. 5) was subtracted from the total cross-section 
curve to obtain the one shown here, 
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Fic. 7. B"(p,n)C",C™* cross section as a function of energy. 


6. B"(p,n)C", Cur 


Blaser et al.*® observed resonances at 3.7, 5.18, and 
5.87 Mev. Later, Bair ef al.’ reported resonances at 
3.18, 3.63, 4.06, and 4.70 Mev. One difficulty in meas- 
uring reactions in which boron is the target material is 
the difficulty in obtaining pure, uniform targets. Al- 
though great care was taken in the preparation of these 
targets,** a comparison of micro-quantitative analysis of 
the boron deposition with determination of target 
thickness by weighing showed that most of the deposit 
formed in the evaporation process was due to the fila- 
ment rather than the charge of boron. Boron cross 
sections reported here were, because of the difficulty in 
determining the average thickness of the target used, 
normalized at 4.5 Mev to the results of Blaser et al.,** 
who measured the total cross section for this reaction by 
activation. The results are given in Fig. 7. The resonance 
energies observed and the corresponding excitation 
energies in C” are 3.18 (18.86), 3.67 (19.25), 4.70 
(20.25), and 5.10 (20.49), where all energies are in Mev. 


TABLE III. Resonances in C¥(p,n)N®. 





Eo (Mev) Eex (N"4) 
11.04 
11.20 
11.38 
11.73 
11.94 
12.04 
12.21 


3.77 
3.98 
4.14 
4.51 
4.74 
4.85 
5.03 





36 Blaser, Boehm, Marmier, and Scherrer, Helv. Phys. Acta 24, 
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The observed resonances overlap strongly, making 
difficult the determination of level parameters. Com- 
parison of our normalized total cross section with the 
0-10° differential cross section at 3.46 Mev*’ indicates 
nearly isotropic neutron emission. 


. & Cc (p,n)N*, Ni3* 


This reaction has been studied by a number of in- 
vestigators. Richards, Smith, and Browne* determined 
the laboratory threshold energy to be 3.236+0.003 Mev, 
and measurements have been reported on the relative 
yield of neutrons. The same energy region of excitation 
in N* has also been investigated with deuteron bom- 
bardments of C”. Bair et al.“1 have made comparison 
between their (p,m) results and (d,p) results as to 
agreement in resonance energy and width. The results 
of our measurement are shown in Fig. 8. The behavior 
near threshold is indicative of a resonance below thresh- 
old. Such a level has been observed in C#(d,p) by 
Phillips. This resonance would occur (if it were 
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Fic. 8. C3(p,n)N® cross section as a function of energy. 


energetically possible) at 3.11 Mev. A summary of reso- 
nance energies observed, the corresponding excitation 
energy in N“, and approximate widths is given in 
Table III. 

In agreement with Bair et al.,"" the resonances ex- 
pected from (d,p) results corresponding to E,x(N"™) 
=11.26, 11.49, and 11.65 Mev were not observed. Of 
course the one at 11.49 Mev was not expected to be 
observed since its reported width is about 5 kev, but it is 
somewhat surprising that the other two levels are not 
seen in this measurement. The resonance reported by 
Bair et al. at a bombarding energy of 4.10 Mev was not 
observed. Further, their peak reported at 4.18 Mev 
appears at 4.14 Mev in the results reported here. 

The cross sections for C(p,n)N™ and its inverse, 


%® Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

Adamson, Buechner, Preston, Goodman, and Van Patter, 
Phys. Rev. 80, 985 (1950). 

41 Bair, Kington, and Willard, Phys. Rev. 90, 575 (1953). 

# G. C. Phillips, Phys. Rev. 80, 164 (1950). 
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N3(n,p)C™, for kev neutrons are important quantities 
in calculations of heavy-element buildup in stars as well 
as calculations of the mechanism of neutron production 
in supernovae.‘ The (”,p) cross section can be obtained 
with ease by the reciprocity theorem from the (p,n) 
results. 

Blaser ef al.** reported measurements by activation of 
the absolute, total cross section for this reaction using a 
considerably thicker target. For comparison, they ob- 
tained a cross section of 50 mb at 4.2 Mev, and 140 mb 
at 4.9 Mev. These numbers are approximately 30% 
higher than the results reported here. Marion, Bonner, 
and Cook® reported a 0-10° differential cross section of 
6.7 mb at E,=3.70 Mev. A comparison of their result 
with the total cross section reported here indicates fairly 
strong forward peaking of the neutrons. 


8. C(p,n)N 


There are several previous measurements of the 
excitation function of this reaction“ as well as com- 
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Fic. 9. C4(p,n)N* cross section as a function of energy. The 
absolute cross-section determination in this case was found by 
normalization with earlier work at the peak of the 1314-kev 
resonance. 


parisons of the reaction yield with that of its inverse, 
N"(n,p)C4.* Recently the reaction threshold was care- 
fully remeasured and the excitation curve remeasured at 
zero degrees.*® Sanders also measured resonance widths 
and absolute peak cross sections. The results reported in 
this paper are given in Fig. 9, In this particular case the 
absolute cross section was obtained by normalization to 
the results of Sanders for the peak cross section (315 
mb) of the 1314-kev resonance. The value for the peak 
cross section of the 1314-kev resonance may also be ob- 
tained via the reciprocity theorem from the N'(n,p)C™ 
measurements of Johnson and Barschall.‘® Their value 
of 290 mb is in good agreement with the work of Sanders. 


48 Roseborough, McCue, Preston, and Goodman, Phys. Rev. 83, 
1133 (1951). 

“ Bartholomew, Brown, Gove, Litherland, and Paul, Can. q; 
Phys. . 441 (1955). 

46C. H. Johnson and H. 
(1950). 

46 M. Sanders, Phys. Rev. 104, 1434 (1956). 
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Fic. 10. N'(n,p)C™ cross section as a function of energy. The 
solid line is the cross section as derived by reciprocity from the 
C(p,n)N® results. For comparison the directly measured values 
of Johnson and Barschall are given as a dashed line. 


This is the only case reported here in which the complete 
cross-section determination was not done at this labora- 
tory. The uncertainty in absolute cross section, for a 
variety of reasons (described by Sanders), is about 30% 
However, the relative error in the data from threshold to 
1500 kev is only +2% 

All resonances observed have been reported earlier. 
However, the asymmetry reported by Sanders*® of the 
resonance at 1.16 Mev, which he attributed to target 
nonuniformity, is not observed, although definite asym- 
metry is observed in other resonances, especially the one 
at 1.31 Mev. Bartholomew ef al.“ have made the as- 
signment of J"=}~ for the resonance at 1.61 Mev and 
J*=}* (s-wave) for the resonance at 1.31 Mev as well 
as a broad one at 1.50 Mev, observed only in (p,y) 
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Fic. 11. F(p,n)Ne*,Ne™ cross section as a function of energy. 
The arrows correspond to peaks observed by Willard et al. (refer- 
ence 48). 
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Fic. 12. Li’ (a,n)B",B"* cross section as a function of energy. 


studies. Thus, if these assignments are correct, the 
asymmetry of the 1.31-Mev resonance may be due to 
interference between it and the broad, unresolved reso- 
nance at 1.50 Mev. 

The cross section for N“(n,p)C™ has been computed 
using the (p,m) data and is presented as the solid line in 
Fig. 10. For comparison the directly measured results of 
Johnson and Barschall are given as a dotted line. There 
appears to be reasonably good agreement over the 
entire energy range studied. 

Another object for the C(~,n) measurement was the 
specific determination of the N'(n,p)C™ cross section 
for 55-kev neutrons. This quantity is of interest in 
recent studies of mechanisms for neutron production in 
supernovae.’“? It was found (see Fig. 10) that this 
number is 1.4 mb. 


9. F(p,n)Ne’® 


A detailed target yield measurement by Willard et al.‘® 
indicated eight resonances between threshold (4.235 
Mev) and 5.0 Mev. Earlier, Blaser et al. measured, for a 
relatively thick target, the absolute (p,m) cross section 
by activation. The results reported here were also ob- 
tained with a relatively thick target. The target, U**F,, 
was chosen because of its good chemical stability and 
the fact that it had previously both been weighed and 
alpha-counted for two independent thickness determi- 
nations. The results are shown in Fig. 11. The measured 
laboratory reaction threshold, 4.235+0.005 Mev, is in 
excellent agreement with earlier work.*.® The measured 
total cross section reported here, however, is 80% higher 
than that reported by Blaser et al.** 


10. Li’(a,n)B", B'°* 


The reaction B'(n,a)Li’,Li™ has, for many years, 
been used for neutron detection, especially in the energy 
range 0-500 kev. The cross section in the energy range 
100-500 kev was, however, not well known until re- 


47 A. G. W. Cameron (private communication). 
48 Willard, Bair, Kington, Hahn, Snyder, and Green, Phys. Rev. 
85, 849 (1952). 
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cently. The partition between a-particle transitions to 
the ground state and first-excited state of Li’ is well 
known for thermal neutrons and reasonably well known 
(and smoothly changing) for neutrons up to several 
Mev.™:*! The reaction Li’ (a,n)B” thus affords an oppor- 
tunity to examine by reciprocity the ground-state 
transition component of B"(n,a)Li’. Further, by use of 
such B(n,a)Li’ results one may separate the cross 
section for Li’ (a,n)B™. 

The most convenient chemical form for lithium tar- 
gets is LiF because of stability. However the threshold 
Q-value for F(a,n) is appreciably lower than that of 
Li’(a,n). Therefore a metallic lithium target was used. 
In this case calibration of the target thickness was ac- 
complished by measuring the neutron yield under proton 
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Fic. 13. B°(n,a)Li’? “reduced” cross section as a function 
of energy derived by reciprocity from the Li’(a,n)B" results. 
For comparison the values obtained from the cross section 
B"(n,a)Li’,Li™ for thermal neutrons, converted to B!(n,a)Li’ 
cross section with the help of the known (n,a)/(n,ay) ratio, are 
shown at the extreme left of the figure. The open circle is due to 
Bichsel et al.,® the closed square to Hanna, and the cross to 
Bujdoso.*5 


bombardment before switching the accelerator over to 
a particles. The absolute target thickness was obtained 
from the neutron yield through the relatively well- 
known Li’(p,”) cross section. Note that the target re- 
mained in vacuum throughout the two bombardments 
so that the average thickness remained essentially con- 
stant (6.5 ug/cm?). 

The results are shown in Fig. 12. Because of the low 
slope of the yield near threshold, the value for the reac- 
tion threshold is not well determined from this measure- 
ment. The first resonance observed occurs at 5.15+0.07 
Mev and is followed by a large peak at about 7.15 Mev. 
The slight “wobble” at 5.64 Mev, the threshold value 
for Li’ (a,n)B*, may not be statistically significant. The 

 H. Bichsel and T. W. Bonner, Phys. Rev. 108, 1025 (1957). 


%® Bichsel, Halg, Huber, and Stebler, Phys. Rev. 81, 456 (1951). 
5! Petree, Johnson, and Miller, Phys. Rev. 83, 1148 (1957). 
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peak at 5.15 Mev is in agreement with results of Bichsel 
and Bonner,” but we do not observe any significant peak 
in the neighborhood of 4.7 Mev as reported by those 
authors. 

The data up to 5.64 Mev can be converted by means 
of the reciprocity theorem to cross section values for 
B”(n,a)Li’. The result of such a transformation is given 
in Fig. 13 where we have included the values derived 
from B!(n,a)Li’,Li™* measurements with thermal neu- 
trons” combined with data®—* on the ratio o(n,a)/ 
o(n,ay). From this point in the discussion we will con- 
sider this reaction from its inverse point of view, i.e., the 
B"(n,a)Li’ reaction. Note that the ordinate in Fig. 13 is 
not cross section, but ‘‘reduced”’ cross section. The low 
slope of the curve for 0< E,,< 100 kev indicates that at 
least the ground-state transition component of the cross 
section of B'(n,a) closely follows a “1/v” behavior up 
to about 100 kev. The departure of the (n,a) cross 
section from 1/v must be due in part to the resonance 
evident at E,=520 kev. 

The maximum observed by Bichsel and Bonner at 
E,,=520 kev in the reaction B!(n,a)Li’,Li™ is fully ac- 
counted for by the resonance reported here for the 
channel B!(n,a)Li’. Therefore it appears that the spin 


TABLE IV. Possible spin and parity assignments to the resonance 
in B" seen in the Li’(a,m) reaction at an alpha bombarding energy 
of 5.15 Mev. 


Jr (B™*) 


+ 1,3 
- 0,2 


and parity of the corresponding level in B" is of such a 
value as to forbid transition to a final state J"=}~ but 
allows transitions to J*=3~. This immediately limits 
possible values of J* for the intermediate state in B". If 
we restrict angular momenta to /,<2 and /4<3, we 
obtain the possibilities given in Table IV. 

Next we observe that the peak cross section is 
Fmax—150-200 mb, while the maximum possible cross 
section, which occurs when’, =l'g=I'/2, is omax’= garX” 
=0.75 barn where we have taken g~} because of the 
high ground-state spin (3+) of B'. Therefore we have 
condition ’,T,/(",+I.)?+17; hence f',/T, or T',/To 
17. If T,, were larger, we would expect observable 
neutron scattering. The B" neutron total cross section 
shows no structure near 500 kev to within a few tenths 
of a barn; hence we conclude I',&20 kev and ’,=300 
kev for this resonance. One may obtain an upper limit on 
I, and 1, by comparison of the reduced partial widths, 
yx and y,”, with the Wigner limit (single-particle 
width). We have, following Weisskopf’s notation, 

8 W. W. Havens (unpublished). 
ash” Hilg, Huber, and Stebler, Helv. Phys. Acta 25, 119 
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Fic. 14. Be®(a,n)C",C* cross section as a function of energy. 


where reduced widths are expressed in energy units, 
T'=2kRP ry’, where R is the “interaction radius” and P 
the barrier factor. For neutrons P; is the centrifugal 
barrier,’ and for alphas P; includes also the Coulomb 
barrier.°° The assumed interaction radii for the two 
cases were 4.2X 10~* cm for neutrons and 4.7 X 10-® cm 
for alphas. One finds that /, > 2 gives a reduced neutron 
width that equals or exceeds the Wigner limit. The large 
value of E, allows values of J. of at least 3, so that no 
additional information is obtainable here, and we are 
left with a conclusion that the state in B" is identified as 
J*=3+ or }- formed by s- or p-wave neutrons, re- 
spectively. 

The threshold for Li’ (a,) B’™* occurs at a bombarding 
energy of about 5.64 Mev. The presence of this second 
neutron group complicates any analysis of the resonance 
at E,=7.15 Mev. The corresponding resonance in 
B(n,a) at E,=1.9 Mev has been discussed by Petree 
et al.*' and may correspond to more than one level in B". 


11. Be®(a,n)C”, C?* 


This reaction has been carefully studied*’-® up to 
5-Mev bombarding energy. The work reported in this 
paper starts near the peak of the well-known resonance 
at 2.58 Mev and extends the yield measurement to a 
bombarding energy of 8.2 Mev. The results are shown in 
Fig. 14. Note that a thin target was used so that the 
observed smearing out of individual resonances at 


TABLE V. Resonances in Be*(a,n)C”. 
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56 Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 

57 Bennett, Roys, and Toppel, Phys. Rev. 93, 924(A) (1954). 

58 R. E. Trumble, Phys. Rev. 94, 748(A) (1954). 

%® Bonner, Kraus, Marion, and Schiffer, Phys. Rev. 102, 1348 
(1956). 
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Fic. 15. B"(a,n) N“,N™* cross section as a function of energy. 


higher energies is real, probably due to the increasing 
alpha width. The location of resonances is in good 
agreement within the range of overlap with the data of 
Bonner e/ al.” A summary of major observed resonance 
energies, widths, and the corresponding excitation 
energy in C® is given in Table V. 

The high (5.71-Mev) positive Q of this reaction 
nominally produces neutrons in the 6-10 Mev range, 
well into the energy range where the detection sensi- 
tivity of the graphite sphere begins to fall off.* However, 
a great majority of the emitted neutrons appear to lead, 
not to the C” ground state, but to the level at 4.43 
Mev.” Thus the true neutron energy range probably lies 
between 1.5 and 5 Mev, where the detection sensitivity 
is still fairly uniform. 


12. B'°(a,n)N", N'* 


Earlier studies of this reaction included work in the 
alpha energy range 1.0-2.3 Mev®:® and more recently, 
a survey of neutron and y-rays from 2.0 to 5.4 Mev.™ 
The first resonance observed above 2.5-Mev bombarding 
energy occurs at 2.98 Mev with a width of about 100 kev 
(Fig. 15). This is not in very good agreement with re- 
sults of Bonner ef al.,® who obtained Eo=2.90 kev, 
I'~ 200 kev. Other results of resonance energy determi- 
nations for this level in N™ lie approximately midway 
between our value and the results of Bonner ef al. 

The next resonance evident occurs at E,-~3.6 and is 
several hundred kev broad. This is in good agreement 


® Guier, Bertini, and Roberts, Phys. Rev. 85, 426 (1952). 

61 Shire, Wormald, Lindsay-Jones, Lunden, and Stanley, Phil. 
Mag. 44, 1197 (1953). 

®@ FE. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955). 
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with earlier work. Finally a broad maximum appears, 
peaked near 4.7 Mev. This maximum undoubtedly is 
composed of the several previously reported reso- 
nances.™ 


13. Si?*(a,n)S®, S** 


Resonances in S* in the region of excitation upward 
from 10 Mev have been previously observed in S*(n,7) 
and S*(n,a) studies.“-® The results reported here 
(Fig. 16) show that the previously reported maxima are 
actually clusters of several levels in S*, Indeed it is 
apparent that the results reported here were not ob- 
tained with resolution sufficient to separate all energy 
levels. Note the importance of the Coulomb barrier in 
this range of a-energy and atomic weight as evidenced 
by the rapidly rising cross section at higher alpha 
energies. The principal uncertainty in this measurement 
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Fic. 16. Si®(a,n)S® cross section as a function of energy. 


was, as usual, the target thickness. Comparison between 
target thickness by weight measurement agreed (to 6%) 
with a thickness determination by quantitative chemical 
analysis. 

For alpha energies less than 4.3 Mev, all neutrons lead 
to the ground state of S*; thus a direct total cross 
section comparison, by means of the reciprocity theo- 
rem, may be made with S**(,a)Si® measurements. 


8 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C. 1955). 

® R. Ricamo, Nuovo cimento 8, 383 (1951). 

65 T. Hiirliman and P. Huber, Helv. Phys. Acta 28, 33 (1955). 
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Prompt-Neutron Emission from Single Fission Fragments* 


STANLEY L. WHETSTONE, JR. 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received November 26, 1958) 


With a Cf? source placed at the edge of a large cadmium-loaded liquid scintillator, it has been possible to 
obtain a measure of the number of prompt neutrons emitted from a single fission fragment of measured mass. 
The mass determination results from a concurrent time-of-flight measurement of the two fragment veloci- 
ties. The 30-in. scintillator has a high detection efficiency, little dependent on the energy of the neutrons, 
and permits detection in a full hemisphere about the direction of one of the fragment flight paths. The 
average number of neutron counts per fission is found to increase with the mass number of the fragment ap- 
proaching the neutron detector in much the same way in both the light- and heavy-fragment groups, with 
a sharp decrease occurring in passing from the light to the heavy group. A correction for the geometry of 
the neutron detection, assuming isotropic emission of the neutrons in the fragment frames, enhances slightly 
the sawtooth dependence of »(A) and gives for the ratio of the average number of neutrons from the light 
fragment to that from the heavy fragment »,/%47=1.02+0.02. One is led to believe that either the emission 
of the neutrons is far from isotropic or that the slightly lighter fragments possess considerably more ex- 
citation energy than the slightly heavier fragments when the mass division is nearly symmetric. Perhaps a 
new picture of the mass division is indicated. 


I, INTRODUCTION with respect to the liquid scintillator, the source, de- 
tection apparatus, and electronic recording equipment 
are essentially as described in reference 1. To summarize 
briefly: The source consists of a small amount (~ 10° 
spontaneous fission/min) of Cf? deposited over a 
small area (~1 cm?) on a thin (~0.1 mg/cm?) nickel 
foil. The time-of-fission signal is obtained from elec- 
trons (ejected from the source foil by one of the frag- 


ae 
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HE prompt-neutron-emission probabilities in fis- 

sion are expected to be closely related to the 
average excitation energies of the fission fragments. A 
variation of the average total excitation energy of the 
fragments with mass ratio has recently been reported.! 
Evidence has now been found that the total excitation 
energy may be shared unequally by the two fragments 
in a way dependent on the mass division. A picture of 
the fission process, somewhat different from that com- 
monly held, may be indicated. 

The present work? is an extension of that previously 
reported,! in which the average number of neutrons 
emitted from both fragments was measured as a func- 
tion of the mass and kinetic-energy modes of fission. 
With a Cf?” source placed at the edge of a large cad- 
mium-loaded liquid scintillator, it is possible to obtain 
a good measure of the number of neutrons emitted 
from a single fission fragment, provided that the neu- 
trons are emitted reasonably isotropically in the frag- 
ment frames. There is known to be a strong correlation 
between fragment and neutron directions,’ which 
assumed to result from the emission of the neutrons 
from fast-moving fragments. The masses and kinetic 
energies of the fragments are determined by time-of- 
flight measurement of the fragment velocities. 
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II. APPARATUS 





The apparatus is shown schematically in Fig. 1. 
i for the change in position of the Cf source 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1W. E. Stein and S. L. 
(1958). 


2A preliminary account of this work was presented at the 


Rev. 110, 476 Fic. 1, Schematic diagram of the apparatus. H. P. A.= Hewlett 
Packard Model 460B distributed amplifier; H.P.A. and DELAY 


=amplifiers and 200-ohm cable; TIME-P.H.=time-to-pulse- 


Whetstone, Jr., Phys. 


American Physical Society meeting in Vancouver, British Co- 
lumbia on August 28, 1958 [S. L. Whetstone, Jr., Bull. Am. Phys. 
Soc. Ser. II, 3, 337 (1958) J. 

3 J. S. Fraser, Phys. Rev. 88, 536 (1952). 


height converter; L.A.=modified Los Alamos Model 101A linear 
amplifier; P.H.-DIGIT = pulse-height-to-digital converter; AMP’s 
and DELAY=modified Los Alamos 503A preamplifier and am- 
plifier, H.P. Model 460B amplifier, and cable. 
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Fic. 2. The average number of neutron counts per fission fiy as 
a function of the mass number A of the fragment approaching the 
neutron detector. Uncertainties shown are relative standard 
errors. 


ments) which are accelerated and focused onto a thin 
plastic scintillator. The fragments travel, in this case, 
154 cm in evacuated drift tubes before they are de- 
tected in 4-in.-diameter thin plastic scintillators. The 
fragment flight times are measured using time-to-pulse- 
height and pulse-height-to-digital converters. The an- 
alyzer channels are about 1.2 musec wide, about one- 
third the full width at half-maximum of the present 
timing-resolution curve. The calibration of these in- 
struments is checked automatically during the course 
of the experiment by having a series of pulses, derived 
from a single pulser, introduced at one- to two-hour 
intervals into the signal outputs of the three detectors. 
The cylindrical liquid scintillator that detects the 
neutrons is 30 in. long and 28} in. in diameter and 
subtends a 2” solid angle at the source. This solid angle 
is centered about the flight path of a fragment that 
traverses the 23-in. diameter tube along the axis of the 
detector. The scintillator solution consists of triethyl- 
benzene, p-terphenyl, POPOP, and cadmium octoate. 
The neutron counts (resulting from thermalized-neu- 
tron captures in the dissolved cadmium) that occur 
within a 50-usec time interval following (by 0.75 usec) 
the prompt pulse due to fission y rays and proton re- 
coils in the scintillator are recorded in a gated scaler. 
The background is sampled continuously by counting 
for the same length of time in another scaler 500 usec 
after the prompt pulse. The data are printed auto- 
matically on a paper tape, transferred to punched cards, 
and processed with the help of an IBM-704. 
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Ill. RESULTS 


A total of 7158 events has been analyzed. Comparing 
the observed average neutron counting rate, corrected 
for the background counting rate and the detection 
geometry, with the measured value’ of 7=3.86+0.07 
averaged over all fission modes, one finds that the 
efficiency of the neutron detector was ~ 68%. The ratio 
of the number of background to fission-neutron counts 
was ~0.10. 

The average number of neutron counts per fission 
fy as a function of the mass number A of the fragment 
approaching the detector is shown in Fig. 2. The most 
striking feature is the large decrease in 7, in going from 
the light- to the heavy-fragment group at the mass 
corresponding to the symmetric mass division, A= 126. 

To correct for the geometry of the neutron detection, 
that is, for the fraction of the neutrons emitted from 
fragments approaching the neutron detector that are 
not emitted into the forward hemisphere in the lab- 
oratory, and for the fraction of the neutrons emitted 
into the backward hemisphere in the laboratory from 
departing fragments, it seems most reasonable, still, to 
assume that neutrons are emitted from the fully ac- 
celerated fragments isotropically in the fragment frames, 
with an energy spectrum that will produce the meas- 
ured laboratory spectrum. The calculation, which uses 
the center-of-mass neutron-energy spectrum deduced 
by Terrell,® is summarized in Fig. 3. The fraction of 
neutrons carried into the forward hemisphere from 
fragments of velocities 0; is given by the curve G, (dy). 
The curve #;(A) shows the relation between the average 
velocity and mass of the fragments obtained from the 
data of this experiment. The correlation between the 
velocity and mass of a fragment is well defined; the 
standard deviation in the fragment velocity for a given 
mass, ov7~0.005 X 10° cm/sec, is relatively small. The 
heavy curve G,(A) gives the geometric correction factor 
as a function of the fragment mass number. The cor- 
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Fic. 3. Summary of the correction for the geometry of the 
neutron detection, assuming isotropic emission of the neutrons 
in the fragment frames. 


4 Obtained from the results of Diven, Martin, Taschek, and 
Terrell, Phys. Rev. 101, 1012 (1956), and Hicks, Ise, and Pyle, 
Phys. Rev. 101, 1016 (1956). 

5 J. Terrell, Phys. Rev. 113, 527 (1959). 
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rection factor is seen to be nearly unity, with slightly 
more than 90% of the neutrons carried forward frém 
the light fragments and something like 85% from the 
heavy fragments. The corrected distribution %,(A) is 
obtained from the relation 


n-(A)={G,(M—A)[;(A)+;(M—A) ]—ni;(M—A)}/ 
{G,(M—A)+G,(A)—1}, 


where M=252 is the mass number of the fissioning 
nucleus. Furthermore, since the neutron-detection effi- 
ciency is not expected to be strongly energy dependent 
and therefore is expected to be nearly independent of 
the fragment mass, the corrected data may with some 
confidence be normalized to the measured average 
number of neutrons per fission for all fission modes, 
p= 3.86 (reference 4). 

The result of these corrections is shown in Fig. 4, 
which gives the average number of neutrons per frag- 
ment 7 as a function of the fragment mass number A. 
The correction for the geometry enhances slightly the 
discontinuity at the symmetric mass and causes the 
slopes of # vs A to become quite similar in the light- 
and heavy-fragment groups. The ratio of the average 
number of neutrons from the light-fragment group to 
the average number from the heavy group is 1.02+0.02 
for the corrected data of Fig. 4 and 1.17+0.02 for the 
uncorrected data of Fig. 2, where the uncertainties are 
the statistical standard errors. 

It should be noted that a very similar behavior of the 
average neutron-emission probability near the sym- 
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Fic. 4. The average number of neutrons per fragment as a 
function of the fragment mass number. Isotropic emission of the 
neutrons in the fragment frames has been assumed and the curve 
has been normalized to give y=3.86, averaged over all fission 
modes. Uncertainties shown are relative standard errors. 
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Fic. 5. The average number of neutrons per fission » as a func- 
tion of the mass ratio R4. Squares represent the data obtained 
in reference 1, where neutrons were detected from both fragments 
with the Cf? source centered in the liquid scintillator. Circles 
show the result of combining the light- and heavy-fragment data 
of Fig. 4. Uncertainties shown are relative standard errors. 


metric mass mode has been reported previously® for 
the neutron-induced fission of U**, The light-to-heavy- 
fragment neutron ratio in this case, however, was 
claimed to be much larger, #z/#4=1.24. The depend- 
ence of the average number of neutrons (from both 
fragments) per fission on the mass ratio, moreover, 
was found to be qualitatively different from that ob- 
served in this and the previous Cf? experiment.! Most 
suspect was the small dependence of the average num- 
ber of neutrons on the total kinetic energy of the frag- 
ments reported in the U** work. The neutron detec- 
tors used in the U8 work® were handicapped by rela- 
tively low detection efficiency (of the order of a few 
percent, rather strongly dependent on neutron energy), 
high low-energy cutoff (~0.38 Mev), and small solid 
angle. 

Figure 5 compares the dependence of the average 
number of neutrons per fission on the mass ratio of 
fragments found in the present experiment with that 
found previously.! The excellent agreement is held to 
indicate that probably no additional systematic errors 
of appreciable magnitude have been introduced by the 
change in the neutron-detection geometry. 

The dispersion 6A in the measurement of the mass 
number of a fragment is related to the relative disper- 
sions 6v,/v, and évy/vq in the determination of the 


6 J. S. Fraser and J. C. D. Milton, Phys. Rev. 93, 818 (1954). 
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light- and heavy-fragment velocities by the expression 
6A = MRg[ (60,,/01)*+ (60n/0n)? }3/[1 +R, P, 


where M=A,+Ay=252 and R4=Aun/Axt. A lower 
limit for the magnitude of 6A can be obtained by first 
considering only the dispersive effects caused by the 
instrumental limitations of the time-of-flight measure- 
ments and by the emission of neutrons from the frag- 
ments. One obtains, using relations given in refer- 
ence 1 and a time resolution of (3.5+0.5)X10~* sec 
(full width at half-maximum) 6A = 3.1+0.5 mass units 
(lower limit). An approximate upper limit, needed be- 
cause the additional dispersive effect due to the source 
is so difficult to determine, can be obtained by com- 
paring the present time-of-flight data with the estimate 
of the true relative width of the total kinetic energy 
distribution of the fragments (9.5+1.0)% at Ra=1.35 
obtained by Milton and Fraser.’ One obtains 6A 
=5.7+0.4 mass units (upper limit). A correction of the 
data of Fig. 2 for a mass dispersion of 5.0_2.0*+-° mass 
units (full width at half-maximum) will have the effect 
of increasing the average slope of 7i;(A) in each of the 
fragment groups by (11_;*4)%. This correction does 
not alter the ratio 7,/%y, but can increase the size of 
the “step down” in > in going from the light to the 
heavy group near the symmetric mass by as much as 
0.2 neutron. 

Since the magnitude of the dispersion in the meas- 
urement of the mass of a single fragment due to neu- 
tron emission is proportional to the square root of the 
sum of the numbers of neutrons emitted by both frag- 
ments, this dispersion is nearly constant with mass 
number. If there are large anisotropies in the emission 
of the neutrons in the frame of the fragments, this will 
affect the resulting perturbation of the fragment veloci- 
ties. It is not believed, however, that any dispersive 
effect could remove the principal characteristics of the 
observed distribution 7;(A). 

When the data are analyzed in separate 10-Mev 
intervals of the total fragment kinetic energy Ex, a 
family of nearly parallel linear curves 9(A,Ex) is ob- 
tained, with the curves for smaller values of Ex lying 
higher in # than those for larger values. This is another 
example of the inverse correlation between the kinetic 
and excitation energies; see reference 1. The slopes of 
straight-line fits to the data in the intervals of A con- 
taining the majority of the events are 09(A,Ex)/0A 
=0.11 (neutrons/fission)/mass unit in the light-frag- 
ment group, and perhaps 0.04 in the heavy group, after 
corrections have been made for the dispersion in the 
mass measurement and the geometry and efficiency of 
the neutron detection. In the light-fragment group, 
these slopes are somewhat larger than the slope 
09(A)/A0A=0.08 (for all Ex) but in the heavy-frag- 
ment group not significantly different. A consideration 
of the weighting involved in producing #(A), (all Ex), 


7J. C. D. Milton and J. S. Fraser, Phys. Rev. 111, 877 (1958). 
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due to the correlation between Ex and A, explains the 
decreased slope 09(A)/0A, (all Ex), in the light-frag- 
ment group, but would predict an increased slope in 
the heavy group. The slopes assumed in the heavy- 
fragment group are not well defined by the data, per- 
haps due to perturbations induced by the 82-neutron 
shell. 


IV. DISCUSSION 


If the neutron-emission probability as a function of 
fragment mass is like that given in Fig. 4, the following 
remarks can be made: 


1. The existence of an 82-neutron shell in primary 
fragments with mass numbers in the neighborhood of 
133-134 may contribute to the depression in neutron 
emission from the heavy fragment near mass symmetry. 

2. The drastic change in neutron emission at the 
symmetric mass should be reflected in the radiochem- 
ical mass-yield curve. In particular, the valley should 
be measurably distorted and deepened at mass num- 
bers just below A= 126.° 
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Fic. 6. A “picture” of a spontaneously fissioning nucleus of 
Cf? shortly before it breaks in two. The relative sizes of the two 
ends and the neck for the “most probable configuration” were 
calculated using every-day classical concepts. The ‘‘most probable 
configuration” is defined as that partition of nucleons between 
ends and neck which, when split at the midpoint of the neck, will 
result in the most probable mass division. The number of nucleons 
in the neck is found to be equal to 38 (if the neck is defined as that 
part of the nucleus, in the most probable configuration, which 
must be exchangeable between the ends to reproduce the observed 
mass distribution). The picture is drawn for an average neck diam- 
eter equal to approximately two “nucleon diameters.” A neck 

-“nucleon-diameter” thick can be four times as long. P(x) indi- 
cates schematically the probability for splitting at different 
places along the neck. Since the neck is elongating during the 
time before the split, P(x) is also a time-dependent function; the 
time dependence of which might be used to explain correlations 
between fragment kinetic energy and mass ratio, for example. 


* The radiochemical mass-yield data for the valley region in 
U*®, as compiled by S. Katcoff in Nucleonics 16, No. 4, 78 (1958), 
although the most complete of such data available, do not appear 
to be adequate to indicate the presence or absence of a discon- 
tinuity in the average neutron-emission probability near the 
symmetric mass mode. 
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3. Encouraged by a recent argument? that fissioning 
nuclei may actually prefer asymmetric shapes when 
critically deformed, one can devise a simple model of 
the fission process which will reproduce both the ob- 
served mass distribution and the strange dependence 
of # on mass number. One can easily imagine that just 
before the fissioning nucleus breaks in two, there exists 
a fairly long neck” connecting two relatively large 
volumes, and that usually, if not always, these volumes 
are of unequal size!" (see Fig. 6). The nucleus will be 
expected to break with greatest probability somewhere 
near the middle of the neck, which will favor the asym- 
metric mass divisions observed and which will partition 
the deformation energy of the neck fairly equally be- 
tween the two fragments. Since the two ends of the 
nucleus would be expected to have fairly small internal 
excitation energies before the split, the excitation ener- 
gies of the fragments after the split, and therefore the 
number of neutrons emitted from each fragment, should 
be, on the average, equal for the most probable mass 
division. The shape and volume of the neck can now 
be tailored to imply a point-of-splitting probability, 
such as drawn schematically in Fig. 6, which will re- 
produce the observed fragment mass distribution. It is 
obvious that symmetric mass division will correspond 
to the relatively very rare splitting close to the large 
end of the nucleus, and it is seen that this kind of a 
split gives almost all of the large amount of deformation 
energy to the light fragment. Splittings very far from 
mass symmetry correspond to breaking points close to 
the small end, with the deformation energy of the neck 


9V. V. Viadimirskii, J. Exptl. Theoret. Phys. U.S.S.R. 32, 822 
(1957) [translation: Soviet Phys. JETP 5, 673 (1957) ]. 

10 See D. L. Hill, Proceedings of the Second United Nations Uses 
of Atomic Energy, Geneva, 1958 (United Nations, Geneva, to be 
published), Paper P/660, for an example of such a neck. 

"Tt is perhaps easiest to imagine that the high probability of 
such configurations results from these evolving directly from 
shapes assumed near an asymmetric saddle-point. 
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given to the heavy fragment. Thus the observed (A) 
dependence is obtained. It is, of course, possible in prin- 
ciple for splitting to occur even closer to the large end of 
the nucleus than for the case of symmetric mass division, 
which will, in effect, reverse the roles of the ends of the 
nucleus, with now the heavy fragment gaining the de- 
formation energy of the neck. It need only be assumed 
(for the case of Cf***, at least)” that the probability of 
splitting falls off sufficiently fast as the point of sym- 
metric mass splitting is crossed, so that the effect on 
the average number of neutrons emitted is small even 
quite close to symmetry. 

Whether there be a peculiar angular anisotropy of 
the neutron emission or a strange division of the ex- 
citation energy between the fragments, it appears that 
something unexplained, and therefore interesting, is 
involved. 
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2 To extend the splitting model to other fissioning nuclides, it 
may be noted that the model is sensitive to the most probable 
mass ratio and to the probability of symmetric mass division. The 
most probable mass ratio largely determines the volume of the 
effective neck and the probability of symmetric mass division in 
fluences the sharpness of the »(A) transition. The “most probable 
configurations” (see caption of Fig. 6) for thermal-neutron-induced 
fission of U?, U%, and Pu** are not appreciably different from 
that for Cf?. However, the fact that the deformation energy of 
the neck seems to account for about two of the four neutrons on 
the average for Cf? would suggest that the neutron emission 
from nuclides emitting only two or three neutrons on the average 
per fission may be almost completely determined by the “hydro 
dynamics” of the splitting process. In addition, the strange be- 
havior of y near the symmetric mass division may be altered for 
fission processes more favoring symmetric mass division, since 
then, near symmetry, a light fragment, for example, could be 
formed more easily from the large end as well as from the small 
end of the fissioning nucleus. 
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Zeeman Investigations of Curium-242 


J. C. Husss, R. Marrus, anp J. O. Wrnocur 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received November 3, 1958) 


The atomic-beam magnetic-resonance method has been used to investigate 163-day Cm**. The spin of this 
even-even nuclide is found to be zero. Four low-lying electronic energy levels are found and the Lande 
g-factors are measured to be gy2=2.561+0.003, g73=2.00040.003, g74=1.776+0.002 and gys= 1.671+0.003. 
No direct measurement can be made of the angular momenta of these levels, but other considerations con- 
tained in the text make highly probable the J values indicated in subscripts and arising from the electronic 


configuration (5f)" (6d)! (7s)?. 


INTRODUCTION 


HE research reported here is a portion of a general 

program in the heavy-element region leading to 
nuclear moments and electronic -properties. Since, as 
expected, the spin of Cm* is zero, the principal 
contributions of this research are in the field of electronic 
structure. Electronic ground states have previously 
been identified from  92:U to gsAm.! This research 
extends such knowledge to 9¢Cm. 


EXPERIMENTAL DETAIL 


The experiment has been performed by the use of a 
conventional Zacharias apparatus. The apparatus has 
been described elsewhere.? Curium-242 is obtained 
essentially pure by activity, as established from ob- 
servation of the alpha spectrum. The material is de- 
tected by allowing the thermal, neutral beam to fall on 
freshly flamed platinum foils which are introduced into 
and removed from the apparatus via a vacuum lock and 
are then placed in low-background (~0.5 count/minute) 
proportional counters. Typical resonance counting rates 
are 2 to 25 counts/minute. Resonances are normalized 
by direct beams taken between each resonance exposure 
and the C field is calibrated with an auxiliary beam of 
K* issuing from a movable source in the buffer chamber. 

A beam of curium atoms is obtained by the same 
high-temperature procedure used in the neptunium 
research.’ The curium, used in quantities of a few 
micrograms at a time, is mixed with several milligrams 
of uranium for carrier purposes, oxidized, and placed in 
a small tantalum oven with a large excess of carbon. 
The oxides are reduced to carbides at a temperature 
of about 1200°C, and the oven is raised to a temperature 
of about 1800°C, where a beam of curium atoms is 
made by thermal decomposition of the carbides. No 
difficulties were encountered in this phase of the 


1 Kiess, Humphrey, and Laun, National Bureau of Standard 
Report NBS-A, 1747, 1944 (unpublished); J. C. Hubbs and R. 
Marrus, Phys. Rev. 110, 287 (1958); Hubbs, Marrus, Nierenberg, 
and Worcester, Phys. Rev. 109, 390 (1958); M. Fred and F. S. 
Tompkins, J. Opt. Soc. Am. (to be published). 

? Brink, Hubbs, Nierenberg, and Worcester, Phys. Rev. 107, 189 
(1957). 

3 J. C. Hubbs and R. Marrus, Phys. Rev. 110, 287 (1958). 


research—an atomic beam was obtained on the first try, 
and there were no subsequent failures of the procedure. 


EXPERIMENTAL RESULTS 


An initial search was made at a C field of 0.7 gauss 
over a range of frequency covering g values between 1 
and 3. The search was later extended down to g=0. The 
results indicate four prominent resonances in this 
interval. The four resonances were followed to a field of 
27 gauss—the data obtained are given in Table I and 
the resonances are illustrated in Fig. 1. The essential 
results are that there are four resonances of comparable 
intensity which, to the accuracy of measurement, occur 
at a frequency that is directly proportional to the 
external magnetic field. The system is therefore in the 
Zeeman region of hfs or in the Paschen-Back region of 
hfs (Zeeman region of optical spectroscopy) with a 
total hfs width less than the observed line width, 
100 kc/sec. Because the magnetic-dipole hfs constant 
for 5 f and 6d electrons is about 500g; Mc/sec, the latter 
possibility forces a nuclear magnetic moment less than 
about 2 10-4 nm. On the other hand, no integral values 
of J and J can fit the observed g values if the system is 
assumed to be in the Zeeman region of hfs where 
F=I+J is a good quantum number. Thus the spin of 
Cm*” is almost certainly zero, and four low-lying 
electronic energy levels have been found. This makes 
possible a crude measurement of the relative positions 
of the four energy levels by a careful measurement of 
relative transition intensities in the four states. This has 
been done according to the procedure outlined in the 
section on curium energy levels. The results of these 
measurements are shown in Table II and show a 
monotonic decrease in transition intensity toward the 
state of highest g value. 


TABLE I. Summary of experimental observations. 
woH /h 
(Mc/sec) gs n2 RJa3 
0.998 2.50 +0.05 
2.969 2.554 +0.016 
9.679 2.561 +0.012 
18.786 2.561 +0.003 


1.63 +0.04 
1.67 +0.02 


1.95 +0.05 74 +0.04 
2.00 +0.02 78 +0.02 
2.000 +0,008 .772 +0,009 tee 
2.000 +0.003 .776+0.002 1,671 +0.003 


2.000 +0,.003 1.671 +0.003 


Weighted mean 2.561 +0.003 


-776 0,002 
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Fic. 1. Transitions in the four observable states of Cm* at 13.4 gauss. 


THE CONFIGURATION OF CURIUM 


A large body of chemical information’ and two 
investigations of Cmiv by paramagnetic resonance 
absorption® have shown that the ground-state con- 
figuration of Cm should be either (5/)* (7s)? or 
(5/)* (6d)! (7s)?, with a preference for the latter based 
largely on the fact that the equivalent configuration is 
found for Gd1,* the rare-earth analog of Cm1. The fd 
configuration leads, in pure Russell-Saunders (R-S) 


TABLE II. Resonance intensity in each of the four states at the rf 
current setting that maximizes the transition probability. 


Observed intensity 
State (%) 
1.45+0.25 
1.08+0.17 
0.83+0.12 
0.43+0.06 


a 
iuua 
Ui Wh | 


4Crane, Wallman, and Cunningham, University of California 
Radiation Laboratory Report UCRL-846, August, 1950 (un- 
published). 

5 Abraham, Cunningham, Jeffries, Kedzie, and Wallman, Bull. 
Am. Phys. Soc. Ser. II, 1, 396 (1956); and Fields, Friedman, 
Smaller, and Low, Phys. Rev. 105, 757 (1957). 

®°H.N. Russell, J. Opt. Soc. Am. 40, 550 (1950). 


coupling, to the ground-state term °D, giving rise 
to levels J=2, gy=2.668; J=3, gys=2.083; J=4, 
g7= 1.850; J=5, gx=1.733; and J=6, gy=1.667. On 
the other hand, the configuration /* leads, in pure R-S 
coupling, to the term 7F with J values from 6 to 0, all 
having gy=1.50. It is found in Pu that the 7F term is 
very near R-S coupling, the 7F; state having a g value 
of 1.4975+0.0010. Therefore the observed g values 
strongly suggest that the configuration of Cm1 is 
indeed (5/)’ (6d)! (7s)*, but that pure R-S coupling is 
here, as in Np, a poor approximation for configurations 
involving 5 /f and 6d electrons. The observed g values for 
the ground states of Ur and Npt indeed indicate that, 
to a fairly high degree of approximation, the electro- 
static interaction between 5 f and 6d electrons is small in 
comparison to the fine-structure splittings of either 
system. 

A calculation has been made of the energies and g 
values of the configuration (5/)’ (6d)! (7s)? in inter- 
mediate coupling, the only approximation being that 
the %S;,. state is not perturbed by electrostatic terms 
between 5 / and 6d electrons. The fit that can be made to 
the energy levels of Gd is quantitative and gives for the 
parameters of interest 24G,+96G;(4 f—5d) = 6500 cm™! 
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TRANSITION PROBABILITY (arbitrary units) 


3. 2. Comparison of experimental observations and the theo- 
retical transition probability in the J =2 state of curium. 


and a(5d)=500 cm. On the other hand, the theory 
fits the g values of Cmi only semiquantitatively. The 
question then arises: What are the essential differences 
between Cmi and Gdr? First, there is a striking dis- 
parity in the relative values of a and G between the two 
systems. While the Gd data fit very nearly at the R-S 
extreme (G much larger than a), the Cm data fit much 
better near the other limit for which G is small in 
comparison to a. This is, however, the approximation 
that gives the observed g values in Np and U and so 
must be taken at face value. We therefore now include 
the possibility that the g values of the two subshells 
are not those of pure R-S coupling, i.e., we allow 
configuration perturbations in the d and f shells. Then, 
in the limit G very small in comparison to a, the gy 
values of the levels in Cm will be 


IIAN+I(Srt1)—Jo(Jot1) 
‘2I(I+1) 


J(I+1)4+-J2(J2 ot 1)—Jil shelho 
ttn ee 
2I( J+1) 





gs >=8s1 














Fic. 3. Calculated transition probabilities for the four states of 
curium. The abscissa is a quantity which is proportional to the 
square of the applied rf current. The ordinate is the sum over all 
flop-in transitions in the particular J state, of the Majorana 
transition probabilities averaged over the atomic-beam velocity 
distribution. 
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This approximation will fit the data essentially to the 
experimental accuracy, provided that one assumes the 
following values: 


es 2.002, 
gs2= 0.890. 


CURIUM ENERGY LEVELS 


The energy separations of the four observed states in 
curium are measurable from an observation of resonance 
intensities for a known rf current. The procedure is to 
first measure in the state of highest g value, the intensity 
at resonance for various values of the rf current (Fig. 2). 
The resonance intensity in the other states is measured 
at an rf field calculated from the previous observations 
in the state /=2 and the Majorana formula.’ 


2500 


Fic. 4. Approximate curium 
energy levels as inferred from 
transition intensities. 
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The ratio of these observed intensities (J7;/Jy2) can 
be related to the energy separations (E,;— E,2) accord- 
ing to the formula 


En-Es 
I/In=ep(—_—*) 
kT 


Ji Je 


xX ( 2. P,.(J1))/ 2. P,,(J»). (1) 
m=— J) m=—J2 


Here P,,(J) is the probability for transition, averaged 
over the distribution of velocities in the beam, of an 
atom in the state J, m to the state J, —m under the 
action of the applied rf current. Explicitly it is written as 


7E. Majorana, Nuovo cimento 9, 43 (1932). 
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ws - 2 
Pp(J)=[(J—m)!(J+m) Pf sin!”(/0)°( —) 


0 a 
Xexp(—v?/a?) 


—1 r ar bl ) 2 
fs — )" cot?” (bl/0) ) a, (2) 
" (J—m—r)!(J4+m—r)![r!}?? 





where 6 is proportional to the applied rf current 
amplitude, / is the length of the transition field, a is the 
most probable velocity in the Maxwell-Boltzmann 
distribution for the beam temperature, and the sum is 
over all values of r that keep the factorials positive. It is 
empirically determined that the apparatus does not 
preferentially select atoms of a given velocity to any 
measurable degree, hence P,,(J) does not include such 
a factor. These integrals were computed with the aid 
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of an IBM-650 computer. The quantities Sm P»(J) 
are plotted in Fig. 3 for the J states present in curium. 
The applicability of this theory to curium is demon- 
strated by comparing the results in the state J = 2 to the 


experimentally determined intensity curve (Fig. 2). 

By the use of the experimentally determined intensi- 
ties and the computed probabilities at maximum, the 
energy-level separations were computed from Eq. (1). 
The results are shown in Fig. 4. 
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Resonance Scattering of Gamma Rays by the 4.46-Mev and the 
5.03-Mev States of B™ 
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The continuous x-ray spectrum from the NRL betatron was used to excite and study the 4.46-Mev and 
the 5.03-Mev states in B". The self-indication technique that was employed yielded the following values for 
the resonance integrals: ooI'= (0.79+0.21)X10-* Mev-barn for the lower state and (0.98+0.17)10™ 


Mev-barn for the upper state. 


I. INTRODUCTION 


N 1946, Schiff! suggested that the process of resonance 

fluorescence be employed to locate and study 
excited states of nuclei. The nucleus under investi- 
gation was to be irradiated with the continuous x-ray 
spectrum from a betatron and the scattered radiation 
Against a background due to electronic 
processes and nonresonant nuclear scattering, one 
should observe sharp lines with energies corresponding 
to excited states undergoing transitions back to the 
ground state. This method was successfully used by 
Hayward and Fuller’ to study the 15.1-Mev level in C”. 
Other investigators** have succeeded in utilizing the 
resonance fluorescence technique with the much 
narrower gamma-ray spectra produced in nuclear 


analyzed. 


reactions. 
Il. EXPERIMENTAL TECHNIQUE 


The experimental arrangement is shown in Fig. 1. 
The scattering target was chemically pure boron 
carbide (3.83 grams/cm?) in a thin-walled Lucite box. 
The box was so oriented that the x-ray beam had an 
angle of incidence of 25°. The radiation scattered at an 
angle of 130° to the primary beam was collimated into 
a 4-inch diameter X4-inch NaI(T]) crystal contained in 
an 8-inch thick lead box. Pulses from the crystal- 
phototube-amplifier system were analyzed by two 
Atomic Instruments Company 20-channel pulse-height 
analyzers connected in series. The duration of each 
x-ray burst from the betatron was about } ysec. The 
analyzers were gated on for a short counting period 
about the burst. This gating procedure 
the cosmic-ray background negligible. In 
addition, at higher energies of the betatron, most 
neutrons originating in or near the betatron were 
sufficiently slowed down by the shielding material so 
that the pulses they produced in the detector fell out- 


centered 
rendered 


side the gate. 


1L. I. Schiff, Phys. Rev. 70, 761 (1946). 

2 E. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 

3G. M. Griffiths, Can. J. Phys. 34, 339 (1956) ; Proc. Phys. Soc. 
(London) 72, 337 (1958). 

4C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957); 


Rasmussen, Metzger, and Swann, Phys. Rev. 110, 154 (1958); 


Metzger, Swann, and Rasmussen, Phys. Rev. 110, 906 (1958). 
5L. Meyer-Schiitzmeister and S. S. Hanna, Bull. Am. Phys. 
Soc. Ser. II, 3, 188 (1958). 


Preliminary data were taken with the betatron 
operating at 19 Mev and with a gating pulse 2 usec 
wide. The energy spectrum of the scattered beam was 
analyzed and was found to consist of two very intense 
low-energy lines at about 0.25 Mev and 0.5 Mev, two 
weak lines at about 4.5 Mev and 5.0 Mev, and a weak 
continuous background. The low-energy components 
are attributed to Compton processes and pair produc- 
tion in the scatterer. These components were prefer- 
entially absorbed by interposing lead filters in the 
scattered beam. The continuous background is at- 
tributed to the gamma rays resulting from neutron 
capture in Nal. It was reduced by decreasing the width 
of the gating pulse to 0.7 usec. By comparison with 
spectra from scatterers of graphite and elemental B”, 
the 4.5-Mev and 5.0-Mev components were definitely 
attributed to excitation of the B" nucleus. Pulse-height 
spectra from the scattered gamma rays were then 
recorded at betatron operating energies of 5.0 Mev and 
6.5 Mev with the beam intensity adjusted so that 
pile-up of the low-energy components did not exceed 
6%. Portions of the two spectra are shown in Fig. 2(a) 
and Fig. 2(b), respectively. For comparison, Fig. 2(c) 
shows a portion of the ungated spectrum due to the 
4.43-Mev gamma ray from a Po-Be source. The two 
components are readily attributable to excitations of 
the 4.46-Mev and the 5.03-Mev states of B". Final 
data at both energies were taken in series of 55-min 
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Fic. 1, The experimental arrangement for observing 
resonance fluorescence. 
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RESONANCE 


runs in which the scattering yields were alternately 
observed with and without a B,C absorber in the 
primary beam. This mode of measurement is identical 
to the self-indication technique of the neutron spectros- 
copists. During the runs, the x-ray beam was con- 
tinuously monitored with a transmission ionization 
chamber. 


III. ANALYSIS OF DATA 
For a given nuclear state, two independent measure- 
ments are made. One is the absolute yield from a 
scatterer of thickness 7, and is given by 
o,(E) 


tall +de 
NT 
x E —exp( — [o.(#)+204'}— ) jue 


COsa@ 


‘ 
7y= KI(E)— 


The other, the same yield but with an absorber of the 
same material of thickness 7 interposed in the primary 
beam, is given by 


ry on(E) 
<-ih- ts 
r res. on(E)+2e,’ 


NT 
Xx = exp( —[o,(E)+2¢,’ }— ) je 


Cosa 


e [on(E)+oee’] Nr 


The geometrical factor, K, is dependent on the angular 
distribution of the scattered radiation, the solid angle 
viewed by the detector, and the efficiency of the 
detector for the radiation observed. Here, /(£), the 
number of photons per Mev at the energy E in the 
primary beam, is assumed to be constant over the 
resonance. The number of B" nuclei per cm’ is given by 
N, and a is the angle that both the incident and the 
scattered beams make with the normal to the target. 
The nuclear absorption cross section, ¢,(£), is given 
by the Doppler-broadened Breit-Wigner single-level 
formula with a Gaussian width A. It is expressed by®7 


on(E)=owW (Ex), 

where 
E—E, 
gé=T/A and x=—— 
r/2 
Here, I’ is the natural width of the level, and Ep is the 
energy at resonance. The cross section, o,’, is the 
electronic absorption cross section, o-, of one ByC unit 
multiplied by the ratio V’/N, where N’ is the number 
of B,C units per cm’. The quotient, I',/I’, is the branch- 
ing ratio for the decay of the excited state by a radiative 


. A. Bethe, Revs. Modern Phys. 9, 71 (1937). 
/, E. Lamb, Phys. Rev. 55, 190 (1939). 
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Fic. 2. Pulse-height distributions from the Nal crystal of the 
gamma rays scattered by B,4C at betatron energies of 5.0 Mev 
(A) and 6.5 Mev (B). The pulse-height distribution of the 4.43- 
Mev gamma ray from Po-Be is given by the histogram at the 
bottom (C). 


transition to the ground state. The w function, 


a ak. 
¥(é,x) =— f ——- exp[—}°(x—y)* ]dy, 
2/0 1+’ 


x 


has been tabulated.§ In practice, we have two in- 
dependent measurements, the yield Yo and the trans- 
mission Y/Y . The transmission is a function of oo and 
t. The yield is a function of these two parameters and 
the branching ratio. Therefore, in theory, if the branch- 
ing ratio were known, oo and & could be determined. 
However, in performing the analyses in the present 
experiments, it was realized that the natural widths 
were much smaller than the Doppler widths. In such a 


8 Rose, Miranker, Leak, Rosenthal, and Hendrickson, Westing- 
house Electric Corporation Atomic Powers Division Report 
WAPD, SR-506, 1954 (unpublished). 
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TABLE I. The transmission measurements and the 
calculated resonance integrals. 


Energy oot 4 
(Mev) Transmission (barns) (ev) 


ool 
(Mev-barns) 


13.9 (0.79+0.21) X10™ 
15.7 (0.98+0.17) KX 10™ 


5.741.5 
6.2+1.1 


4.46 
5.03 


0.76+0.04 
0.75+0.03 


case, it is easily shown that each “independent” 
measurement simply reduces to a determination of the 
same product, oof, and thus does not allow an actual 
determination of the individual resonance parameters. 
In obtaining oof, only the transmission measurements 
were used, for they are independent of the uncertainties 
in determining the factor K and the spectrum /(£). 
The Doppler width, A, can be calculated if the Debye 
temperature of B,C is known. Using the specific heat 
measurements of Kelley,’ this temperature was esti- 
mated to be 1368°. 


IV. MEASUREMENTS AND RESULTS 


A B.C absorber of 1.92 g/cm? was used in both 
measurements. For the transmission measurement of 
the 4.46-Mev state, the betatron was operated at 5.0 
Mev, and the counts in all 40 channels shown in Fig. 
l(a) were used. The pulse-height range corresponded 
approximately to energies from 2.5 Mev to 5.0 Mev. 
The transmission was determined to be 0.76+0.04. 
[If there were electronic absorption only, the trans- 
mission would be 0.95.] For the 5.03-Mev level, the 
betatron was operated at 6.5 Mev. Only one 20-channel 
analyzer was used in this case [see Fig. 2(b) ], and only 
those pulses in the central five channels at the full- 


*K. K. Kelley, J. Am. Chem. Soc. 63, 1137 (1941). 


AND 


McELHINNEY 


energy peak were counted. The transmission in this 
case was 0.75+0.03. 

These results were analyzed in a manner quite 
similar to that used by Hayward and Fuller? By 
numerical integration, five curves of Y/Yo versus oo 
were obtained for the five & values—0.02, 0.033, 0.05, 
0.10, and 1.0. For each energy level, the measured 
transmission and the two limits of error determined 5 
pairs of values (o0,¢). In each case, the five products 
oof were found to be equal to within a few percent, as 
expected. Thus, each transmission yielded a value of 
oof, and each limit of error yielded a corresponding 
value. The final results are summarized in Table I. 

The spin of the ground state of B" is $. If we assume 
that the spin of the 4.46-Mev state" is 3 and that there 
is no stopover transition to the first excited state!’, then 
oo=185 barns. The quantity I’ is then calculated to 
be 0.43+0.095 ev. This corresponds to a mean life- 
time (r=h/T) of (1.5340.34)K10-" sec. Swann and 
Metzger* obtained the value (1.17+0.17)10-" sec, 
which agrees within the experimental uncertainties. An 
independent determination of the lifetime of the 
5.03-Mev state would yield a value for oo. This in turn 
would allow a simple calculation of the spin of the 
latter state, since the spin of the ground state of B" 
is known, and the branching ratio for the transition 
from the 5.03-Mev state to the ground state has been 
measured.!! Conversely, if the spin were 3, 3, 3, or 3, the 
mean lifetime would be 2.9 10~'® sec, 5.7K10-" sec, 
8.6X10- sec, or 1.1% 10~" sec, respectively, with un- 
certainties of 20 percent. 


1 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

11 Ferguson, Gove, Kuehner, Litherland, Almqvist, and Brom- 
ley, Phys. Rev. Letters 1, 414 (1958). 
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Analysis of the A-Hypernuclear Three-Body Systems* 
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An analysis of the A-hypernuclear three-body systems is made by a variational method with a six-pa 
rameter trial function. An upper bound for the strength of the A-nucleon interaction required to account 
for the observed binding of the 7=0 hypertriton ,H? is obtained. This upper bound is 10-20% (depending 
upon the value taken for the binding energy) lower than the previous estimate by the same authors. An 
improved quantitative estimate of the spin dependence of the A-nucleon interaction (neglecting the possible 
influence of three-body forces) is obtained from the results of this analysis and those of a previous analysis 
of ,He'; from this estimate it follows that the existence of a bound A-nucleon system is strongly excluded. 
The analysis of the 7=1 triplet ,He*, ,H*, 4’ indicates that these systems are not expected to form bound 
states. It appears that the essential conclusions of this work would not be seriously affected if there exist 
moderately strong three-body forces arising from pion exchange processes. 


1, INTRODUCTION! 


HE hypernucleus ,H*, the hypertriton, is a system 

of particular interest in the study of the A- 
nucleon interaction. On account of the absence of any 
bound state for the A-nucleon system and on account 
of the difficulty of obtaining experimental information 
on the scattering of A particles by nucleons, the hyper- 
triton is the simplest system at hand in which a A 
particle interacts with nucleons at low energies. The 
small total binding energy (~2.3 Mev) of ,H* implies 
that it is a very loose structure. When any pair of 
particles is close together, the third particle is, on the 
average, relatively far away from them. For this reason 
the A-nucleon interactions in the hypertriton can be 
expected to take place under conditions closely re- 
sembling those of free-particle collisions at low relative 
energy. In this respect the hypertriton plays a role here 
similar to that played by the deuteron in the study of 
the *§ nucleon-nucleon interaction. Under these circum- 
stances it is reasonable to expect that the properties of 
the hypertriton depend primarily on certain over-all 
features of the A-nucleon interactions, such as the well- 
depth parameters and the zero-energy scattering lengths, 
and that they are insensitive to the details of the 
interactions. 

The short ranges of the nucleon-nucleon and A- 
nucleon interactions, as well as the small total binding 
energy of the system, imply that the wave function of 
the hypertriton consists predominantly of S states of 
relative motion between the particles. The presence of 
a tensor force in the A-nucleon interaction will not give 
rise to an appreciable D-state component in the hyper- 


* This work was supported by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research at 
Cornell University and by the U. S. Atomic Energy Commission 
program at the University of Chicago. 

+ Present address: Department of Physics, University of Colo- 
rado, Boulder, Colorado. 

1 In this paper the units have been chosen such that h=c=1, 

2 R. H. Dalitz and B. W. Downs, Phys. Rev. 111, 967 (1958). 


triton wave function. The centrifugal barriers effective 
in such a D-state motion will strongly suppress the 
corresponding component of the wave function (except 
possibly in the regions of small separation between the 
particles) in the outer regions of their short-range 
interactions. This does not imply, however, that the 
tensor-force part of the A-nucleon interaction can 
simply be omitted; it is well known that a strong tensor 
force will contribute significantly to the S-wave scat- 
tering interaction between A particle and nucleon even 
at the lowest relative momenta. For this reason the 
central potentials which are used in the present work 
are to be understood as equivalent potentials whose 
low-energy scattering characteristics are the same as 
those of the actual A-nucleon interactions including 
their noncentral parts. Since we are not concerned with 
the calculation of the small D-state component of the 
hypertriton wave function, tensor forces have not been 
considered explicitly in the present work. 

In these introductory remarks the possibility of 
three-body potentials between the A particle and the 
two nucleons has been neglected although Weitzner* 
and Spitzer have recently pointed out that the transfer 
of two pions from the A particle, one to each of the two 
available nucleons, might give rise to an appreciable 
three-body potential. Of all the hypernuclei, however, 
the hypertriton is the system for which three-body 
potentials are expected a priori to be the least important ; 
this is both because there is only one pair of nucleons 
available [compared with (4—1)(A—2)/2 pairs in a 
hypernucleus of mass number A | and also because the 
small total binding energy of ,H* implies a correspond- 
ing small probability for the three particles all to be 
found within the range of this three-body potential. 
For these reasons we believe that the structure of the 
hypertriton is determined primarily by the two-body 
A-nucleon interactions and that it is reasonable to 


3H. Weitzner, Phys. Rev. 110, 593 (1958). 
4R. Spitzer, Phys. Rev. 110, 1190 (1958). 
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discuss the role of three-body interactions subsequently 
by means of perturbation methods. 

In a recent paper® the features desirable in a trial 
function for a system such as the hypertriton were 
discussed in some detail. It was pointed out that, 
although the small value of By (the binding energy of 
the A particle in ,H*) implies that the wave function 
should have a long tail, the presence of A-nucleon 
potentials of short range (<1/2m,) requires that this 
wave function should allow strong correlations in 
position between the A particle and each of the nucleons. 
It appeared, therefore, that a satisfactory trial function 
should have considerable flexibility in order to represent 
adequately both the asymptotic regions in which one 
particle is separated by a large distance from the other 
two particles and the regions of close approach. 

In order to illustrate some of the qualitatively 
important features of the hypernuclear three-body 
system, a preliminary discussion was given on the 
basis of a simple trial function® 


v =Ne- a(ritre ers, 


(1.1) 


where r; and r2 denote the distance of the A particle 
from each of the nucleons and r3, the distance between 
the two nucleons. The symmetrical form (a= 8) of this 
trial function is known to provide an excellent first 
approximation for the S-state structure of the nuclear 
three-body systems, H*® and He’.® This trial function 
(1.1) is not sufficiently flexible, however (having only 
one variation parameter associated with each inter- 
particle distance), to provide a good approximation for 
the case in which the binding energy of one particle 
(the A particle, in this case) of the system is small 
compared to those of the other particles or for the case 
in which the total binding energy of the system is very 
small. In a variational calculation for a potential 
strength corresponding to a given binding energy (or 
vice versa), the region in which the particles lie within 
the range of their mutual interactions is more important 
for the determination of the optimum parameters of 
the trial function than is the asymptotic region of large 
separations, where the form of the correct wave function 
is governed by the binding energies of each of the parti- 
cles of the system. The optimum parameters of the 
trial function (1.1) are, consequently, insensitive to By 
when it is small or to the total binding energy B when 
it is small. For H® and He’ it happens that the optimum 
trial function of the form (1.1) with a= has an 
asymptotic form approximately consistent with the 
binding energies of these systems. In the nuclear three- 
body systems the binding energies B, and B, of a 
neutron and a proton, respectively, are nearly the 
same (B, ~6 Mev and B,~8 Mev for H®, and vice versa 
for He’*), while the characteristic length [(3/4MB,)!, 
say] of the asymptotic region is approximately the 


5 R. H. Dalitz and B. W. Downs, Phys. Rev. 110, 958 (1958). 
6H. Feshbach and S. I. Rubinov, Phys. Rev. 98, 188 (1955). 
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same as the range of nuclear forces. For the hypertriton, 
however, this fortunate situation by no means obtains; 
and it is reasonable to expect that the use of a trial 
function with sufficient flexibility to account for both 
close-in and asymptotic regions at the same time (that 
is, a trial function with more than one variation 
parameter associated with each interparticle distance) 
would lead to a much greater proportional improvement 
in a calculation for the hypertriton than in one for the 
normal triton.’ 

In the present work, a variational calculation of the 
strength of the A-nucleon interactions required to 
account for the observed binding energy of the hyper- 
triton was made with a six-parameter trial function 


y= (e-871+- ve-O"1) (e~972-+- xe~>r2) (E73 ye—bs"8), (1.2) 


This function has considerable flexibility and should be 
capable of giving a good representation of the principal 
features of a lightly bound system with short-range 
forces because, for each interparticle distance, there is 
a factor containing a short-range and a long-range term 
in adjustable proportion and with both ranges adjust- 
able. In order to satisfy the Pauli principle for the 
nucleons with this form of wave function, the factors 
corresponding to the A- and the A-p separations are 
taken to have the same form so that there are, in all, 
six variation parameters: a, 6, x, a3, bs; and y. 

The asymptotic form of the correct hypertriton wave 


function for large separations R of the A particle from 
the center of mass of the two nucleons is 


Y~Wo(rs)e**/R, (1.3) 


where Wp is the wave function of the free deuteron and 
a=[4MM,By/(2M+M,)}'. The smaller Ba is, the 
more dominant the asymptotic form (1.3) is in the 
normalization integral or in the expression for the 
probability distribution for the n-p separation (aver- 
aged over all positions of the A particle). As we have 
emphasized in reference 5, however, this does not 
justify the use of a wave function of the form (1.3) for 
all regions of space for 4H* in any situation (such as 
the calculation of the potential strength for a given 
binding energy or the calculation of matrix elements for 
the decay processes of ,H*) in which the regions of 
close A-m and A-p approach play an important role. 
The asymptotic form of (1.2) for large separation of the 
A particle from the nucleons is 


yr (€—9878-+- ye 313) e208, 


If the wave function (1.2) is to give a good represen- 
tation of the hypertriton wave function in the asymp- 
totic region, then it is clear that the first factor of (1.4) 

‘It is of interest to note that increase in the flexibility of the 
trial function for the normal triton [see, for example, F. W. 
Brown, Phys. Rev. 56, 1107 (1939) ] gives an improvement of 
only about 1.5% in the estimate of the nucleon-nucleon potential 
strengths corresponding to the observed triton binding energy 
over the value obtained with the simple trial function expl—a(ri 


+re+r3) J. 


(1.4) 
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should not be very different from the wave function for 
a free deuteron. The wave function 


g= (E—2873-+- ye—bars) 


does, in fact, give a good representation of the deuteron 
for suitable values of the parameters a3, 63, and y (see 
Sec. 3), leading to a value for the binding energy 
accurate to about 0.2%. It therefore seems reasonable 
to expect that the optimum values of the parameters 
a3, b3, and y for the trial function (1.2) should be quite 
close to those obtained for the free deuteron with the 
trial function (1.5). The R-dependence of the asymp- 
totic form (1.4) does not have the correct form (1.3); 
this, however, is relatively unimportant for the calcu- 
lations of the present work. The effect of this inadequacy 
on the calculation of other quantities of interest for the 
aH*® system is discussed briefly in the concluding 
section. 

There has been no conclusive experimental evidence 
requiring the existence of any bound state for the ,He® 
or 4n® systems, and arguments have been given® which 
make it appear unlikely that such bound states should 
exist. These arguments concern the question of whether 
the existence of the T=0 hypertriton with a certain 
binding energy By implies or excludes the existence of 
bound states for ,He’, ,v* and the T=1 state of ,H’. 
In order to answer this question (and to substantiate 
the arguments previously given) a variational calcu- 
lation has been made with the trial function (1.2) to 
determine the strength of the A-nucleon interactions 
which would be required to bind the T=1 systems 
with zero total energy. 

The details of the variational calculation procedure 
are discussed in Sec. 2. For the T=0 state of ,H*, the 
results for various values of By and for two — of 
the A-nucleon interaction are given in Sec. 3; these 
results are a significant improvement (up to 19%) over 
the estimate previously obtained® for the inna of 
the A-nucleon interactions. The results for the T=1 
hypernuclear triplet ,He’*®, ,H*, and qm* are given in 
Sec. 4; these results confirm that the absence of these 
states is reasonable. In the concluding Sec. 5 the results 
of these calculations are combined with those of earlier 
calculations on the A-nucleon interactions in ,He® to 
obtain an estimate of the A-nucleon interactions neces- 
sary in the 'S and *S states to account for the binding 
energies of both ,4H* and ,He® when the effect of three- 
body interactions is completely neglected. Some re- 
marks are also made in Sec. 5 on the reliability of these 
calculations and on the possible use of the wave function 
(1.2) for the calculation of other properties of the 
hypertriton. 


(1.5) 


2. FORMULATION OF THE VARIATIONAL PROBLEM 


In the triangular coordinate system (11,r2,r3) appro- 
priate to a trial function of the form (1.2), the variation 


8 See eileen 5 and also Sec. 4 in the following. 
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principle for determination of the wave function y for 
a three-particle system consisting of two nucleons 
(mass M) and a A hyperon (mass Ma) with total 
binding energy B can be written in the following way 
(see reference 5): 


TW y)—Voly)— Un) + BN Yy)20. 


The functions which occur in (2.1) are defined as 


1 dg* dx 1 1 d¢g* dx 
rove {Sesh Oe 
2M 2M, Ory Or; 


M Ors Or; 
d¢* Ox 

od ae [4(231)+-¢(312) } 
Ore 1. v) 


(2.1) 


1 
+—1(123) frireradndradr (2.2a) 


ZA 


v( ¥,x) = J et floordxnranandrads, (2.2b) 


(end f o*Lelun)+elord) hrvrarddrdradrs, (2.2c) 


N(¢,x)= o*xrirorsdridredrs, (2.2d) 


with 


t(ijk)= 


re +1) re dg* dx ag" Ox 
_ “(= —+4- ~), (2.3) 


avg; Or; Or; ar; Or; 

The integrals (2.2) are to be taken over the domain 
consistent with the triangular inequalities r;+r2215, 
rotr3=r and rs3+r7127r2. The depth of the nucleon- 
nucleon potential is Vo; this is Vo, triptet for the T=0 
hypertriton states and Vo, singlet for the 7=1 hyper- 
nuclear triplet. Charge symmetry requires the A-p and 
A-n interactions to be the same; the depth of the mean 
A-nucleon potential in the spin state considered for the 
hypernuclear system is denoted by U’. The mean depth 
U depends upon the relative orientation of the spins of 
the A particle and the nucleons. This spin dependence 
has been discussed previously*®; explicit expressions for 
U in terms of the depths of the triplet and singlet 
A-nucleon potentials are given in Secs. 3 and 4. The 
functions f and g denote the forms assumed for the 
nucleon-nucleon and A-nucleon potentials, respectively ; 
x3 and x are the corresponding range parameters. 

The inequality (2.1) has been used as a variational 
principle to obtain an upper bound on the strength U 
of the A-nucleon interaction potential required to 
account for the binding energy B of the system. The 
potential forms f and g were taken to be Yukawa 
functions.? The range parameter appropriate to the 

9In reference 5 it was found that Yukawa and exponential 
forms for g which have the same intrinsic range lead to essentially 
the same values for those quantities which are a measure of the 
strength of the A-nucleon potential, such as the well-depth 
parameter, scattering length and the volume integral of the 
potential. 
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A-nucleon interaction has not yet been established 
empirically; the value of this parameter will depend 
upon which of the conceivable mechanisms?’ contribute 
most to this interaction. In order to span the reasonable 
range parameters, calculations have been made here 
for the Yukawa shape e~*’/xr with values of the pa- 
rameter 1/xk=1/mx~0.4X10-" cm and 1/x=1/2m, 
~=(0.710-"% cm, the Compton wavelength of the K 
meson and one-half that of the pion, respectively. 

It is convenient to write the trial function (1.2) in 
the form 


v=II war), (2.4a) 


i=l a=1 

where the coefficients Aja and a; are given by 
An = 1 

Aro=Ano=2, 

a); = do> a, 


b, a32> bs. 


for all 7, 

Ag= ¥; 
a31> 43, 
ie éy= 


The integral T(y,y) of Eq. 
TyW= > 


aBy,a’B’y’ 


(2.1) then becomes 


AraA1a’A2sr2g/A 


ayA3y'L aby, a’B’y’: 


The coefficient Tasy, a's’, denotes the integral (2.2a); 


that is, 


T aBy, a'p’y'= T(exp( 


exp (—d1q’%1— G2g'%2— 434'73)). 


The integrals u(y,y), v(,y), and V(pW) can be simi- 
larly expanded in terms of corresponding coefficients 
May, a’B’y') Vasy,a’B’y’, ANd Nagy, a’p’y’. Explicit expres- 
sions for all these coefficients are given in the Appendix. 

For the actual computations, the variation principle 
(2.1) was put into the form 


(Ty) — Voy) + BN (YW) 


u(y) 


The function &(y) was obtained as an explicit algebraic 
function of a, b, a3, 63, x, and y in the manner described 
above. Both numerator and denominator of @(y) are 
quadratic functions of y, so that 


&(y) = (Kiy’+ Liyt M))/ (Koy’+Loy+ M2); 


the AK, L, and M are functions of a, b, a3, 63, and x. 
For each set of values (a, 6, a3, b3, x) considered, the 
coefficients K, L, and M were evaluated, and the 
expression (2.8) was minimized analytically with re- 
spect to y."° These calculations were done by electronic 
computer." For each set of values (a, 6, a3, 63), the 


— Aja¥1— A2gf2— 43413), 


(2.6) 


=O(p)2U. 


(2.8) 


The condition d&/dy=0 leads to a quadratic equation in y. 
In every case computed, the roots of this equation were of opposite 
sign, the positive root being the optimum value of y. 

" These calculations were performed at the Cornell Computing 
Center. The authors are grateful to Miss V. A. Walbran for having 
cr and run the computer for the calculations reported 

ere. 
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computer was programmed to search for the optimum 
value of x and then to provide values of ® for 8 values 
of x in the immediate neighborhood of the optimum 
value. The optimum x and the corresponding ® were 
then obtained graphically and were checked, at least 
for the sets (a, 6, a3, 63) near the optimum set, by 
fitting an appropriate polynomial to the calculated 
values. The optimum values of a; and 6; turned out to 
be relatively insensitive to changes in the parameters 
a and 6 in the region of their optimum values"; this 
property was used to fix values of a3; and 6; from a 
preliminary calculation with a fairly wide grid of pa- 
rameters. The values of a; and b; having been fixed, 
values of ® minimized with respect to x and y were 
then obtained for each set (a,b). For each value of a, 
® was minimized with respect to 6, and then these 
lowest values of ® were finally minimized with respect 
to a. This last step yielded both the minimum value of 
® with respect to the four parameters (a, b, x, y) for the 
fixed set (3,63) and the corresponding optimum value 
of a. With this value of a, it was possible to go back 
and obtain the corresponding optimum value of 6 by 
interpolation. The values of a and 6 were fixed at these 
optimum values, and the function @ was then minimized 
with respect to (a3,b3) in the same manner as it had 
previously been minimized with respect to (a,b) for 
fixed (a3,b3). In every case the optimum values of 
(a3,b3) obtained in this way were sufficiently close to 
the values originally selected from the wide grid to 
justify concluding the iteration process at this point. 
With the optimum set (a,b,a3,6;) determined in this 
way, ® was minimized with respect to x. With this 
optimum x and the optimum set (a,b,a;,b;), the opti- 
mum y was calculated by the computer, leading to a 
direct check on the minimum value obtained for @ by 
interpolation from its values at the calculated points. 


3. THE T=0 HYPERTRITON STATES 


The 7=0 three-particle hypernuclear states consist 
of a A particle interacting with a neutron and a proton 
whose total isotopic spin is zero and whose total spin 
is S=1. Assuming the A particle to have spin 3," the 
T=0 hypertriton state of lowest energy will have spin 
J=% if the singlet A-nucleon interaction is more 
attractive than the triplet and J=3$ if the triplet 
interaction is the more attractive. Denoting the volume 
integral of the A-nucleon interaction in the triplet 
state by V, and that in the singlet state by Va, the 
volume integral of the total A-nucleon interaction in 
the hypertriton ground state is 


V,>V. 
V.>V, 


U.=27, if 


=3V,/2+V,/2 if 


12 Tt is clear from the form of the function (e~*s"s+ ye~*s"s) that 
a change in a; or b; can be compensated, to some extent, by a 
corresponding change in y 

18 See references 2 and 5 for a summary of the evidence sup- 
porting the assignment of spin } to the A particle. 
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TABLE I. The A-nucleon interaction in the hypertriton. 


(viii) (ix) (x) on (xii)® 
Mev f?) 
U2(Mev f3) (Gaussian) U2(Mev f) 


(iii) (iv) (v) (vi) (vii) 


Ba(Mev) ao(f) ro(f) 


a(f-) a;3(f~) bs(f-) x y s 


(a) Intrinsic range 0.8411 f (k=mx) 
2.29 Zag 0.635, 1.03 AE 
1.97 2.24 0.659; —1.13 ; 421.8 
1.74 2.16 0.694, 1.33 a 444.5 
(b) Intrinsic range 1.4843 f (x=2m,) 
2.13 2.21 0.5505 — 1.30 
1.67; 2.14 0.5952 —1,55 
1.42 1.94 0.653. — 1.96 


406.9 405 489 
420 


444 501 


0 0.093 
0.25 0.158 
1.00 0.239 


0.382 
0.382 
0.393 


621.0 615 766 
672.1 667 
738.1 736 813 


0.380 
0.380 
0.393 


0 0.047 
0.25 0.111 
1.00 0.184 


1.13 
1.14 
1.17 


4 See reference 5. 


The total binding energy B of the hypertriton ground 
state is the binding gnergy of the deuteron Bp=2.226 
Mev plus the binding energy Ba of the A particle. 
There is still considerable uncertainty in the value of 
By for the hypertriton; it is almost certain that By is 
less than 1 Mev, and it is likely that it is close to zero." 

The neutron-proton potential Vtriplee was taken to be 
that Yukawa potential whose range is consistent with 
the low-energy proton-proton scattering data’® and 
whose depth is determined by the known binding energy 
of the deuteron. This potential has an intrinsic range 
of 2.4995 fermi [1 fermi (f)=110-" cm] and a depth 
of 68.104 Mev; the volume integral of this potential is 
1403.4 Mev f*.'® 

The results of the variational calculations are given 
in Table I for the two ranges mentioned above for the 
A-nucleon potential and for three values of By. The 


4 Levi Setti, Ammar, Slater, Limentani, Roberts, Schlein, and 
Steinberg, Nuovo cimento (to be published) obtain a most 
probable value of Ba which is less than zero, namely, Ba = —0.23 
+0.35 Mev. It should be noted here that the Q value for the 
decay of the free A particle is not known precisely. The value 
used by Levi Setti et al. was Q,=37.22+4-0.2 Mev; an increase 
in Qa by an amount AQ, would lead to an increase in the value 
of Ba given by them by an amount AQ4. 

16 J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 

(1950). 

16 The depth of this potential was determined by a variational 
calculation using a Hulthén trial function, one parameter being 
fixed by the known value of Bp and the other being the variation 
parameter. The value of the depth of the potential determined in 
this way is about 0.03% less than that given by the relevant 
power series of Blatt and Jackson [J. M. Blatt and J. D. Jackson, 
Phys. Rev. 76, 18 (1949) ]. The particular value of the intrinsic 
range quoted above resulted from a choice of the range parameter 
to be exactly x;=0.848 f"'. The intrinsic range taken for Vtriplet 
is somewhat shorter than the value b;= 2.96 f appropriate to the 
Yukawa potential which fits the deuteron binding energy and the 
triplet scattering length. Since the potential used was adjusted to 
give the correct value of Bp, it is clear that small changes in the 
intrinsic range will not appreciably affect our estimates of U2. 
Values of U2 were calculated with the appropriate Vtriplet having 
an intrinsic range of 2.96 f for By =0.25 Mev and the two intrinsic 
ranges of the A-nucleon potential. For these calculations the 
optimum values of a, 6, a3, and 6; given in Table I were used, 
while x and y were treated as variation parameters. The values 
of U2 thus obtained are 430 Mev f* for x=mx and 684 Mev f* 
for x= 2m,; these values are about 2% larger than the correspond- 
ing values in Table I. This seems to be a reasonable confirmation 
of the foregoing statement that U» is insensitive to small changes 
in the intrinsic range of Vtriplet, particularly since the values of 
a, 6, a3, and b; used in this check are not necessarily the optimum 
values for the Vtriplet in question. 


values of the variation parameters corresponding to the 
minima are listed in columns (i) through (vi). The 
optimum values of a; and 6; were found to be quite 
close to those found in a variational calculation of the 
binding energy of the deuteron with the trial function 
(1.5) and the n- p potential described above. These 
values, @3= 0.38 f and b3= 1.129 f-!, lead to Bp = 2.221 
Mev with y=2.27;."" For the hypertriton the optimum 
value of y depends somewhat on the value of Ba and 
on the range parameter of the A-nucleon potential, but 
it does not deviate much from its value for the free 
deuteron.!* 

Several measures of the strength of the A-nucleon 
interactions are given in Table I as functions of By and 
the range parameter x: 

17 Since the depth of Vtriplet was determined with a Hulthén 
trial function, this value of Bp represents a comparison between 
the description of the deuteron given by the function [exp(—asr) 
+y exp(—b;r)] and that given by the Hulthén function. With 
y=0, the simple exponential trial function leads to the value 
Bp=1.621 Mev with a3;=0.62 f7!. 

18 Tt should be emphasized that this does not mean that the 
probability distribution for the -p separation in the hypertriton 
is the same as that in the free deuteron. The probability distri 
bution is actually given by p(r)r’dr, where 


st b a: oe 5) +222 2o(a + b, 0) 


+o(a+b, a—b) J+ so( # s— a- 


p(r) =Cpp(r)- {o(2 2a 0)+4x6(- 


; °) + x4g(2b,0) , (i) 
in which 
pp(r) = (e+ ye ar)?, 


_s¢ * J sinhprf 1 1 | a oe |} 
o(a,8) =r - 1 Br ot lar)? + (an? coshér Br fr 


and C is a normalization constant. This distribution is obtained 
by averaging the square of the wave function (1.2) over the 
positions of the A particle consistent with the triangular ine 
qualities for the interparticle distances. The factor in the braces 
of expression (i) is a monotonically decreasing function of r, so 
that the distribution p(r) generally appears compressed relative 
to the deuteron distribution pp(r), as one would expect. As a 
approaches zero, however, the term $(2a,0) becomes dominant 
in this factor, which then varies only slightly over the region in 
which pp(r) is appreciably different from zero. According to the 
discussion in the Introduction, the distribution p(r) should be 
identical with pp(r) when Ba=0. With the approximate wave 
function (1.2), p(r) is compressed relative to pp(r) even at zero 
By because a j Sen not reach the value zero when Ba goes to zero; 
this deviation is related to the incorrect asymptotic form of the 
wave function (1.2) (see the discussion in Sec. 5). As Ba increases, 
the value of a increases, and the compression of p(r) relative to 
pp(r) becomes increasingly more severe. 
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(a) The effective well-depth parameter s [column 
(vii) ]. This is the value of the well-depth parameter for 
the A-nucleon potential Ug(xr), where U is the depth 
of the mean A-nucleon potential in the hypertriton. 
Explicitly, U’ is chosen so that 


2U f gler)aar= Us, 


where U, is the volume integral of the total A-nucleon 
interaction in the hypertriton. 

(b) The scattering length ao [column (viii) ] for 
A-nucleon scattering at zero energy by the potential 
Ug(xr). 

(c) The effective range ro [column (ix)] of the 
A-nucleon potential Ug(xr). 

(d) The volume integral U, [column (x) ] of the total 
A-nucleon interaction in the hypertriton. 

(e) The volume integral U2 [column (xi)] for a 
A-nucleon potential of Gaussian form which has the 
same intrinsic range and leads to the same zero-energy 
scattering length ap as the Yukawa potential to which 
the volume integral LU’, of column (x) pertains. 

In column (xii) the values of U» calculated previ- 
ously® with the simple trial function (1.1) (with 
Yukawa potentials) are given for comparison. Even 
neglecting three-body potentials, the quantities a) and 
r) have a direct interpretation in terms of the param- 
eters of the A-nucleon system only for the case V,> Va 
and j=3 for the hypertriton. In this case ap and ro 
are the zero-energy scattering length and the effective 
range, respectively, of the *S state. With V.>V, and 
j=% for ,H*, the well-depth W is (3U,+U,)/4, a 
combination of the 1S and *S well depths, and the 
parameters do and ro of Table I then have no direct 
physical interpretation. 

From the values of U, given in columns (x) and 
(xii) of Table I, it is apparent that the trial function 
(1.2) gives a significant improvement over the simpler 
trial function (1.1). The smaller the binding energy Ba, 
the greater is the relative improvement in the value of 
U2; this was expected from the considerations given in 
the Introduction. As a function of Ba, these values of 
U, [column (x) of Table I] now fall on a curve which 
has the correct dependence on 1/B, as By approaches 
zero. This functional dependence can be represented by 
the expression 


U2(Ba)= U2(0){1+a(Ba)!+6Bat+---}, (3.2) 


where (a,8) have the values (0.054, 0.038) for x= mx 
and (0.140, 0.049) for x= 2m, when By is expressed in 
Mev. These values of (a,8) are to be contrasted with 
those of the earlier work® which led to an unacceptable 
Bx dependence for Us [column (xii) of Table I], the 
corresponding coefficient a being negligible compared 
to the coefficient 8 there. 
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4. THE T=1 HYPERNUCLEAR TRIPLET 


Each member of the 7=1 hypernuclear triplet ,He’, 
aH®, ,n* consists of a A particle in interaction with two 
nucleons of total isotopic spin 1 and total spin S=0. 
Since the nucleon spins are paired, the volume integral 
U.' of the total A-nucleon interaction in these states is 
just twice the volume integral of the spin-average 
interaction : 


U!=3V,/2+V,/2. 


For either V.>V, or V,>V., this interaction U2! is 
necessarily less than U2 [see Eqs. (3.1) ], Us’ and U2 
being equal only if V,= Va. 

It is the 4S nucleon-nucleon potential which is 
effective in the T=1 systems. In the present work, this 
potential Vsinglee was taken to be that Yukawa po- 
tential which is consistent with the low-energy proton- 
proton scattering data.'® This potential has an intrinsic 
range of 2.4995 f, a depth of 46.17 Mev and a volume 
integral of 951 Mev f*. 

At present there is no experimental evidence which 
requires the existence of bound states for the T=1 
systems. Since the total binding energy of the T=0 
hypertriton is small (~2.3 Mev) and since both the 
nucleon-nucleon interaction and the mean A-nucleon 
interaction are weaker in the 7=1 systems than are the 
corresponding interactions in the ground state of the 
T=0 system, the absence of such bound states does 
not seem unreasonable. The likelihood of a bound state 
for the ,He* system is further reduced by the Coulomb 
repulsion between the protons. 

For the analysis of the T=1 systems, we confined 
attention to the state with total binding energy B=0. 
The variational principle (2.7) was used to calculate 
the strength U.’* necessary for the total A-nucleon 
interaction U’,’ in order that these systems should have 
a bound state at zero energy.” If the value calculated 
for U,'* were smaller than U.’ given by (4.1), then the 
existence of bound T=1 systems with B>0 would be 
indicated; on the other hand, if U.’*>U»2’, no bound 
states would be expected for these systems. On account 
of the considerable variation of U. with B for the T=0 
hypertriton shown in Table I, it was not a priori certain 
that a decrease in the required value of B, to zero, for 
the T=1 systems would not more than offset the 
weaker interactions in those systems and imply the 
existence of bound states.” 

The calculational procedure described in Sec. 2 was 
carried through with the nucleon-nucleon potential 


(4.1) 


‘The Coulomb energy term appropriate to ,He*® was not 
included; since these calculations show that no bound state is to 
be expected for the T=1 systems even in the absence of the 
Coulomb repulsion, this omission has no effect on the essential 
conclusion. 

*” The corresponding calculations of reference 5 indicated that 
bound states were not to be expected for the T=1 systems. 
That evidence could not be considered conclusive, however, 
because of the manifestly incorrect B, dependence of the values 
of Us calculated there with the simple trial function (1.1) (see 
the discussion at the end of Sec. 3). 
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Vsinglet and with B=0. In the case of the T=0 hyper- 
triton, an initial estimate of the parameters a; and 63 
could be obtained from a study of the deuteron. In 
the case of the T=1 systems a corresponding estimate 
was obtained from the 4§ nucleon-nucleon system by 
using the trial wave function (1.5) to calculate the 
strength of the interaction required to give a resonance 
at zero energy. The values of the parameters a; and b; 
obtained in this way were not so close (and were not 
expected to be) to the optimum values for the three- 
body system as were those in the case of the T=0 
system; they did, however, provide a rational starting 
point in the search for the optimum parameters. The 
minimum value of the function @ was determined with 
a grid of parameters (a@,b,a3,b3) which was considerably 
more open than that used for the T=0 hypertriton. 
The precise location of the minimum with respect to 
the six parameters is not of prime interest in this case 
because there is no apparent application for the wave 
function itself. It is the minimum value of ® which is 
important here, and this could be obtained sufficiently 
accurately with a little refinement in the grid in the 
region of the minimum. 

The minimum values of ® are 520 Mev f* for x=mx 
and 880 Mev f* for c=2m,. These estimates of U’* 
are 17% and 19% higher than even the largest values 
(for By=1 Mev) of U2 given in Table I for the cases 
k=mx and 2m,, respectively. This means that, even 
in the most favorable case possible (that is, assuming 
Bys=1 Mev for the T=0 hypertriton and no spin 
dependence at all), the existence of bound states for 
the T=1 systems is excluded. 


5. DISCUSSION 


The use of the trial function (1.2) has led to a 
substantial improvement in our estimate of U2 for the 
hypertriton. The values of U’; for Bs=1 Mev given in 
Table I [column (x) ] are about 10% lower than the 
previous estimates® [column (xii) of Table I]; and those 
for Bs=0 are about 20% lower than those previously 
obtained. It seems reasonable to believe that these 
present values of U2 are quite close to the exact ones 
appropriate to the physical assumptions underlying our 
calculations. Since a deviation of the trial function 
from the exact wave function by an amount e leads 
only to a deviation in the estimate of U, by an amount 
of order é’, it follows that the hypertriton wave function 
we have obtained [the function (1.2) with the optimum 
parameters given in Table I] is not so close to the exact 
one. This is, of course, a characteristic of the variational 
method. In the present case, so far as applications to 
other properties of the hypertriton are concerned, the 
most important defect in the wave function (1.2) is 
the incorrectness of its asymptotic form. For example, 
in the calculation of the matrix element for the decay 
process 


aH? > He*+2-, (5.1) 
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the main contribution to the integral involved comes 
from the inner regions of the ,H* wave function where 
the form of the wave function is probably described 
adequately by (1.2); however, with the small value of 
By, the normalization of the wave function is determined 
to a large extent by the form of the wave function in 
the asymptotic region. Consequently, with the incorrect 
asymptotic form of the wave function (1.2), the matrix 
element for the process (5.1) calculated with this wave 
function will differ from the correct one by an undeter- 
mined factor exceeding unity. This is apparent for the 
limiting case of B,=0, for which the matrix element for 
this process should be zero, whereas use of the function 
(1.2) leads to a nonzero value. 

It is, of course, possible to construct a trial function 
which does have the correct asymptotic form in the 
regions of large separations. For a large separation of 
the A particle from the center of mass of the nucleons 
(with ry~r2~R) such a wave function should be 
proportional to exp(—a,R)/R, with 


a= {4MMB,/(2M+M,)} :: 


For a large separation p of either nucleon from the 
center of mass of the A particle and the other nucleon 
(with r:~r3~p) the wave function should be propor- 
tional to exp(—anp)/p, where 


dn={2M(M+M4)B/(2M+M,)}}, 


and B denotes the total binding energy of the system, 
Bp+ By. An example of such a trial function with the 
correct asymptotic forms and with the flexibility of the 
function (1.2) is 


(5.2) 


(5.3) 


(e-“"1+- xe bri) (¢@ aret ve br2) (¢ asrs4 ye bara) 
— <e (54) 
{ (ri: +A) (ro+A)(r3+C)}! 


The quantities a and a; are chosen to give the correct 
asymptotic forms; that is 


2a=d,, atazs=dp. (5.5) 


The variation parameters are b, b3, x, y, A, and C. 
Unfortunately the amount of labor involved in a 
variational calculation for Us with this function would 
greatly exceed that of the present work with the trial 
function (1.2). The integrals occurring with the use of 
(5.4) are not at all simple although they can all be 
expressed in terms of derivatives of the basic integral 


expl— (ayri+aore+ayr5) | 
fff di rd rod rs, 
; (73 +A) (ro+A 2) (r3+A3) 
D 


where D is the usual domain r1+r273, rotr32n1, 
rstnZ fr. 

An ad hoc method of normalizing the wave function 
(1.2) in a manner appropriate for such applications as 
the calculation of the matrix element for the hypertriton 
decay (5.1) is the following: Each factor of (1.2) is 


(5.6) 
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TABLE II. Spin dependence of the A-nucleon interaction.* 











V,>V. 
Us(Mev f’) V, (Mev f) 


£25 210+ 8 


695425 
910-445 3344.26 


Range 


420415 
667452 


K=MK 
x=2m, 


V.(Mev f2) 


—90+90 


V..(Mev f) Bs. 


228+12 0.72 
386+39 0.69 


V (Mev f’) 


156+10 
174+21 





65+34 





* The most probable value given for U: in this table corresponds to Ba =0.25 Mev; the uncertainty given for U2 is such that the lower limit equals 


the value of U2 corresponding to Ba =0. 


replaced by the corresponding asymptotic form of the 
function (5.4) beyond the point at which the logarithmic 
derivatives of these two functions are equal. For the 
factor containing 7;, for example, e~*"'+xe~*” is to be 
replaced by e~*"!/r,! for r;>51, where s; is defined by 


a+xbe—*1°o-2) 1 


—$_—___—___- =q — 


1+-xe7-21(0-2) a 2s; 


The wave function (1.2) having been modified in this 
way, the normalization constant for the wave function 
[determined from the normalization integral (2.2d) ] 
will have the correct dependence (that is, proportional 
to Bs*) on By for sufficiently small Bs. 

These remarks on the defects of the trial function 
(1.2) apply more strongly to its use for the T=1 
three-body hypernuclear systems with B=0 than they 
do to the T=0 hypertriton. For the T=1 systems, the 
use of the wave function (5.4) with a=a;=0 should 
result in some further reduction (perhaps by several 
percent) in the estimate of the critical value U,'*. The 
values obtained for U,'* on the basis of the function 
(1.2), however, are already between 15 and 20% higher 
than the values obtained for LU’. even with the assump- 
tion of a value for By (1 Mev) above the range at 
present consistent with the ,H* data. Even if there were 
no spin dependence in the two-body A-nucleon inter- 
action, this result implies that the existence of a bound 
state is highly improbable for am*; and the additional 
Coulomb repulsion makes the existence of a bound state 
for ,He*® even less probable. Any spin dependence in 
the two-body A-nucleon interaction makes this conclu- 
sion stronger. Moreover, it appears unlikely that this 
conclusion would need any modification if three-body 
potentials due to pion exchange processes were to 
contribute appreciably to the interactions in the three- 
body hypernuclear systems.”! 

It is of interest to compare the values of L’, obtained 

*t Weiizner® and Spitzer‘ have found that, in the lowest approxi- 
mation of meson theory, the central, static three-body potential 
between a A particle and two nucleons has the form 0;-02%; 
- 2D (ri,r2). This potential may contribute as much as 10 or 15% 
to the value of U2. Since @,-@2%,-t2=—3 for both T=0 and 
T=1 S states, however, the contribution of this three-body 
potential to U.’* will have the same sign as and magnitude 
comparable with its contribution to U2, so that the above discus- 
sion would be essentially unaffected by the presence of such a 
three-body potential. In the next approximation of meson theory, 
there will arise three-body potentials whose sign will be opposite 
for T=0 and T=1 states; but these are potentials of shorter 
range whose contributions to U2 and U.’* will be an order of 
magnitude less than that of the simplest three-body potential. 


here with the values recently obtained? for U3 and U, 
from the analyses of the 4H‘, ,He* doublet and of ,He’. 
On account of the uncertainty of the value of By, for 
the hypertriton, we can only say that it is unlikely that 
U> lies outside the range 407 to 430 Mev f* for kx=mx 
and outside 621 to 700 Mev f* for x=2m,. A further 
uncertainty in this comparison arises from the fact that 
the calculations of U, for the heavier hypernuclei were 
carried out for a A-nucleon potential of Gaussian form, 
whereas the use of a Yukawa potential was more 
convenient for the calculations of U2 reported in this 
paper. In column (xii) of Table I volume integrals U» 
are given for the Gaussian potentials equivalent to the 
Yukawa potentials used here, in that they have the 
same intrinsic range and give rise to the same zero- 
energy scattering length. It is with the volume integrals 
Us, of these equivalent Gaussian potentials that the 
following comparisons are made. 

Neglecting the possible contribution of three-body 
potentials, the volume integral LU’, of the total A-nucleon 
interaction in ,He? is 


U,s=3V,+ V.. 


The expressions for U2 in terms of V, and V, are given 
by (3.1a) for V,>V. and by (3.1b) for V.>V,. The 
values of V, and V,, deduced from expressions (3.1) 
and (5.8), are given in Table II. The value s, of the 
well-depth parameter of the more attractive potential 
is also given in the table; the improved estimates of U2 
have led to a reduction in the values of ss by 10-20% 
from the values previously obtained.? From the present 
results it appears that the existence of a bound state 
of the A-nucleon system is strongly excluded.” The 
essential features of the spin dependence shown in 
Table II are the same as those of the previous work, 
although the spin dependence is now somewhat weaker. 
The values expected for the volume integral U3 of the 
total A-nucleon interaction in the ,H*, ,He* doublet are 


Us=(Ust+ U2)/2 V,>Va, (5.9a) 
U;=3(Us+2U2)/8 for Va>V,.  (5.9b) 


2 T. Truong, Phys. Rev. (to be published) has found that the 
presence of hard cores in the A-nucleon and nucleon-nucleon 
interactions in the hypertriton sensibly increases the predicted 
value of s,. The conclusion that no bound state exists for the 
A-nucleon system would not be affected unless the hard core 
radii were greater than 0.6 f. See also the previous work of D. B. 
Lichtenberg, Nuovo cimento 8, 463 (1958), which is an adaptation 
to the hypertriton of the work of Kikuta et al. [Kikuta, Morita, 
and Yamada, Progr. Theoret. Phys. (Japan) 15, 222 (1956) ] on 
the nuclear three-body system with hard cores. 


(5.8) 


for 
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The values predicted by (5.9), based on the present 
values of Us, are not in disagreement with the values 
obtained for U3; from the earlier analysis’ for either 
V»> Vor V.> V, The evidence from the ,H*, ,He' 
doublet, in addition to that from ,H* and ,He', there- 
fore does not allow a decision to be made as to whether 
the singlet or triplet A-nucleon interaction is the 
stronger. Such a decision can, however, be made on the 
basis of the observed mesonic decays of ,H* and ,H’. 
From the high proportion of two-body decay events it 
can be concluded™ that the ground-state spins of ,H* 
and ,H* are 0 and 3, respectively. This means that 
V.>V, and that the well-depth parameters s=0.72 
(k= mx) and 0.69 (x=2m,) of Table II are appropriate 
to the 1S A-nucleon state.” 

It is appropriate to emphasize the uncertainty in 
these remarks on the A-nucleon potential which arises 
from the possibility of three-body potentials. Although 
three-body potentials may have a moderately small 
effect for ,H*, contributing u (say) to U», their effect 
may be appreciable for ,He®, with a contribution of at 
least 6u to Uy. The existence of moderate three-body 
potentials could, therefore, appreciably modify our 
conclusions on the amount of the spin dependence of 
the A-nucleon interaction. A repulsive three-body po- 
tential would mean that the values of Uy and U2 could 
be accounted for with less spin dependence in the 
two-body A-nucleon potential, and vice versa. The 
essential conclusion of this paper, that the two-body 
potential is not strong enough to bind the A-nucleon 
system, could seriously be brought into question only 
in the case V,>V, and then only if the three-body 
potential were so strongly attractive that the ,He® 
binding energy required a very weak or repulsive *S 
A-nucleon potential. 

One question which depends sensitively on the 


% The values of U’; obtained from ,4H*, ,He‘ depend considerably 
on the rms radius R; assumed for the H’, He’ core of these hyper- 
nuclei, a parameter for which there is no direct measurement yet 
available. With the range 1/mx for the A-nucleon potential, values 
of 600 and 695 Mev f* were obtained for U3 with values of R; of 
1.38 f and 1.58 f, respectively; with the range of 1/(2m,), the 
corresponding values of U; were 820 and 915 Mev f*. The value 
of U; predicted by (5.9b) for Va>V >» (the case which appears to 
be appropriate to the actual situation) would require a value of 
R; close to the smaller of the two values considered. More adequate 
allowance for the distortion of the H*, He* core by the presence 
of the A particle than was made in reference 2 would lead to some 
reduction in the values of U; obtained there. It is possible that 
such improved values would agree satisfactorily with the U; 
predicted for V,>V,, even for a value of R; the same as or larger 
than the rms radius of Het. 

24 A qualitative discussion of the two-body decay of ,aH* was 
given in reference 2. A quantitative calculation for the two 
systems has been made by R. H. Dalitz, Phys. Rev. 112, 605 
(1958), and for 4H’ by M. Leon, Phys. Rev. (to be published). 

Note added in proof.—Further investigation of the effects of the 
Pauli principle on the 4H‘ decay modes by R. H. Dalitz and L. 
Liu (report in preparation) shows that this conclusion cannot be 
based on the 4H‘ branching ratio data alone. If further arguments 
concerning the branching ratio for nonmesonic modes of jHe 
decay are accepted, it appears probable that this conclusion is 
still valid. 
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existence and character of three-body potentials is that 
of the existence of an excited bound state ,H**. This 
question is primarily of interest for the case V.>V,, 
where the spin of the ground state of ,H* is zero (see 
reference 2). In this case, the potential appropriate to 
the interaction between A and Hi? in the J=1 state is 
measured by the volume integral*® U;’: 


U,/= U3- (V.— V,). 


There will then be a bound state ,H** with J=1 only 
if U;’ exceeds a certain critical value U;* [given in 
reference 2 as U; (Ba=0)]. The greater the spin 
dependence of the two-body A-nucleon potential, the 
smaller is the value of U;’ and the less likely is the 
existence of a bound state ,4H**. The spin dependence 
found here neglecting three-body potentials would 
mean that the existence of this bound state is almost 
certain, especially for a triton radius R3 smaller than 
the radius of the alpha particle. The presence of a 
repulsive three-body potential would reduce this spin 
dependence and require an ,H** state with an appreci- 
able binding energy. On the other hand, the presence 
of an attractive three-body potential, such as that 
computed by Spitzer,‘ would call for a stronger spin 
dependence in the two-body potential and would make 
it unlikely that a J=1 bound state should exist. 


(5.10) 
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APPENDIX 


The coefficients Tagy, a’a’y’ required in the expression 
(2.5) for T(~,~) and the corresponding coefficients 
required in the corresponding expressions for u(y,W), 
v(y,w), and N(y,~) can all be expressed in terms of the 
algebraic functions 


== (—1)itete 


Limn= 
le ae wt de a 
x(—) (—) (—) Tooo(A BC), (A1) 
aA aB ac 


where 


To00(A BC) = fe (AritBretCrs)dy drodrs 


2 
- (A+B)(B+C)(C+A) 


*5 Note that a three-body A-nucleon potential of the form 
corresponding to the simplest possible pion exchange processes 
will contribute equally to Us and U;' (see footnote 21). 
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The required coefficients are 


T apy, "tk seen 
2M 


ai 
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M 
24343y'+ (14) cretre-+ ass) T11;(A,B,C) 
MA 


i pe aaaten taavaae ){T 20(A »B,C)+T102(A ,B,C) — Is00(A BC)} 
4] 


1 


Fo eartie taratter){ Toy2(A ,B,C)+T10(A ,B,C) = To30(A BC)} 


1 
+- —(1a429'+ 428010’) {T201(A BC)+To21(A BC) - T93(A BC)} > 


A 
Vafy, a’B’y’ = Ty10(A ,B, C+ks) /k >: 
UaBy, a’ By’ = {Tou(A +x, B,C)+TioalA, B+k, C)} ‘kK; 
N aby, a’ B’y’ = T11,(A B,C). 


The arguments A, B, and C are combinations of the 
parameters dj. given in Eq. (2.4): 


A=QatQia, B=de2gtaeg, C=43,+43,. (A7) 


Explicit expressions are given here for the various 
Timn Which appear in (A3)—(A6) and for the combina- 
tions of Zim, Which appear in (A3). 

Ty11 (x,y,z) = 8{x(x+y) (x+2)+y(y+z) (y+) 
+2(s+x)(s+y)+2(«+y)(y+z)(s+2)} 
X { (x+y)? (y+2)3(z+x)3}-1. (A8) 


The functions J119, Z101, and Zo, which appear in (A4) 
and (A5), differ from one another only by permutations 
of their arguments, that is, 
Tou (x,y 2) = Ti10(4,2 x) = Thy (z,y,x), 
oa sige Po (A9) 
Tho (x,9,2) - Ty10(z,x,y) = Th10(x,2,9), 


where 
Th10(x,y,2) =4{ (x+y) (a+y+2)+ (a+2)(y+s)} 
X{(xt+y)*(y+2)?(s+x)7}-7. (A10) 


Each of the combinations of J, occurring in the second, 
third, and fourth terms of (A3) can be expressed as a 
single function which is no more complicated than any 


(A3) 


(A4) 
(AS) 
(A6) 


one of the ae which it includes. These ‘combinations 

are 

T,20(A,B,C)+J102(A,B,C)—I300(A BC) 
=J(B,C,A)=J(C,B,A), 

T12(A,B,C)+I210(A BC) — I030(A,B,C) 
=J(C,A,B)=J(A,C,B), 

T2,(A,B,C)+T021(A BC) —Io03(A BC) 
=J(A,B,C)=J(B,A,C). 


(A11) 


where 


J (x,y,2) = 16 (x*+-y*)2?+ (22+-y") (427+ xyz) 
+ (x+y) (424+ Txyz)+2°+ 327y’s+ 10xyz*} 
X{(xty)P(y+e) (eta). 


The use of the function J(x,y,z) reduces the number of 
functional forms necessary for the evaluation of all the 
coefficients to the three of (A8), (A10), and (A12). 

A simplification in the explicit expressions for T(y,y), 
v(v,~), u(v,p), and N(y,W) can result from the evident 
symmetry of the functions Jin, Zio, and J if their 
arguments have common values. In the problem treated 
in this paper the set of values of A and B, given in 
Eqs. (A7) and (2.4) are the same. This reduced from 
27 to 18 the number of coefficients Nagy, a’p’y Which 
had to be evlauated for NV (yy). Similar reductions were 
possible for T(¥,y) and v(y,y). 


(A12) 
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Search for Dirac Monopoles* 


HuGuH BRADNER AND WILLIAM M. ISBELL 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 24, 1958) 


Nuclear emulsions were used to establish the following upper limits for the production of Dirac mono- 


poles by 6.3-Bev protons: 


If poles of protonic mass are produced by direct nucleon-nucleon collision, the production cross section 


is less than 2X 10% cm? per nucleon. 


If poles of protonic or lower mass are produced by direct or by secondary processes and are subsequently 


held in matter with a binding energy less than 3 ev, the production cross section is less than 1.5 10737 cm? 


per nucleon. 
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If poles of protonic or lower mass are produced by direct or by secondary processes and are subsequently 
held in matter with a binding energy between 3 ev and 20 ev, the production cross section is less than 


10” cm? per nucleon. 


INTRODUCTION 


N 1931, P. A. Dirac pointed out that the existence of 

one free magnetic pole of strength uo=hc/2e would 

be sufficient to quantize the electric charge of every 

particle in the universe.! In subsequent papers he and 

other investigators have further explored the character- 
istics of such a particle. 

(1) A lower limit on the mass of a monopole can be 
set at approximately the -meson mass; virtual poles 
lighter than this would result in a noticeable change in 
the Lamb shift.'* No upper limit on the mass is set; 
however, poles would presumably have to be produced 
in pairs, and hence could not be made by the Bevatron 
if they were appreciably more massive than protons. 
(2) The magnetic field at a distance r cm from a Dirac 
pole would be V(137/2r?)4.8X 10- gauss, where N is 
an integer which in this paper we arbitrarily take to be 
unity. Some unique properties resulting from the high 
“effective charge” of the poles would make them easy 
to detect: 

Poles would gain energy at a rate of 300N(137/2)H 
electron volts (ev) per cm when being accelerated by a 
magnetic field of H oersteds. The radiation damping 
during acceleration can be computed in the same way 
that Schwinger has done for electrons.'’ The rate of loss 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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would be (137N/2) as large as for unit electrical charge 
of the same mass and energy. 

Poles moving through matter with relativistic velocity 
would lose energy primarily by direct interaction be- 
tween the field of the moving pole and the charge of 
atomic electrons.’ The rate of energy loss would be 
(137N/2)? times the dE/dx of protons with the same 
velocity. This rate of energy loss would be approxi- 
mately constant down to low velocities; then it would 
fall to zero without a Bragg tail. 

Very-low-energy poles are expected to be bound in 
matter with an energy of the order of chemical binding, 
viz, a few electron volts. It should be possible to re- 
move them by applying a sufficiently strong magnetic 
field. The effect is analogous to the rupture of electrons 
from insulators by strong electric fields. 

A monopole should be stable until it encounters a 
monopole of opposite polarity. We would expect the 
interaction distance to be small compared with atomic 
dimensions. 


EXPERIMENTS 
I 


A 0,005-in.-thick aluminum target, inclined 45° from 
the vertical, was placed in a field of 14.2 kilogauss inside 
the Bevatron, and exposed to a total beam of 5X10" 
protons of 6.2 Bev. Dirac monopoles formed at rest in 
the center-of-mass system would follow a hyperbolic- 
cosine path as they traveled downstream and “fell” 
under the influence of the magnetic field. It can easily 
be shown that the equation for the trajectory of a 
monopole emitted at an initial angle @ from the hori- 
zontal would be given by 


y=A [cosh(x/BoA cos?) — 14+ Bo sing sinh(x/ByA cos) |, 


where A= 2yompc?/137eH, and radiation due to accel- 
eration has been neglected. Radiation losses of the 
accelerated pole would introduce a very small correction 
to this trajectory. 

A monopole of single-pole strength would gain an 
energy of 4.1 Bev in falling the 14 cm to the lower pole 
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face of the Bevatron. If monopoles of protonic rest mass 
were produced, they could have a small motion in the 
c.m. system, and would strike the pole face in a spot of 
approximately 5 cm diam at a distance of 13 cm down- 
stream from the target. Nuclear emulsions wrapped in 
().005-in.-thick black paper were placed on the lower 
pole face to detect any Dirac monopoles that struck 
there. Emulsions were also placed at smaller distances 
downstream to detect monopoles down to 7-meson mass. 

The Dirac poles should be easy to detect, since they 
would deposit 4 Bev of energy in traversing the black- 
paper wrapping and 1000 y» of emulsion. 

We achieved low sensitivity to electrons and gamma 
rays by processing 200-4 D.1 emulsions in D-19 devel- 
oper for 1 hr at 5°C. Sensitivity to highly ionizing par- 
ticles was checked by observation of naturala-particle 
background in the emulsions and by observation of 
a particles and fissions from Cf*® which had been soaked 
into several spots on the emulsions. 

No evidence was found for monopoles produced at 
rest in the c.m. system, in the mass region between 
proton and x meson. The 1-in.-wide emulsions would 
have intercepted about half of all poles of protonic 
mass if they were produced with spherically symmetric 
distribution in the c.m. system. If we consider that the 
proton beam circulating in the Bevatron makes about 
two traversals through the target, we can set an upper 
limit of 2 10-** cm? per nucleon for the production of 
Dirac monopoles of protonic mass by primary processes 
in an aluminum target bombarded with 6.3-Bev protons. 
The corresponding cross section for monopoles of - 
mesonic mass is approximately 10—* cm’. 

It has been pointed out that parity would not be 
conserved in the production of Dirac monopoles in 
nucleon-nucleon collisions.!* Monopoles produced in the 
target by secondary processes in the above experiment 
would not have been detected unless the monopoles had 
high forward velocity in the laboratory system. 


II 


A copper target } in. thick and 2 in. high was placed 
in the 14.2-kilogauss field in such a position that the 
proton beam struck the upper edge of the target. Emul- 
sions were placed 7 cm vertically below the bottom of 
the target. In this arrangement, monopoles of any mass 


18 See, for example, Norman F. Ramsey, Phys. Rev. 109, 225 
(1958). 
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produced by primary or secondary processes in the 
target would lose horizontal momentum in less than a 
millimeter of travel. All south poles would diffuse down- 
ward under the action of the magnetic field, unless they 
were bound too strongly in copper. Upon leaving the 
target they would be accelerated, and would have 
2X 10° ev energy when they struck the emulsion. 

We can estimate the maximum binding energy that 
would permit the removal of monopoles bound to atomic 
electrons in the target by computing what kinetic energy 
they would attain when accelerated from rest by a mag- 
netic field of 14.2 kilo-oersteds through a distance of 
their bound-orbit radius. Using the uncertainty relation 
to establish this radius, we compute that poles bound 
with less than 3 ev would escape from the target. 

The target below the region of proton impact acted 
as an absorber of low-energy electrons, so that bombard- 
ment by 10” protons could be made without producing 
severe background in the emulsions. No monopoles were 
observed. We therefore conclude that the cross section 
for production of Dirac monopoles of any mass less than 
protonic by 6.2-Bev protons on copper is less than 
1.5 10~*7 cm? per nucleon unless monopoles are bound 
in matter with an energy of more than 3 ev. 


III 


A 3-mm-thick polyethylene target that had been 
bombarded in the Bevatron for an estimated integrated 
flux of 10'’ protons at approximately 6 Bev was placed 
2.5 cm from nuclear emulsions and was then exposed to 
a 200-kilo-oersted field. No monopoles were found. We 
therefore conclude that the cross section is less than 
10~* cm? per nucleon for the production of Dirac mono- 
poles with binding energy between 3 and 20 ev in 
polyethylene. 
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Angular Distributions of Photopions from Hydrogen* 
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An accurate measurement of the differential cross section for the photoproduction of positive pions from 
protons has been made at the Berkeley synchrotron for photon energies of 260 and 290 Mev. The mesons 
were produced in a thin-walled liquid-hydrogen target, and the meson-detection apparatus utilized the 
characteristic decay of the pion. The measurements were done in two steps, from 0° to 50° with equipment 
specifically designed to reduce a very high forward-angle positron background, and from 30° to 160° with 
equipment whose efficiency and solid angle could be accurately determined. 

The abrupt flattening of the observed cross section in the region forward of 40° is due to “photoelectric 
ejection”’ of pions from the cloud surrounding the nucleon. The results are compared to the theory of photo 
production derived from the dispersion relations, and the agreement is satisfactory within the limitations 


of the theory. 


INTRODUCTION 


HE photoproduction of positive pions from hydro- 

gen is one of the fundamental reactions en- 
countered in the study of r-meson phenomena and as 
such has been investigated quite extensively wherever 
high-energy photon beams have been available.!~-” 
Recently, however, with the advent of more refined 
theories describing the photopion interaction," there 
has been a revival of interest in the measurement of the 
reaction, for the existing data are insufficient to confirm 
some of the finer details of these theories. 

Very little experimental information has hitherto been 
available on the angular distribution of this reaction in 
the angular region from 0° to 40°, where it is more diffi- 
cult to make accurate measurements owing to the high 
electron background present. Furthermore, the existing 
data over the remaining angular range were neither 
internally consistent between the various laboratories 
nor statistically accurate enough to enable a critical 
selection between the various forms of the theories to be 
made. 

With this in mind, the measurement of the differ- 
ential cross section was undertaken with the dual aims 
of obtaining data in the region forward of 40° (c.m.) and 
of i materially reducing the errors associated with the 
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values of the cross section over the angular interval 
from 40° to 160°. Our measurements were made in two 
steps: from 0° to 50° (c.m.) with equipment specifically 
designed to reduce the background, and from 30° to 
160° with more conventional apparatus, which allowed 
enough overlap for careful normalization. 

Similar experiments on the forward-angle region have 
been done by Lazarus" at Stanford University and by 
Malmberg and Robinson" at the University of Illinois. 
These experiments (performed at different energies and 
by different techniques) show essentially the same be- 
havior as the results reported here. 


EXPERIMENTAL PROCEDURE 
A. Electronics 


In both the small-angle and large-angle regions the 
mesons were detected by identifying their r-u decay by 
the use of well-known delayed-coincidence techniques. 
A full description of the electronic apparatus used in 
this experiment has been reported elsewhere.'® Figure 1 
shows a block diagram of the electronics. Briefly, its 
operation is as follows: When the correct combination 
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Fic. 2. Counter telescope used in the small-angle measurements. 


of coincidence and anticoincidence pulses is registered 
in the multiple coincidence-anticoincidence unit, a 
6X 10~-*-sec gate is formed by the gate generator. This 
gate is placed in delayed coincidence with pulses from 
the scintillator in which the pion stops, the delay being 
so adjusted that a pion which has come to rest in the 
stopping counter (and thus is of the correct energy) is 
registered in Coincidence 1 if it decays between 3X 10-® 
and 9X 10-* sec after coming to rest. It is also possible 
for accidental counts to occur in Coincidence 1 from two 
particles passing through separated by between 3X 10-* 
and 9X10-* sec, or from u-e decays in this interval. 
Since these events are not strongly dependent on the 
delay time of the gate, they may be measured by making 
a coincidence with an identical gate delayed several pion 
half-lives from the pulse of the stopping pion. Coinci- 
dence 2 delayed by 12X 10-8 sec serves this function. 


B. Counter Telescopes and Experimental 
Arrangements 


The channel and telescope used in the small-angle 
measurements are shown in Fig. 2. The 340-Mev brems- 
strahlung beam from the Berkeley synchrotron was 
incident on a liquid-hydrogen container; the mesons 
produced were deflected by a magnetic channel and were 
detected by the counter telescope shown at the end of 
the channel. The target had thin walls made of Mylar, 
a material which, by virtue of its low atomic number, 
does not produce a large background of electron pairs. 

The entrance and exit windows of the target vacuum 
jacket were sufficiently isolated from the target volume 
so that they made no appreciable contribution to the 
background. A sweeping magnet was provided between 
the entrance window and the target to remove any 
electrons or positrons from the incoming beam. 

Positive particles, deflected by the magnetic field, 
were incident upon a lead filter placed as shown in Fig. 2. 
The positrons incident on this lead initiate showers with 
quite high probability and thus are removed from the 
beam, while the pions undergo some Coulomb scattering 
but are attenuated much less than the positrons. The 
thickness of this lead was chosen to minimize the posi- 
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tron flux at the telescope while keeping the loss of 
mesons due to multiple Coulomb scattering as small as 
possible. For the 260-Mev photons, 1.5 cm of lead was 
used, as shown in Fig. 2, presenting 2.75 radiation 
lengths to the positrons. For the 290-Mev photons, 
2.5 cm was used. 

The counter telescope required a triple coincidence 
(1, 3, and 4) to trigger the gate generator. Counters 2 
and 6 were placed in anticoincidence. Counter No. 2 is 
a Cerenkov counter viewed by two RCA-6810 photo- 
multiplier tubes whose outputs were added. The sensi- 
tive area was made of Plexiglas, which has an index of 
refraction of 1.49, and is 2 in. thick. Any particle passing 
through the counter with a value of 8 greater than 0.67 
produces a pulse, and hence a coincidence will not be 
recorded. Mesons entering this counter have 6=0.64 
and thus do not make anticoincidence pulses. Positrons 
and electrons will produce pulses and thus will not trigger 
the gate. Counter 6 rejects any particle which passes 
through the entire telescope. All of these scintillators 
utilized 30-in. light pipes to remove the photomultiplier 
tubes from the high magnetic-field region. 

The energy of the meson is determined by its range, 
which is set by changing the amount of copper absorber 
placed before the telescope. The AE, accepted by the 
telescope is sufficiently narrow so that the magnetic 
selection had no effect on the energy band accepted by 
the counter telescope. 

The arrangement used for the wide-angle measure- 
ments is shown in Fig. 3. The mesons are again produced 
in a liquid-hydrogen target, which in this case is a 
cylinder 3 in. in diameter. The telescope consists of 
three scintillators to trigger the gate generator, a stopping 
scintillator, and a large scintillator in anticoincidence 
to reject all particles passing through the entire tele- 
scope. The solid angle subtended by this telescope is 
determined by the area of the front scintillator. The 
following counters are successively larger in such a way 
that multiple Coulomb scattering of the mesons in 
coming to rest may be neglected or easily estimated. 
This removes one energy-dependent correction from 
the analysis of the data. The laboratory energy of the 
meson is determined by the amount of copper abso. ber 
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Fic. 3. Counter telescope used in the wide-angle measurements. 
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placed between the second and third scintillators. The 
whole counter-telescope assembly was placed on a cart 
which was pivoted about the center of the target 
volume, and angles could be set to 0.1° accuracy. 


C. Monitoring 


The primary monitor for the bremsstrahlung beam 
in this experiment was a thick-walled ion chamber 
identical to one calibrated versus the total energy con- 
tent of the beam at Cornell University.!® This chamber 
has 1-in.-thick copper walls, making it preferentially 
sensitive to the high-energy portion of the bremsstrah- 
lung spectrum and insensitive to low-energy electrons 
in the beam. 

The calibrated efficiency of this chamber is 3.79X 10” 
Mev per microcoulomb of charge collected ; this number 
is then the value used in computing the absolute cross 
sections given in this paper. 


COUNTER-TELESCOPE CALIBRATION 


The efficiency of the r-u counter telescope used in the 
wide-angle measurements was determined experiment- 
ally in a r-meson beam at the Berkeley 184-inch cyclo- 
tron. The efficiency of this counter may be separated 
into two factors: one which arises from the loss of 
mesons that decay outside the gate pulse (electronic 
efficiency), the other from the loss of mesons by nuclear 
absorption and scattering as they come to rest in the 
stopping scintillator. At the cyclotron, both the elec- 
tronic efficiency and the total efficiency were measured. 
When the absorption loss was calculated from previous 
experimental data and combined with the electronic 
efficiency, the two methods of calibration agreed very 
well, as shown in Fig. 4. 

In order to determine the total efficiency experiment- 
ally, which is the product of the two factors above, first 
the various constituents of the x beam were determined. 
This was done by measuring a range curve. Since the 
u-meson and electron contamination in the beam have 
longer ranges than the pions, it is possible to determine 
the fraction of pions in the original beam. Then the z-y 
counter was placed in the beam, and the number of 
mesons counted by m-u decay were determined. Because 
the AE, of the telescope was somewhat smaller than the 
AE, of the beam, the telescope counting rate was deter- 
mined for several values of the mean pion-acceptance 
energy within the energy band of the beam, and the 
total number counted was determined by an appro- 
priate summation. The ratio of the pions counted by 
a-u decay to the number incident determines the effi- 
ciency. This procedure was undertaken at pion energies 
of 72, 87.5, and 115 Mev. 

The efficiency may also be determined in an inde- 
pendent manner, which serves as a check on the method 
described above. It is possible to determine the elec- 
tronic efficiency separately, and then compute the total 


16 R. R. Wilson, Cornell University (private communication). 
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Fic. 4. Wide-angle telescope efficiency as a function of pion 
energy, from the cyclotron calibration. The solid curve represents 
the calibration utilizing the half-life curve and the measured ab- 
sorption cross sections; the experimental points represent the ratio 
of pions incident to pions counted by means of w-u decay. 


efficiency from this. In order to accomplish this, the 
telescope absorber was adjusted so that only pions 
stopped in the stopping scintillator. Then the gate was 
centered on the pulse of the stopping pion. The ratio of 
delayed counts to undelayed counts gives directly the 
efficiency due to electronics. The loss due to nuclear 
absorption was calculated from the known absorption 
cross sections in various elements,!’ and the number of 
pions lost by multiple Coulomb scattering and diffrac- 
tion scattering was estimated. The total efficiency was 
obtained in an independent way by combining the elec- 
tronic efficiency with the othei calculated losses. 

Figure 4 shows the results of these measurements. 
The solid line is the efficiency determined by the calcu- 
lation of the absorption loss coupled with the electronic 
efficiency. The experimental points represent the effi- 
ciency directly determined from the cyclotron calibra- 
tion described above. The errors quoted on these points 
represent estimates on possible systematic errors and do 
not represent statistical counting errors which were 
much smaller. 


CALCULATION OF CROSS SECTION FROM 
MEASURED COUNTING RATES 


A general expression relating the observed counting 
rate in the wide-angle telescope to the differential cross 
section may be written 


dQ*e dQ*¥Qtenh 


17R, Martin, Phys. Rev. 87, 1052 (1952). 


do dQ 1114 ( 


dk J n»AE, 
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290 Mev 
da/da* 


(ub/sterad) 
6.90+0.58 
7.16+1.07 
7.62+40.73 
6.96+0.48 
9.23+0.58 
11.90+-0.43 
15.90+0.51 
19.86+0.46 
19.50+-0.54 
16.72+0.40 
13.76+0.59 


260 Mev 
da/dQ* 
o* (ub/sterad) 


0 6.62+0.65 0 
10 6.68+1.13 10 
20 6.46+-0.76 20 
25 6.554-0.87 30 
30 6.49+4-0.51 40 
40 7.92+0.49 50 
53 10.604-0.50 70 
70 15.3540.39 90 
90 17.59+0.47 115 

115 17.88+0.37 140 
140 17.60+0.34 160 
160 16.47+0.38 


Ctotal = 1854+13.5 microbarns Ctotal = 199+14 microbarns 


Here do/dQ* is the differential cross section in the 
center-of-mass system; Y is the number of counts per 
microcoulomb charge integrated from the ‘Cornell’ 
ionization chamber; dQ/dQ* is the lab to c.m. solid- 
angle transformation; { is the solid angle subtended by 
the telescope in the laboratory system; ¢ is the thickness 
of the liquid-hydrogen target in hydrogen nuclei per 
cm’; ¢ is the efficiency of the counter telescope; A is 
SRN (k)dk for the bremsstrahlung spectrum, nor- 
malized to [kN (k) ],-0=1, measured in Mev; » is the 
ratio of the total energy in the beam to the integrated 
charge from the ionization chamber in Mev per micro- 
coulomb; & is the mean energy of the photon inducing 
the reaction; / equals kN (k) for the normalized brems- 
strahlung spectrum at k; (dE,/dk) 0. is the change in 
pion energy with photon energy evaluated at a fixed 
laboratory angle; and AZ, is the pion energy interval 
accepted by the telescope. 

The kinematics of this reaction have been calculated 
on the Illiac digital computer by Malmberg and 
Koester,!§ and these tables have been used to determine 
the quantities do/dQ* and E, as a function of the angle 
for a given photon energy. Here (dE,/dk) 60, was ob- 
tained by numerical differentiation of these tables. The 
value of NV is obtained from a calibration of the ioniza- 
tion chamber undertaken at Cornell University, and is 
taken to be 3.79 10" Mev/microcoulomb at kmax= 340 
Mev. The pion-energy interval to which the counter 
was sensitive was computed by determining the range 
of energy covered by pions that would stop in the stop- 
ping scintillator, with a small correction applied for edge 
effects. This quantity is a function of the mean energy 
of pions stopped in the scintillator and thus varies with 
angle for a given photon energy. The efficiency, e, of the 
counter used in the large pion-angle investigation is 
determined from the calibration data taken at the cy- 
clotron, with an additional correction applied for meson 
decay in flight. 

In the small-angle studies, only a relative measure- 


‘6 J. H. Malmberg and L. J. Koester, Jr., Physics Research 
Laboratory, University of Illinois, 1953 (privately circulated 
tables). 
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ment of do/dQ* was required, so that only the parts of 
the above general expression which depend on the angle 
need be evaluated. In this case, we have 


do Y dQ /dEk, 
Yay) : 
dQ* AE, dQ*N\ dk J oi 


where in this expression e’ need not be absolute but need 
only reflect the variation of efficiency with pion energy. 
This may be computed from the known pion absorption 
cross sections. The other quantities are computed as 
before. 

The error associated with the relative angular dis- 
tributions is taken to be that introduced by the counting 
statistics only. Systematic errors that would alter the 
distribution might occur in the computation of AZ, and 
e’, but it is felt these quantities are known well enough 
to be certain that their contribution to the error is neg- 
ligible. However, more serious systematic errors are 
possible in the evaluation of the absolute value of these 
points, the most serious of which is the calibration of 
the photon-beam ionization chamber. Estimates of the 
uncertainties in the absolute determinations gives an 
error for the total cross section of about 7%. 

Table I gives the data in terms of the differential 
cross section in the center-of-mass system. 
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Fic. 5. The differential cross section for photoproduction of 
positive pions from hydrogen at a photon energy of 260 Mev. 
Superimposed on the data reported here are the results of the 
magnet and counter groups’ determinations at the California 
Institute of Technology and the data taken from Bernardini’s 
compilation. 





ANGULAR DISTRIBUTIONS 

The small-angle measurements have been normalized 
by a least-squares procedure to the large-angle data in 
the angular region of overlap. In no case were these 
points separated by more than one standard deviation 
after normalization and the normalization error has 
been propagated to the small-angle points. 


DISCUSSION 


The data from Table I are shown in Figs. 5 and 6, 
along with the data obtained previously at the 
California Institute of Technology by magnet® and 
counter telescope’ techniques, and with the data com- 
pilation of Bernardini e¢ a/.§ Examination of these points 
shows that while all previous sets of data have the same 
gross features, namely the peaking around 90° c.m., and 
the asymmetric forward-to-backward ratio, there are 
inconsistencies in the specific shapes of the curves which 
appear to be outside that ascribed to the statistical 
errors associated with the measurements. This incon- 
sistency is most apparent at 290 Mev, where the counter- 
telescope data from the California Institute of Tech- 
nology is larger than the magnet data in the forward 
direction, and smaller in the backward direction. The 
same effect will be noted in the 260-Mev data, although 
to a lesser degree. The measurements reported here 
indicate that the behavior of the differential cross sec- 
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Fic. 6. The differential cross section for photoproduction of 
positive pions from hydrogen at a photon energy of 290 Mev. 
Superimposed on the data reported here are the results of the 
magnet and counter groups’ determinations at the California 
Institute of Technology. 
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Fic. 7. Differential cross section for photoproduction of positive 
pions from hydrogen at 260 Mev. The solid curve represents the 
Moravesik fit to the data. 


tion is essentially that of the magnet group forward 
from 90° and that of the counter telescope group at 
angles greater than 90°. 

In the angular region forward from 40° c.m., the 
measured differential cross section at both 260 and 290 
Mev is constant within the statistical accuracy of our 
measurements. Moravcsik” has pointed out that this 
behavior arises from the existence in the dispersion- 
relations theory for photoproduction” of a term with 
the following form: 

(e-q)o: (k— 


(3) 


where k and e are the photon momentum and polariza- 
tion, q and go are the momentum and energy of the 
meson, and @ is the nucleon spin. The denominator of 
this expression may also be written as gok(1—8 cos@*), 
where @* is the pion emission angle in the center-of-mass 
system and @ is the meson velocity. Since 8 is quite 
large at these energies, this term can become quite im- 
portant in the forward angular region where cos6* is 
close to 1. This term in the matrix element corresponds 
to the direct ejection of a virtual meson from the cloud 
surrounding the nucleon. The remaining terms in the 
photoproduction amplitude correspond to absorption of 


19M. J. Moravesik, Phys. Rev. 104, 1451 (1956). 
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Fic. 8. Differential cross section for photoproduction of positive 
pions from hydrogen at 290 Mev. The solid curve represents the 
Moravesik fit to the data. 


the photon by the nuclear core and involve positive 
powers of cos@. 

To include all the terms in the data analysis, 
Moravesik has suggested fitting the observed angular 
distribution with an expression of the form 


do 4 


A,, cos"6* 


(4) 


dn* an (1-8, cos6*)? 


where the A, are to be determined by a least-squares 
fit to the data. This expansion has been performed for 
our data, and the resulting curves are shown in Figs. 7 
and 8. The values of the A, obtained are given in 
Table II. These coefficients are not simply related to 
quantities of physical interest. However, the curve they 
represent gives a true indication of the shape of the 
angular distribution and may be used to compare experi- 
mental distributions with theoretical predictions. 
Thus, in a recent paper, Taylor, Moravcsik, and 
Uretsky” have used the analytical form for the differ- 


TABLE II. Values of A, at 260 and 290 Mev. 





Ai As A; As 


~~ 6.603 —2.118 


—31.475 9.907 
19.524 — 36.867 9.479 16.272 —8.132 





*® Taylor, Moravesik, and Uretsky, Phys. Rev. 113, 689 (1959). 
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ential cross section given in Eq. (4) to calculate the pion- 
nucleon coupling constant by the following extrapola- 
tion procedure. These authors show that by making an 
analytic continuation of the functional form for do/dQ* 
to an imaginary angle 0) where cos#=1/8, they can 
then evaluate the residue at the pole at that angle. Then 
the coupling constant f? is determined by their theory 
from the measured differential cross sections alone, 
without any assumptions about charge independence. 

The values obtained for f*, using the values of the 
coefficients A, given in Table II, are 


f?=0.131+0.037 for Ey=260 Mev, 
f°=0.016+0.031 for E,=290 Mev. 


The errors in the values of /? obtained by this method 
are quite large because the numerical accuracy of the 
extrapolating procedure depends heavily on the experi- 
mental errors in the small-angle measurements. 

A theoretical formula based on dispersion theory” has 
recently been evaluated by Uretsky e/ al." using various 
assumptions about the small pion-nucleon phase shifts 
that enter the calculations but which are not known 
well experimentally.” In the initial calculations made by 
Uretsky, the P-wave pion-nucleon scattering phase 
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21 Uretsky, Kenney, Knapp, and Perez-Mendez, Phys. Rev. 
Letters 1, 12 (1958). 

2 A similar evaluation has been made by C. S. Robinson of the 
University of Illinois, whose results are in agreement with ours. 
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shifts were computed from the effective-range relations 

of Chew, Goldberger, Low, and Nambu,” and the 

S-wave phase shifts were taken to obey the relation 
26; +63;= 0.229 q; 

which is suggested by Orear’s analysis.** The results of 

this computation are shown by the solid line in Figs. 9 


and 10. 
In order to determine how sensitive the theory is to 


*% Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
(1957). 
* J. Orear, Nuovo cimento 4, 856 (1957). 
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the choice of these smal] phase shifts, Uretsky then 
made three changes. First, he set 5); to zero. The results 
here were incompatible with the experimental data pre- 
sented, because the cross section became very large at 
the backward angles. Secondly he set 63; and 6,3 equal 
to zero, leaving the other parameters unchanged. The 
results of this computation are shown by the dashed 
lines in Figs. 9 and 10. Lastly, he used Anderson’s values 
for the phase shifts 511, 631, and 6,3," with the result 
shown by the “dash dot” curves in Figs. 9 and 10. Com- 
parison of these predictions to the experimental points 
shows that the choice 63:=6;;=0 yields the best fit to 
the data in both cases. 

The results of Uretsky’s calculations are surprisingly 
sensitive to the choice of these small phase shifts, which 
are not well known experimentally. However, the photo- 
production data probably cannot be used at this time 
to determine the values of these small phase shifts. This 
inability arises in part from the large number of free 
parameters and in part from the errors in the theoretical 
expression due to the assumptions made in its deriva- 
tion, which are estimated to be of the order of 10%. The 
verification of the theoretical differential cross section 
must therefore await more accurate determinations of 
the small pion-nucleon phase shifts. 
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The production of strange particles possessing neutral-pion decay products has been investigated in proton 
bombardment of Bevatron targets. A well-collimated telescope counted energetic gamma photons originating 
within a few centimeters of the target. The position-dependent counting rate was determined by moving the 
telescope and collimation on a track parallel to the beam direction, and the resulting data were then com- 
pared to curves calculated from certain assumed kinematical models consistent with associated production. 
The counting rate and its variation with position were consistent with the identification of 6,9 + 27°, which 
implies even spin and even parity. The data also allow some gamma-ray contributions from 6+ — a*++-7°, 
z+ — p+, and A°® — n+7°. The zatio of intensities from regions “upstream” to those “downstream” from 
the target implies a strongly peaked angular distribution, forward and backward, in the reference frame of 


the colliding nucleons which produce the @,°. 


I. INTRODUCTION 


HE study of the very-short-lived (~10-" sec) 

species of strange particles requires that obser- 
vations must be made at distances within a few centi- 
meters from the point of production. In the case of 
production by proton bombardment, and in the absence 
of a proton beam emerging externally from the accel- 
erator, it is necessary to devise means of identifying 
the particles in question as they decay in the immediate 
vicinity of the Bevatron target. 

For those strange particles whose decay products 
include neutral pions, which in turn decay within 
<10~* second predominantly into energetic photons, 
it is possible to identify their production and decay by 
means of a rigidly-collimated telescope for high-energy 
photons, so oriented as to receive photons only from a 
selected, limited region of space near the target. The 
K,.2 and the =*+ were known to yield r° decay particles; 
at the time of the inception of this experiment it was 
not known whether or not both the K° and the A° had 
neutral decay modes. 

Such a technique is similar to the early attempts at 
measuring 7° lifetime by Bjorklund eé/ al.,' to the un- 
successful search for strange-particle production at 
lower proton energies by Garwin,? and by Balandin 
et al.,® and to the successful strange-particle work of 
Ridgway, Berley, and Collins‘ at the Brookhaven cos- 
motron. In the present experiment the counter telescope 
and its associated collimation were oriented at 90° 
(laboratory angle) from the direction of the Bevatron 
beam at the target, and the whole system was trans- 
lated upstream and downstream from the target in 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t+ Now with Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1 Bjorklund, Crandall, Moyer, and York, Phys. Rev. 77, 213 
(1950). 

2 R. L. Garwin, Phys. Rev. 90, 274 (1953). 

3’ Balandin, Balashov, Zhukov, Pontecorvo, and Selivanov, 
J. Exptl. Theoret. Phys. U.S.S.R. 29, 265 (1955) [translation: 
Soviet Phys. JETP 2, 98 (1956) ]. 

4 Ridgway, Berley, and Collins, Phys. Rev. 104, 513 (1956). 


order to observe the projected decay density of the 
strange particles as a function of distance from the 
target in these directions. 

These data were then analyzed by a best-fit com- 
parison to calculated decay curves for various possible 
kinematic combinations. 

In formulating the kinematics, use was made of 
available experimental data as to the expected produc- 
tion mechanisms and decay characteristics. In particu- 
lar, associated production of the form p+N—-N+Y+K 
was assumed, consistent with Gell-Mann’s theory.® 
The work of Ridgway ef al.4 at Brookhaven in an ex- 
periment very similar to the one discussed here has 
demonstrated that the production threshold agrees 
with this production model. 

Other reactions undoubtedly do contribute, including 
production through intermediate pion states and four- 
body final states, but these other forms were assumed 
to be of minor consequence for production from protons 
in the energy range of 2.0 to 6.2 Bev. Recent data seem 
to imply that p+ p+K°+Y*+ 9, but indicate reason- 
able production from p+n— K°+Y+VN.° The kine- 
matic details for all of the known strange particles 
capable of 2° modes of decay were calculated under 
selected assumptions about their production, using the 
decay mechansim, established Q values, and ranges of 
lifetime as determined from other experiments. The 
best fit to the data obtained is discussed in Sec. V 
below, together with the specific assumptions made and 
the kinematical features involved. 

The results will be seen to affirm the neutral decay 
mode of the 6,° meson and to allow an estimate of the 
fraction of its decays via this mode. Also some infer- 
ences concerning the angular distribution of the @,° pro- 
duction can be made for reactions of the type here 
involved. 


5M. Gell-Mann and A. Pais, Proceedings of 1954 Glasgow Con- 


ference on Nuclear and Meson Physics (Pergamon Press, London, 


1955), p. 342. 
6D. Berley and G. B. Collins, Bull. Am. Phys. Soc. Ser. II, 1, 
320 (1956). 
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STUDY OF 6;° 


Il, EXPERIMENTAL ARRANGEMENT 
AND PROCEDURES 


A. Disposition of Apparatus and 
Bevatron Facilities 


The counter telescope and collimation assembly 
(shown in Fig. 1) were mounted as a rigid unit which 
could be moved along on tracks located over a vertical 
re-entrant “well”, possessing a Lucite bottom window, 
at the west tangent tank of the Bevatron. The location in 
regard to the Bevatron is shown in Fig. 2. This location 
allowed the collimation assembly to extend within 10 
inches of the target and yet permitted the counter 
telescope and collimation assembly to be moved by 
remote control so as to view regions as much as 15 cm 
either upstream or downstream from the target. 

The energy of the proton beam was determined from 
the magnetic-field strength which was monitored by a 
system of magnet-current markers. The beam was 
spilled onto the target for a time interval of nearly 100 
milliseconds to reduce the instantaneous counting rates 
for the electronics. This prolonged spill, and the change 
of magnetic field with time, of course resulted in an 
energy spread in the proton beam. The target was 
plunged to the proper location under the counter as- 
sembly after the large initial beam oscillations had 
damped out; also a clipper was simultaneously plunged 
at a location 180° around the machine to remove the 
protons which had gained large radial oscillations from 
scattering by passage through the target, and to prevent 
them from hitting the target holder and target plunging 
probe. 
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Fic. 1. Front and side cross sections of the counter telescope, 
collimation, and mounting system. 
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Fic. 2. Vertical view down on Bevatron west target area. 
Location of Bevatron “well,” counter system, and monitoring 
telescope are shown. 


B. Counter Telescope and Calibration 


The telescope-counter array is shown in Fig. 1. The 
sequence of events for a detected gamma photon would 
be (a) no pulse from the front plastic scintillator (anti), 
(b) conversion of the photon in the lead converter, 
(c) a pulse resulting from the passage of at least one 
charged particle through the plastic scintillation counter 
SC1i, (d) a pulse in each of the Cerenkov-counter 
phototubes from at least one relativistic particle passing 
through the 10-cm Lucite Cerenkov counter, and 
finally (e) a pulse from a charged particle entering the 
rear counter SC2. The Pb converter was constructed 
so that it could be placed at standard “‘in” or “out” 
positions by remote control. 

Since the counter was to operate in a strong pulsing 
magnetic field, extensive magnetic shielding was used. 
The magnetic shielding of the phototubes was checked 
by monitoring the counting rate for each of the photo- 
tubes during the Bevatron magnetic cycle (using no 
beam), with an insert of a plastic scintillator on the 
Cerenkov counter, and with a radioactive source placed 
near the scintillators. 

A block diagram of the counter array and associated 
electronics is shown in Fig. 3. The electronics used had 
a resolving time of approximately 10-* sec, being 
limited primarily by the anticoincidence circuit. The 
very flexible multiple-coincidence circuit and anti- 
coincidence circuit used is of standard Radiation Lab- 
oratory design.’ 

The counter telescope was calibrated by a combina- 
tion of experimental and theoretical methods.* The 
procedure was to determine experimentally the electron- 


7M. Nakamura, University of California Radiation Laboratory 
Report UCRL-3307, 1956 (unpublished). 

8 J. E. Osher, University of California Radiation Laboratory 
Report UCRL-3449, June, 1956 (unpublished). 

®R. K. Squire, University of California Radiation Laboratory 
Report UCRL-3137, September, 1955 (unpublished). 
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Fic. 3. Electronics and counter block diagram. 


counting efficiency of the counter telescope (without 
its front ‘‘anti” counter or regular lead converter) as a 
function of Pb-foil thickness (varied from 0 in. to } in.) 
in the converter position, as a function of incident- 
electron energy (experimentally varied over the range 
40-300 Mev), and for various geometrical positions of 
normal incidence upon the Pb foil. This is in effect the 
simulation of a gamma conversion at a known position 
and depth in the converter into an electron of known 
energy. This electron efficiency was then extrapolated 
(in an asymptotic region of the curve) to include elec- 
tron energies of 300-700 Mev and folded with the 
theoretical probabilities of pair formation in the various 
increments of distance through the actual lead con- 
verter, and with the theoretical energy-partition prob- 
abilities for the electron and positron. In the experi- 
ment the 340-Mev synchrotron was used as the source 
of electrons by directing the bremsstrahlung beam on a 
converter placed at the entrance of a pair magnet to 
yield a spectrum of electrons. The electron energy was 
determined by a calibrated momentum channel in the 
pair magnet. And finally an electron telescope of small 
dimensions was added in front of the counter telescope 
to define further the momentum channel, to count the 
incident electrons, and to define the position of inci- 
dence. The ratio of the number of incident electrons 
giving a simultaneous counter telescope pulse to the 
total number of incident electrons then is by definition 
the electron-counting efficiency of the counter telescope. 
The resulting gamma-counter efficiency for our geom- 
etry as determined by this method is shown in Fig. 4 
with about +15% accumulated absolute error. 


C. Collimation 


The collimation assembly as shown in Fig. 1 was 
found necessary in order for the counter telescope to 
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observe gammas originating in regions of space near 
the target without an extensive background from the 
target, which represented an extremely intense source 
of gammas because of direct ° production. Even with 
the large amount of lead employed, a relatively small 
background was present and had to be subtracted from 
the data. The corrections for effects of direct 7° pro- 
duction in the target and for target gammas scattered 
from the collimation slits are given in Sec. III. The 
efficacy of the collimation may be judged from Fig. 5, 
obtained under conditions producing only target 7’s. 


D. Monitor and Calibration 


The relative monitor used in this experiment con- 
sisted of a pion telescope (two 1-in. diam, 3-in. thick 
plastic scintillators—as shown in Fig. 2). This relative 
monitor was chosen because it gave an accurate in- 
stantaneous record of the proton flux through the 
target, as it looked essentially at the charged-pion 
production occurring in the target. The induction- 
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Fic. 4. Gamma-counter telescope detection efficiency as a 
function of gamma energy for collimated gamma radiation inci- 
dent on the counter telescope. 


electrode signal was used as a rough preliminary cali- 
bration of the circulating beam, but for final analysis 
the pion telescope was calibrated by plunging thin 
aluminum foils with the target. An absolute calibration 
was made by correlating the monitor counts against 
the Na* activity” (a spallation product from Al) pro- 
duced in 2-hour runs with an aluminum sandwich 
(1-mil guard foil, 2-mil Al, 1-mil Al guard foil) covering 
the target face. This then took proper account of mul- 
tiple traversals through the target, and of beam missing 
the target, which are the sources of error in the circu- 
lating-beam induction-electrode measurement. This 
method, on the other hand, introduces an appreciable 
error (at least +20%) in the absolute production cross 
sections given in Sec. V, pending a better value of the 
Al-spallation cross section to form Na™ (taken here as 
9.3 mb for 6.0-Bev protons) and a better correction for 
the production of Na™ by neutrons which are them- 


© Friedlander, Hudis, and Wolfgang, Phys. Rev. 99, 263 (1955). 
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Fic. 5. Data taken at 0.8 to 1.0 Bev, below associated produc- 
tion threshold, to determine the effective slit resolution for a 
specific target thickness, slit width } inch. 


selves produced in the target (here estimated as a 15% 
correction for the 3-in. Cu target). 


Ill. TREATMENT OF DATA 


The numbers plotted in the curves presented below 
represent the counting rates for high-energy photons 
received from various locations of the column of space 
defined by the collimating system. These numbers are 
the result of a combination of four observed counting 
rates measured under the following conditions: 


(a) Pb converter in, channel open (i.e., Pb shutter re- 
moved; see Fig. 1); 

(b) converter out, channel open; 

(c) converter in, channel closed; 

(d) converter out, channel closed. 


The difference between (a) and (b) is related to 
electrons originating in the converter when the channel 
is open; the difference between (c) and (d) gives a 
small background counting rate for electrons originating 
in the converter but not attributable to gamma rays 
from the volume of space of interest. This background, 
due presumably to events generated by neutrons and 
charged pions in the material of the collimating system 
and converter, was fortunately a small, nearly constant 
correction to be subtracted from the (a) minus (b) 
data. It was important only at the extreme upstream 
and downstream limits of the data displayed. 
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Fic. 6. Data for 5.7- to 6.0-Bev protons incident on a }-in. Cu 
target, observed with }4X1-in. slits for the lower defining 
aperture. 


The counting rate as observed above might be ex- 
pected to include some gammas from direct #° produc- 
tion in the target directed by slit scattering into the 
counter aperture. Consequently the collimating func- 
tion was directly measured to determine the spatial 
resolution and enable the direct x° production to be 
subtracted away. This measurement was performed by 
reducing the beam energy to 0.8 to 1.0 Bev (below 
associated production threshold) and making a spatial 
determination of the apparent target size as viewed 
from direct 7° gammas. This experimental slit-scatter- 
ing measurement was applied for other energies simply 
by normalizing to the same on-target gamma intensity, 
because the behavior of high-energy gammas was not 
expected to change in any essential way, even though a 
slight change of gamma spectrum could be expected at 
90° (laboratory) with a change in Bevatron energy. 
The resolution curve from a }-in. Cu target is shown in 
Fig. 5; this was cross-checked on the upstream side for 
proton energies below 3 Bev (kinematically K mesons 
could not go upstream for proton energies below ap- 
proximately 3 Bev). 

Experimental data obtained as thus described are 
given in Fig. 6 for which the target thickness was § in. 
(Cu) and the lower defining aperture of the collimating 
system was }X1 in. The }-in. dimension is measured 
parallel to the 4-in. target-thickness dimension, i.e., 
parallel to the beam direction. This lower defining 
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Fic. 7. Data for 5.7- to 6.2-Bev protons incident on a }-in. Cu 
target, observed with }X1-in. slits for lower defining aperture. 


aperture is not the lowest aperture shown in Fig. 1, 
but is the second aperture encountered in proceeding 
upward from the target region. The lowest, broader 
aperture is simply a passage through a Pb structure 
which shields the defining aperture from direct irradia- 
tion from the target. The edges of this lowest aperture 
do not “see” the counter telescope. The transverse di- 
mension (here 1-in.) of the defining aperture substan- 
tially affects the observed slope of the curves of inten- 
sity vs distance, owing to loss of the diverging particles; 
but this effect is, of course, calculable if an angular 
distribution is known or assumed. 

Similarly, in Fig. 7 are shown the data from a 3-in. 
Cu target obtained with the same collimation as de- 
scribed above. In both Figs. 6 and 7, the dashed curves 
represent the normalized contribution of direct target 
m’s and the slit scattering of their photons. Figure 8 
presents the results of observations for four different 
energy intervals of the incident protons, in which the 
direct x° contribution has been subtracted away. In 
Fig. 10 are plotted the counting rates at a fixed position 
2.5 cm downstream from the target for the various 
energies involved in the data of Fig. 8. 


IV. QUALITATIVE DISCUSSION OF RESULTS 


Before entering into a discussion of the kinematical 
assumptions and calculations, and of certain trial func- 
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tional forms for the matrix element describing the pro- 
duction of the particles whose decays are observed, we 
shall summarize the qualitative features of the data 
which are of interest and which must be accommodated 
by the assumptions and calculations. 


A. The Gamma Rays Originating “Upstream” 


The presence of observed photons, definitely in excess 
of those due to slit scattering of target r° photons, when 
the volume region selected by the collimator was up- 
stream from the target, requires that the most promi- 
nent particles in question be of mass comparable to K 
mesons rather than to hyperons. The latter particles 
could not emerge upstream in the laboratory from 
energies here available in the nucleon-nucleon collision 
systems, except by scattering; and it would be ex- 
tremely difficult to explain the observed upstream in- 
tensity and spatial decay rate upon this basis. Figures 
6, 7, 8, and 9 all exhibit the upstream component 
clearly for those cases in which the incident-beam pro- 
ton energy was well over 3.0 Bev. When the beam 
energy was below about 3.0 Bev this component was 
not present, which is kinematically appropriate for 
particles of K-meson mass. 

Furthermore, the ratio of the intensity of upstream 
emission to that of downstream emission, together with 
the spatial-decay slope of the former, has led us to 
postulate a strongly peaked, forward and backward 
contribution in the production of @”’s in the reference 
frame of the colliding nucleons. 
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Fic. 8. Data for the proton energies listed above incident on a 
3-in. Cu target, as observed with a $X1-in. slit as lower defining 
aperture. 
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B. The Rate of Variation of Intensity 
with Position 


The spatial-decay slopes observed in the plots of 
photon intensity vs position of collimator are compatible 
with particle lifetimes of the order of 10~” second. It is 
impossible to completely identify the separate contribu- 
tions of the w°-decay modes of the +, A°, K+, and & 
particles; but there are reasons related to the spectral 
efficiency of the counter telescope, and to kinematics 
(which will be discussed below in Sec. VB), for believing 
that the observed photons are predominantly from the 
# particles. 

Furthermore, it is possible to understand the ratio 
of upstream to downstream intensities, as well as the 
decay slopes of both, in terms of the #’s; but it is diffi- 
cult to accommodate these observations if the hyperons 
are prominently seen by the counters. 

In the downstream intensity variation a change of 
slope is evident at a distance of several centimeters 
from the target. This can be produced by the effects of 
the peaked angular distribution assumed for a part of 
the & yield, and it also is related to the contribution of 
the At mesons and to a slight extent of the As. 

It has been previously mentioned that the apparent 
initial decay slopes are strongly affected by the angular 
distribution because the loss of particles from the field 
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Fic. 9. Calculated curves for 6 decay and 6* decay compared 
with the experimental data of Fig. 7. The @ and 6* curves were 
calculated for equal cross sections, and matrix-element energy 
and angular dependencies of | //|?«{#?/M?—1} cos@ in the 
c.m. system, where F, M, 6 refer to the particular particle in 
question. 
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Fic. 10, Excitation function of gamma intensity vs energy 
at fixed distance of 2.5 cm from target center. 


of view as the collimator is translated away from the 
target is a function of their angular distributions. 


C. Magnitude of the Yield 

Since the counter telescope efficiency is determined 
upon an absolute basis, and since the geometric defini- 
tion of the volume of space contributing detectable 
photons is known, it is possible to estimate the absolute 
production cross section for the short-lived particles 
observed via the two-r’ decay if angular and momen- 
tum distributions are assumed. 

For the examples of angular and momentum distribu- 
tions described below in Sec. V, the absolute-production 
cross sections, per target nucleon, for creation of par- 
ticles seen through an assumed decay into two 7’’s, 
were in the range of 0.2 to 0.5 mb. While this was but 
a crude result, it was evidence for a substantial fraction 
of the 6,° decay proceeding via the neutral mode. 
Further work with counters to measure the ratio of 
charged-pion to neutral-pion decay modes is being 
pursued. 


D. Excitation Function 


The dependence of photon yield (measured 2.5 cm 
downstream from the target) upon bombarding proton 
energy is shown in Fig. 10. This also is an empirical 
result to be satisfied by the momentum dependence 
assumed in the trial matrix elements. 


V. KINEMATICS AND MATRIX ELEMENTS 
A. Kinematical Assumptions 


For the purposes of calculating phase-space factors 
and energy distributions, the major contribution of 
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strange particles here observed was assumed to be from 
the 3-body, final-state type, N+N— N+Y+K. The 
calculational procedure then involved the following 
items : 

(a) The energy distribution of protons incident upon 
the target was ascertained from the operational char- 
acteristics of the Bevatron. For example, under condi- 
tions of highest energy, the prolonged beam “spill” on 
the target required for satisfactory counter operation 
involved a nearly uniform spread in incident-proton 
energy from 5.7 to 6.2 Bev. 

(b) The momentum distribution of the target nu- 
cleons was assumed to be of the Fermi type with a 
24-Mev upper limit. This, together with (a), determines 
the distribution in available energies in the reference 
frames of the colliding nucleons, and also determines 
the laboratory velocity distribution of the collision sys- 
tems. Calculations were also made with a Gaussian-type 
momentum-density function, with results which dif- 
fered only slightly due to the “tail” of high momenta. 
For incident-proton energies above 3 Bev, the results 
of the two distributions are essentially indistinguishable. 

(c) A 3-body, relativistic phase-space calculation, 
conserving total energy and momentum in the collision 
reference frame, provided the velocity spectrum within 
that frame of any desired particle in the final state.” 
No attempt was made to conserve angular momentum 
in the calculations. Probably many angular momenta 
contribute, though the analysis given below of matrix 
elements will indicate that high angular-momentum 
states may be prominent contributors. 

(d) An energy- and angular-dependence function is 
now assumed as a matrix element effective in the pro- 
duction of the K mesons, the parameters of which are 
to be adjusted for an empirical fit to the data. We are 
now able to calculate the spatial and velocity distribu- 
tion of the K mesons in the reference frame of the pro- 
duction collision. 

(e) It is assumed, consistent with zero spin, that the 
K-meson decay is isotropic in its own reference frame. 
Furthermore, the decay of a 2° meson is isotropic in its 
own frame. Consequently the photon distribution from 
this process will be spherically symmetric in the rest 
frame of the K meson, and will possess a spectrum in 
this frame which is flat between a minimum and maxi- 
mum value of photon energy which are readily deter- 
mined by the Doppler shift due to x motion within the 
K-meson frame. 

(f) The volume of space defined in the laboratory 
reference system by the collimation is now used to 
define by transformation the limitations in the collision 
reference frame within which the ° decay of a K meson 
can be counted. It is then possible to calculate the 
probability that a K meson of a particular momentum, 
and within an eligible solid angle, will decay in a de- 
tectable manner within this region, and to evaluate the 


4 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955). 
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energy of the photon which enters the collimation 
system. 

(g) Finally, the spectral efficiency of the telescope 
enters to complete the calculation. 

This process of computation was coded for an IBM 
650 data-processing machine, and the predictions of 
various assumptions of energy and angle dependence of 
the production process were investigated. 


B. Predominance of 6;° Detection 


The spectral-efficiency curve for the photon counting 
system (see Fig. 4) indicates that high energies are 
strongly favored in detection. The counter threshold is 
40 Mev, and at the proper energy of a r°-decay photon 
(67 Mev) the efficiency is only about 2%. Photons 
whose energies have been Doppler-shifted upward by 
virtue of emission from r”’s moving rapidly toward the 
detector, however, may be counted with efficiencies 
which rise to over 40% 

The large Q value associated with the two-r° mode 
of the 6;° decay (~219 Mev), and the high velocities 
available to the 6,’ itself in the 3-body final state, pro- 
vide the possibility of strong Doppler shifts of photons 
from this source. The fact that four photons arise from 
each such decay is of course favorable. 

For these reasons we find that the efficiency for ob- 
serving the @ particles is much greater than for the 
A°’s. The longer lifetime of the K+ meson and the fact 
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Fic. 11. Calculated curves for & decay, 6* decay, A° decay, and 
=+ decay, as compared with the data of Fig. 7. The curve is 
calculated for |H|?«1+6.5X10-* (E*/M?—1)4 cos®@, the curves 
for 6+, A°, and =* for S-wave only (|H|?«1), where E= total 
energy of #, M=Mgc?. Values assumed for the curves given. 

real, 5X10-” sec, c=0.31 mb “S” wave+0.13 mb “G”’ 
wave. iain re*=1.2X10-® sec, o=1.1 mb “S” wave. 
A°, -+ +, r49=2.77X10-" sec, c= 1.1 "mb “S” wave. zt, —-—, 
ty+=0.78X 10" sec, c=0.95 ‘mb “8”? wave. 
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that it yields only one 7° in its decay cause the relative 
intensity of photons from it to be also relatively small 
near the target. Figures 9 and 11 indicate the relative 
contributions from these particles under certain pro- 
duction assumptions. 


C. Energy and Angle Dependences Examined 


1. Spherical Symmetry—S-W ave Production 


In Fig. 12 are presented the spatial-decay curves 
calculated under this assumption, normalized to the 
experimental data at 2.5 cm downstream from the 
target, for three different assumed lifetimes of the 0,°. 

The initial downstream slope can be rather well fit 
by the lifetime of 1.0 10-" sec. But the upstream yield 
predicted is low by more than an order of magnitude. 
Also the downstream prediction falls below the ob- 
served data beyond 8 or 10 centimeters. 

The excitation function for the photon emission seen 
at 2.5 cm downstream is, however, fairly well satisfied 
by S-wave production as shown in Fig. 10. 


2. The Strongly Peaked Assumption 


If we consider the energy dependence and angular 
dependence to be free parameters to be adjusted inde- 
pendently as desired, a rather respectable fit to the 
data may be achieved both upstream and downstream 
as far as the data extend by a matrix element of the 
form: : 


~) 


. FE 
|H|\?« (—-1) cos9, 
M? 
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Fic. 12. Comparison of calculated S-wave & curves (normalized 
to the experimental data at 2.5 cm) with experimental data for 
5.7- to 6.2-Bev protons on a 3-in. Cu target. Several values of 
mean lifetime are shown; note the poor upstream to downstream 
agreement with the simple S-wave picture. 
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This is accomplished, however, at the expense of poor 
agreement with presently accepted values of the 6,° 
lifetime. We require about 1.9X10-" sec for this pro- 
duction model. Figure 9 displays the predictions of this 
model if we assume Kt mesons and @ mesons are 
equally produced with this matrix-element form. 

The physical basis for such a peaked distribution 
may be considered in terms of a stripping model in- 
vestigated by Peaslee for the production reaction.” In 
this case one considers a nucleon as being frequently 
dissociated into a virtual heavy meson and hyperon 
state (properly conserving strangeness), and that as- 
sociated production in a nucleon-nucleon collision takes 
place via a strong interaction between a virtual pion 
from one nucleon and a virtual strange particle from 
the other nucleon. This interaction has been further 
worked out in terms of a strong K-interaction by 
Barshay® and Schwinger." The stripping picture leads 
to an effective matrix element with an extreme angular 
peaking on Peaslee’s phenomenological model (~ cos*@), 
but if this mode of production were mixed with some 
S-state production, as indicated by the Brookhaven 
work near threshold, which could also possibly arise 
from competing 4-body final states, it could reduce to 
the effective matrix-element fit given above. 

The absolute-production cross section of that fraction 
of # decay seen by the m°-decay mode under this as- 
sumption is 0.25+0.07 mb. 


3. A Mixture of S- and G-Wave Production 


Since the energy here employed is considerably above 
threshold it is likely that several angular-momentum 
states contribute. Furthermore, other outlet channels 
than the 3-body final state undoubtedly occur. The 
calculations of Yujiro ef al. indicate the relative fre- 
quencies of occurrence of 3-, 4-, and 5-body final states 
predicted by a statistical model with conservation of 
strangeness and of isotopic spin.!® Their calculations 
indicate that the 3-body final state occurs about one- 
third of the time for 6.2-Bev bombarding proton energy. 

A model was therefore attempted which combines a 
spherically symmetric and a peaked contribution; and 
the momentum dependence assumed was related to the 
angular distribution in a manner familiar in wave me- 
chanics. The functional form assumed was 


~ 


2 4 
|H |? 1+a( - 1) cos‘6, 
M? 


with a value of a chosen for best fit to be a=6.5X 10". 


2D. C. Peaslee, Phys. Rev. 105, 1034 (1957). 

13S. Barshay, Phys. Rev. 104, 853 (1956). 

4 J. Schwinger, Interactions of the Fundamental Particles, 
Notes on Lectures by J. Schwinger, Harvard, 1956; prepared 
by L. S. Rodberg, Massachusetts Institute of Technology 
(unpublished). 

18K. Yujiro and K. Keizo, Department of Physics, Osaka 
er, Osaka, private communication through T. Kotani, 
1957. 
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The result of this choice is shown in Fig. 11, together 
with spatial-decay curves from other strange particles 
which could yield photons, with lifetime and cross- 
section assumptions there stated. The effect of the 
strong Momentum dependence considerably compen- 
sates for the weaker angular dependence in the com- 
parison of this result with that of the stripping model, 
and allows the upstream contribution to be adequate 
without extreme peaking. The production cross section 
for 6;°’s as seen by the 2°-decay mode is, in this case, 
0.44+0.10 mb. 

VI. SUMMARY 


The data allow no precise quantitative conclusions 
because of the complexity of processes contributing and 
the experimental and statistical uncertainties. The fol- 
lowing qualitative inferences, however, appear to be 
warranted : 
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(a) A substantial fraction of the 6;° decay proceeds 
through the 27° mode. With liberal uncertainty we es- 
timate from our data that the fraction may be near }. 
Further elaboration of this experiment is in progress to 
measure this. 

(b) A portion of the @ production involves strong 
forward-backward peaking in the collision frame of the 
producing nucleons. It is suggested that high angular- 
momentum states are prominent, or that a stripping 
type of reaction may function in the production process. 
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The corrections in boson emission processes due to Coulomb forces between the two particles are con- 
sidered. The usual “Coulomb penetration factor” is modified by relativistic and finite-size effects. Numerical 
results are given for the emission by a nucleon of pions and K mesons in S and P states. It is emphasized, 
however, that in the absence of precise knowledge about the mechanism of emission the present numerical 


results should be considered only approximate. 


1, INTRODUCTION 


N this paper we seek to evaluate the effect of Coulomb 
forces on the emission of a spin-zero boson by 
another particle. 

The problem of Coulomb effects in interaction proc- 
esses arises in many physical phenomena. The theory of 
alpha and beta decay, and nucleon-nucleon scattering, 
are some of the better known ones. With the recent 
progress made in the physics of elementary particles, a 
new Class of processes has been added to those in which 
Coulomb effects play a part. This class is the emission 
of elementary particles by other elementary particles in 
the various production processes. Chronologically the 
first of these was the pion production by photons, other 
pions, and nucleons. Recent experiments with K mesons 
added a considerable number of reactions to this list. 
The purpose of the present paper is to estimate the 
Coulomb effect in this class of reactions. 

There are three characteristic features of the Coulomb 
interaction in these problems. 


1. The Coulomb interaction is attractive. This is due 
to the absence of double-charged elementary particles in 
nature, 

2. At most energies of interest the emitted particle is 
appreciably relativistic. 

3. At most energies of interest the emitting source is 
noticeably different from a point source. 


The basic assumption underlying the calculation of 
the Coulomb effect is that the probability of emission 
is proportional to some weighted integral (over the 
volume of the source) of the absolute value squared of 
the wave function of the emitted particle. We therefore 
have to compute the wave function of the emitted 
particle in the presence of the Coulomb field and then 
integrate it over the volume of the emitter, using some 
weighting factor. The result is usually compared with 
the analogous quantity in the absence of the Coulomb 
field. The ratio of the former to the latter is sometimes 
called Coulomb penetration factor. We shall denote it 
by Q*. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

{ For a preliminary account of this work, see M. J. Moravcsik, 
Bull. Am. Phys. Soc. Ser. II, 3, 215 (1958). 


The simplest of such calculations can be carried out 
immediately. If we assume that the emitted particle is 
nonrelativistic, and that the emitter is a point source, we 
simply want the regular solution of the Schrédinger 
equation with a Coulomb potential. The radial part of 
this equation is, using h=c=1, 


d?R(p) 2dR(p) I(l+1) 
+- ——R(p) 


dp? =p dp p” 
n 
(1-2) Rw) =0, (1.1) 
p 


where R(p) is the complete radial part of the total wave 
function y [that is, we have y(r)=R(r)V(0,¢) ]. 
Furthermore we have p=kr, where r is the coordinate 
of the emitted particle relative to the emitter, k= (2E)!, 
where E£ is the kinetic energy of the emitted particle, and 
the reduced mass of the emitted particle is taken to be 
unity. Further notation in this and subsequent equa- 
tions is as follows: n=Zze’k™ [in our case n= —a/k 
(where a~ 1/137), since we deal with oppositely and 
singly charged particles ], / is the angular momentum of 
the emitted particle, and & is the éofal energy of the 
emitted particle (including rest mass: 6&= E+-myc’). 
The corresponding equation in the absence of 
Coulomb forces can be obtained by putting 7»=0. This 
latter equation has solutions Ro(p) which are the 
spherical Bessel functions. Here, as well as throughout 
this paper, we shall normalize our wave functions in 
such a way that the asymptotic value of the regular and 
irregular functions will be 
sin(p+A)/p cos(p+A)/p, (1.2) 
where A depends on the function in question. With this 
convention the solutions Ro(p) of the equation with 7=0 
are p! sing and p~ cosp for /=0, and p~? sinp—p™ cosp 
and p~? cosp+p~ sinp for /= 1, etc. The regular solutions 
near p=0 go to the limit 
p'L1X3X5-++(21+1) P= 2p" (2/41)! (1.3) 
The regular solution of the equation with a finite 7 is 
the so-called regular Coulomb wave function which, 
with our normalization, is! 


and 


“1 We shall not list here the numerous references for Coulomb 
wave functions. As a sample, see G. Breit and R. Hull, Phys. Rev. 
80, 561 (1950), or P. Morse and H. Feshbach, Methods of Theo 
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2 
R(p) = f(14+-1+ in| 214-2 | 2ip)  Ci(n)———— 
(21+1)! 


n 
xo'(1+— ot tee ), (1.4) 
I+-1 

where 

C1(n) =Co(n)Pr(m)I! (1.5) 
with 
2a 

(1.6) 


and 
Pr(n) = ((1-+n*) (1+9?/4) - - - (1+9?/P) Fi. 


The quantity Q therefore is, in this simple case, 
Q:=Co(n)Pr(n), 


for a particle in angular momentum state /. This Q; 
increases with increasing / (corresponding to the in- 
creasing “Coulomb barrier” with increasing /). If the 
particle is emitted by a true point source, only an S 
wave can result, and Qo=Co(n). In general one has to 
make the Coulomb correction for the various angular 
momentum states separately. For small n (which is the 
case we are concerned with), however, we have @;(n) ~ 1, 
and so in this approximation Co(n) can be used for an 
over-all Q. 

The limit of Co(y) at »=0 is of course unity, and for 
negative n’s Co(n) increases as |n| increases. Since 
n«<k™, we see that the Coulomb effect is positive (it 
increases the emission probability) and it is the largest 
at low energies. 

As we mentioned above, the Coulomb effect we want 
to consider differs from the above simple formula in the 
fact that the emitter is not a point source and that the 
emitted particle is relativistic. We will investigate these 
two deviations separately and then add their effects. 
The justification for this procedure lies in the fact that 
in most cases the corrections given by these two effects 
are not large. In addition, the uncertainties inherent in 
the evaluation of these effects, due, for instance, to our 
very limited knowledge of the charge distribution inside 
the emitter, are probably larger than the error due to 
considering the two effects separately. 

Another simplification to which we shall resort is to 
neglect any other interaction between the emitter and 
the emitted particle. In other words, we shall use in the 
absence of the Coulomb forces the wave equation 
without any interaction. This is clearly only an approxi- 
mation, but any assumption different from this would 
be so model-dependent as to be hardly more reliable 
than the assumption we are making. For an order-of- 
magnitude orientation, therefore, our assumptions will 
suffice. 

In the next two sections we shall evaluate the 


retical Physics (McGraw-Hill Book Company, Inc., New York, 
1953), Chap. 5. In the latter reference, Eq. (5.3.79) contains 
several misprints. 


(1.7) 


(1.8) 
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relativistic and finite-size effects which alter the 
quantity 0 compared to Eq. (1.8). In the last section we 
shall give some numerical results for the cases of emis- 
sion of pions and K-mesons by nucleons. 


2. RELATIVISTIC EFFECTS 


The relativistic effects can be evaluated simply by 
considering the Klein-Gordon equation with a Coulomb 
field, instead of the Schrédinger equation as in Sec. 1. 
The Klein-Gordon equation with A =0 and a spherically 
symmetric scalar potential V(r) =Zze’r™ is given by? 


@R 2dR I(I+1) 
R 


dr? r dv r 


2 


r 


é 1 
+ (#-202s— +0072 )R-0, (2.1) 
r 


where now 
k= (&?—1)}. 
This latter definition agrees with the nonrelativistic 


limit with k= (2Z)!. Again, using p= kr, we can rewrite 
Eq. (2.1) as 


@R 2dR I(l+1) 
des R 


p dp p 


(2.2) 


2En 17k? 
+(1- 4 R=0, (2.3) 


dp? , 


2&n 


@R 2dR I'(l'+1) 
— +--+ ( 


)R=0, (24) 


dp* p dp p p 


where 
(+1) =1(1+1) —17k?. (2.5) 

Equation (2.4) is different from Eq. (1.1) in two 
respects. Firstly, in Eq. (2.4) /’ replaces / in Eq. (1.1). 
This replacement simply means that the resulting 
solution (Bessel functions for 7»=0 or Coulomb functions 
for finite 7) will have nonintegral indices. (Note that /’ is 
still energy-independent.) These functions, however, 
are continuous and smooth functions of their indices. 
Furthermore, since n*k?=a?, the change from / to /’ is 
extremely small. Thus the effect of this replacement can 
in fact be neglected, compared to the other relativistic 
effect which we will discuss below. It is interesting to 
note, however, that the appearance of /’ instead of / is 
due to the term quadratic in the potential. This term 
arises in the Klein-Gordon equation due to the require- 
ment of gauge invariance and persists also in the non- 
relativistic limit. Thus, in this respect, the Klein- 
Gordon case does not reduce to the Schrédinger case in 
the nonrelativistic limit. 

The other difference between Eqs. (2.4) and (1.1) is 
in the appearance of & in the term proportional to Rp. 
In effect, 7 in Eq. (1.1) is now replaced by &y. This 
replacement does disappear in the nonrelativistic limit, 


See, e.g., L. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1949), p. 309, Eq. (42.14). 
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unlike the other relativistic effect we discussed. It is 
easy to put this replacement in a simple form. In our 
units, 7 can also be written as 


n=a/v, (nonrelativistic) (2.6) 


where 2 is the relative velocity of the two particles. Now 
if we consider that in the relativistic case 


v= k/S, (2.7) 


we see that if we define 


x=a/v, (relativistic) (2.8) 
then, disregarding the replacement / — 1’, we can write 
both Eq. (1.1) and Eq. (2.4) as 
@R 2dR I(l+1) 2x 

—+- —-———_, R+(1- =)R=0, (2.9) 
dp* p p 

and hence the solutions are identical if the parameter x 
is used instead of 7. 

The difference between x and 7 increases with in- 
creasing energy, but on the other hand the whole 
Coulomb correction decreases with increasing energy. 
Thus this second relativistic correction also never gets 
to be very large. Some numerical results are given in 
Sec. 4. 

In summary, therefore, we can say that of the two 
relativistic corrections one is extremely small and hence 
can be neglected, and the other can be easily taken into 
account by a trivial substitution. The situation here is in 
sharp contrast to the emission of fermions (e.g., beta 
decay) where the inclusion of the relativistic effects is 
more complicated and more important. 

There is one more question, however, which should be 
discussed under the heading of relativistic effects. In 
this paper we use the nonrelativistic definition of the 
relative coordinate system and use a scalar potential as 
the interaction. This is not quite rigorous according to 
the relativistic considerations. In order to do the 
problem completely relativistically, we would have to 
discuss the concept of the relative coordinate system in 
a relativistic case, and would also have to use a retarded 
potential instead of the usual Coulomb potential. It 
should be kept in mind, however, that these two 
problems arise only because we include in our calcula- 
tions the effect of the ‘‘recoil” of the emitter. At the 
low energies where the Coulomb effect is of most 
interest, this recoil is small in any case, and hence its 
inclusion nonrelativistically instead of relativistically 
should cause only a very small error. In any case, a 
relativistic inclusion of the recoil would complicate the 
calculations to an extent which is hardly waranted by 
the other uncertainties inherent in the model that 
serves as a base of our calculations. Thus we shall use, 
throughout, the nonrelativistic connection between the 
relative and the center-of-mass coordinates. 
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3. FINITE SIZE EFFECTS 


In this section we shall consider the Schrédinger 
equation with a static electric potential due to an 
extended source. 

Let us first make some qualitative remarks. The 
finite size of the source will begin to play a role when 
the de Broglie wavelength of the emitted particle is of 
the order of the radius of the source. For instance, when 
pions are emitted by protons, the latter having a radius 
of some 0.7X10~" cm, the deBroglie wavelength of the 
pions is of this order when their kinetic energy is about 
170 Mev. In the case of K mesons emitted by protons, 
the energy required is only around 70 Mev. This is 
quite a different situation from beta decay, where 
finite-size effects would be appreciable only at extremely 
high energies and thus can usually be neglected. 

Now let us turn to the mathematics of this problem. 
We will have two different equations, one outside the 
source, the other inside. The equation outside is of 
course identical with Eq. (1.1), but now it is not 
required that the solution be a regular function. The 
equation inside will be 
ahead dR(p) Il(l+1) 


R(p) 


9 


dp? p dp p 


+[1—V (p) JR(p) =0, 


where V(p) depends on the charge distribution inside 
the source. 

Let us denote the irregular Coulomb wave function, 
normalized according to our convention explained in 
Sec. 1, by g(/+1+in| 2/42! 2ip). Then the general 
solution in the external region will be, for a given 
angular momentum, 


R (p) = f(l+1+ in| 2/4+-2| ip) cosy 
+g(/+1+7n | 2/+-2) 2ip) siny, 
where y is a constant to be determined later. Let us 
denote the internal solution by R“(p). Then we 
require that at the boundary, that is, at p=po, we have 
CR (po) = f(L+1+ in| 214-2! 2ipo) cosy 
+¢(1+1+in| 2/+2! 2ipo) siny, 


(3.1) 


(3.2) 


(3.3) 
and 


CR! (po) = f’ (4-1 +in| U-+2| 2ipo) cosy 


+g’ (1+1+7n| 2/42! 2ipo) siny. (3.4) 


These two equations determine the two unknonw 
constants C and y. Once these have been obtained, one 
gets O* by 


PO Po 
Gace f oP) R)|*%de Jf o*P(0)| Rulo)| Pao, 
0 
: (3.5) 


where P(p) is the weighting factor expressing the 
relative probability of the production process proper. 
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TABLE I. Kinematics and relativistic corrections to the Coulomb effect. 








—7 0.10 
( nonrelativistic S wave 1.3468 
(¥ nonrelativistic P wave 1.3603 
—Xx 0.1003 
@ relativistic S wave 1.3482 1.2381 
( relativistic P wave 1.3617 1.2442 
Pion energy, c.m. system, Mev 0.3 0.6 
K-meson energy c.m. system, Mev 0.6 De 


0.07 

1.2360 
1.2420 
0.0706 


As we have seen, Ro(p) is just the regular spherical 
Bessel function. 

The determination of the internal wave function can 
in general not be done analytically, since the Schrédinger 
equation can be solved in a closed form only for a 
handful of potentials. Thus, in the general case, 
numerical integration of the equation is called for. 
Alternatively, R(p) can be expanded in a power series 
of p (and n), and then coefficients of the various powers 
can be equated. This latter method is practicable, 
however, only if p (and ») are small and thus only a 
few terms in the series have to be taken into account. 

In this paper we shall consider only one charge 
distribution, and in fact one of the few for which the 
Schrédinger equation can be solved analytically. This 
particular charge distribution is the one where all the 
charge is on the surface. It was chosen because, in 
addition to its feasibility, it is just about the opposite 
extreme from the point-charge distribution, and hence 
it can be expected to give an upper limit for the effect 
due to finite size. In actual problems this might be the 
important information, since neither the density dis- 
tribution inside the source nor P(p) of Eq. (3.5) is 
well-enough known to make very accurate calculations. 

For such a shell-like charge distribution the potential 
inside is a constant, and in fact has the value of the 
ordinary Coulomb potential at p=po. Thus, inside, the 


equation will be 
d?R(p) 2dR(p) U(l+1) 2n 
——-+- Rio)+ (1-7) Rs) =0. (3.6) 
Po 
a=[1—(2n po) |}. (3.7) 


dp p dp p° 


Let us denote 


Then the solutions of Eq. (3.6) are spherical Bessel 
functions with argument ap. The regular solution will 
thus be j:(ap). In this case, therefore, Eqs. (3.3) and 
(3.4) are 
Cji(apo) = f(l+-1+ in| 214-2| 2ipo) cosy 
+g(/+1+in| 274-2] 2ipo) siny, 
aC ji’ (apo) = f’ (l4+1+ in| 2/42| 2ipo) cosy 
g’ (1+1+in| 2/+-2| 2ipo) siny. 


Once these equations are solved, (? is given by 


0 po 
or=cf p° julas)|*dp /' f p*| ju(p) |*dp. 


0 


0.03 

1.0972 
1.0982 
0.0309 


0.02 0.016 
1.0643 1.0511 
1.0647 1.0514 
0.0213 0.0176 
1.1003 1.0687 1.0564 
1.1013 1.0691 1.0567 
3.1 6.9 10.7 
6.2 14.0 17.2 


Since the Coulomb effect is usually of interest only at 
low energies, we will carry out the calculations only for 
/=0 and /=1. For these we have 


Pe. , lfapo sin2apo 
J +" leo) Pap——| | (3.10) 
0 a®l 2 4 

and 


y ° , 1 apo 


a’ 


C? /apo— 3 sin2apo 
Of=—4 ——————_ }, 


aé® po } sin2po 


sin2apy sin*apo 
—————], (3.11) 


4 apo 
which gives 


(3.12) 
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Fic. 1. The Coulomb factor as a function of the radius of the 
emitter, ro, for various energies of the emitted particle. The solid 
lines are for S wave, the broken ones for P wave. The numbers 
next to the curves denote various values of the parameter 7 which 
describes the energy (see Sec. 1). The correspondence is as follows: 
No. 1: n»=—0.10; No. 2: n=—0.07; No. 3: n=—0.05; No. 4: 
n= —0.03; No. 5: n=—0.020; No. 6: n=—0.016; No. 7: 
n= —0.012; No. 8: n= —0.008. The radius of the emitter is given 
in units of the inverse reduced Compton wavelength of the 
emitted particle. 
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C? /apots sin2apy— (2/apo) sin*apo 
( ). (3.13) 


3 


a pots sin2po— (2/po) sin?p9 


For the calculations of C and y from Eq. (3.8) one has 
to know the values of the Coulomb wave functions and 
their derivatives for the values of the parameters of 
interest. These have been tabulated.’ 

In the next section we shall give some numerical 
results for certain examples of interest. 


4. RESULTS 

The relativistic corrections are given in Table I, 
together with the corresponding nonrelativistic Cou- 
lomb factors and with the energy of the pion and K 
meson in the center-of-mass system. The results are 
tabulated for S and P waves. 

The finite-size effects are shown in Fig. 1, where (0? is 
plotted for various values of 7 as a function of ro. The 
relationship between 7» in the units used in the calcula- 
tions and in units of 10~" cm are given for pions and 
K mesons in Table IT. 

The results show that inasmuch as the Coulomb 
effect is important at all, both finite-size effects and 
relativistic effects modify the Coulomb factor in a 
significant way. In particular, relativistic corrections 
increase it while finite-size effects decrease it. As 
mentioned previously, the quantitative details of these 
corrections are sensitive to the many uncertainties in 
the model used in our calculations, and thus the present 
calculation should be construed mainly as an indication 


3M. J. Moravesik and K. B. Williams, University of California 
Radiation Laboratory Report UCRL-5307-T, 1958 (unpublished). 
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TABLE II. The value of the radius of the emitter in units of the 
inverse reduced Compton wavelength and in units of 10°'3 cm, 
for pions and K mesons. 


ro in units of 1073 cm 
for K mesons 


ry in units of inverse reduced 

Compton wavelength for pions 
0.309 0.19 
0.431 0.26 
0.616 
0.739 
0.820 
0.924 
1.147 
1.639 
1.967 
2.459 


ont 


w 


Ce 
W™aAe®UMwWwiv 
Sans ¢ 


=~ 
= 
—_ 


of the amount of uncertainty in our knowledge of the 
Coulomb correction. 

The present calculations were motivated by the 
desire to evaluate the Coulomb corrections to pion 
photoproduction from deuterium at very low energies. 
The effect considered in this paper is only one of the 
three Coulomb effects important in that problem. 
Further calculations along this line are in progress. 
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t Note added in proof.—The Coulomb effect in the reaction 
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It is known that there is a strong similarity between the electron-nucleon and electron-muon weak 
interactions. This paper is a report on an experimental investigation of the third leg of the triangle, the muon- 
nucleon interaction. The absorption of negative cosmic-ray muons stopped in C” was studied, and the 
probability per second of absorption resulting in the formation of B" in the ground state was measured 
and found to be 9050+950 sec”. This is compared to the known rate of 8 decay of B™ to the ground state of 
C®, 33.2+0.65 sec™. The ratio of the rates is 273+29. In the allowed approximation, the nuclear matrix 
elements for the two processes are the same, and the ratio of the rates can be calculated in terms of the 
ratio of the coupling constants without assuming a nuclear model. The short wavelength of the neutrino 
emitted in uw absorption (13 fermis) causes forbidden matrix elements to make an important contribution 
to the w-absorption rate, so that the theoretical prediction is dependent on the nuclear model. Within the 
uncertainties of the calculation, the electron-nucleon and muon-nucleon axial vector coupling constants 


are the same. 


INTRODUCTION 


EVERAL authors'* have recently discussed the 
weak interactions among spin 3 particles. A 
comparison of 8 decay and yw decay reveals a close 
similarity between the electron-nucleon and muon- 
nucleon interactions: both are of the vector (V) and 
axial vector (A) form, and the V coupling constants 
for the two processes and the A constant for uw decay 
appear nearly identical.'* The A coupling constant for 
8 decay has been shown experimentally to be 1.14 
times larger than the V coupling constant; this differ- 
ence is presumably due to a renormalization because 
of the virtual meson cloud of the nucleon.? 

Whether the universality extends to the muon- 
nucleon interaction, i.e., whether the y-absorption 
process u-+p— n+yv and the 6-decay process n — p 
+e—+% are governed by the same basic interaction, is 
not so well known. It is attractive to assume that the 
interactions of 6 decay and yz absorption are the same, 
and that the V coupling constants of the two interac- 
tions are identical. The A coupling constant of u 
absorption is presumably then to be renormalized as 
was the A coupling constant of 8 decay, although the 
renormalization factor may be nearly unity. 

The y-absorption and 6-decay processes may be 
compared directly in the reactions 


u-+C? — BY-+», 
Br = Cpe +s, 


where the chemical symbols represent the ground 
states of the nuclei. The spin change is 1, so the selection 
rules are Gamow-Teller. The initial state of the muon- 
carbon system (1) is the ground state of the mesonic 
atom, so the process is analogous to K capture. In the 

+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

* M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

3M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354 
(1958). 


allowed approximation, the nuclear matrix elements are 
the same for (1) and (2), so that the ratio of the two 
rates may be calculated in terms of the ratio of the A 
coupling constants without assuming a nuclear model. 
In the present experiment, the rate of reaction (1) is 
measured and compared with the known rate of reaction 
(2). The theoretical calculations are complicated by the 
fact that forbidden transitions are important* in (1). 

The reaction (1) was studied by Godfrey,® using a 
small liquid scintillation counter surrounded by Geiger 
tubes as a detector. He concluded that the muon- 
nucleon and electron-nucleon coupling constants were 
probably the same, within the experimental error. 
Now that the techniques of larger liquid scintillators 
are known, it seemed worthwhile to repeat the 
experiment. 


EXPERIMENT 


The present experiment was a study of the absorption 
of cosmic-ray muons stopped in carbon. Liquid scintilla- 
tion counters provided the “target” carbon nuclei 
with which the muons could interact, and the detectors 
with which the interactions were studied. The composi- 
tion of the scintillator fluid was CH;.s. 

Negative mesons stopping in the detector slow down, 
are captured, and cascade down to the lowest bound 
state of a mesonic atom in a time of theorder of 10~” 
sec. (Following Marshak, the word “capture” is used 
to denote the entering of a meson into an atomic bound 
state, while “absorption” denotes the penetration of a 
meson into the nucleus). All negative muons stopping 
in a hydrocarbon are captured into the lowest bound 
state of the carbon mesonic atoms in a time negligible 
compared to the muon mean life, so that the presence 
of hydrogen has no effect on the absorption process. 
Positive mesons are not captured by nuclei, and all 
positive mesons decay. About 90% of the stopped 

*K. W. Ford, private communication (to be published). 


5T. N. K. Godfrey, Phys. Rev. 92, 512 (1953) ; 94, 756 (1954) ; 
thesis, Princeton University, 1954 (unpublished). 


626 





ABSORPTION OF 4u 


negative muons decay, the remaining 10% being 
absorbed by carbon. 

The most important reactions of muons stopped in 
carbon are: 


p*— et+r+7), (3) 
w+ C2 BY+y, (a 
+ B%*+y, BY*—> BY+y, (5) 


— B'-+-n-+y 
— B”+2n-+y, 


where B®” indicates the ground state, and B”* an 
excited state. Figure 1 illustrates the reactions (4) 
through (6). The apparatus was designed to allow 
discrimination among the reactions (3), (4), (5), 
and (6). 

A cylindrical tank, 115 cm in diameter by 115 cm 
high, was constructed of half-inch-thick polyethylene. 
Polyethylene was used instead of aluminum or steel 
because such metals, in capturing stray neutrons, would 
have given rise to high-energy gamma rays which 
would have constituted a serious background. The 
tank was divided into four compartments labeled 1, 
2, 3b, and 3c as shown in Fig. 2. Compartment 2 
(referred to below as tank 2) was a cylindrical volume 
30 cm in diameter by 30 cm high. The walls of tank 2 
and the two horizontal diaphragms were of cheese 
cloth impregnated with epoxy resin. All interior 
surfaces were painted with white Plasite paint (Wis- 
consin Protective Coating Company, Green Bay, 
Wisconsin). The vertical walls of tank 2 were 0.8 mm 
thick; the circular bottom was a sheet of Mylar, 
negligibly thick, and the bottom effectively consisted 


(6) 


etc. |, 
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Fic. 1. Energy level diagram for C” and B", illustrating the 
reactions (4), (5), and (6). It is thought that one of the two 
levels of B' around 2.7 Mev is 0+, the transition from the ground 
state of C” being unfavored. The 6 decay of B" is 97% to the 
ground state of C”, 3% to excited states. 
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Fic. 2. Cross section of the detector. The outer wall formed a 
cylinder 115 cm in diameter and 115 cm high. Tank 2 was a 
cylinder 30 cm by 30 cm, centered in the larger volume. Tanks 1 
and 3b were cylindrical; 3¢ was annular. 
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of 0.3 mm of paint. Tank 2 was viewed by two C-7170 
photomultipliers. Tanks 1, 36, and 3c each had eight 
6364 photomultipliers, arranged in pairs so as to 
minimize the size of shield required. The large tank 
was filled to within a few centimeters of the top with a 
scintillator fluid consisting of triethyl benzene contain- 
ing 3 g/l of terphenyl, with 0.1 g/l of POPOP as a 
wavelength shifter. All the photomultipliers in each 
section were connected in parallel, and when tanks 3c 
and 3b were operated as one detector, all 16 tubes 
were in parallel. The individual tube gains were balanced 
by adjusting the fraction of the overall supply voltage 
which appeared between the last dynode and the 
collector. 

The detector was set inside a 1-ft-thick neutron 
shield, consisting of paraffin above and below, and 
water on the four sides. The water contained NaBF, in 
solution, and the paraffin was mixed with borax. 
Outside the neutron shield was a layer of lead, 4 inches 
thick on the bottom and sides and 6 inches thick on 
top as a protection against gamma rays and electron 
showers. The assembly was located above ground, 
below a thin roof, at an elevation of 2200 m (atmospheric 
pressure of 800 g/cm?). 

Most of the counts from the cosmic radiation were 
due to single particles at minimum ionization passing 
downwards through the detector. The pulse-height 
distribution in each tank showed a peak corresponding 
to the energy loss of a minimum-ionizing particle 
traversing the counter vertically. A sharper peak 
could be obtained by the use of coincidence techniques. 
The solid curve of Fig. 3 is the measured pulse-height 
distribution of pulses from tank 2 satisfying the 
requirement 1 2 3c (i.e., coincident pulses in 1 and 2 
unaccompanied by a pulse in 3c, with tank 30 discon- 
nected). Considering particles having a cos? angular 
distribution about the zenith, the most probable path 
length in tank 2 for those causing a 1 2 3c coincidence 
is the minimum one, i.e., the 30-cm height of the tank. 
Longer path lengths are distributed according to an 
x4 law (neglecting edge effects) as indicated by the 
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Fic. 3. Solid curve: experimentally observed pulse-height 
distribution of cosmic-ray pulses in tank 2 which satisfy the 
coincidence requirement 12 3c (with 3b disconnected). Dashed 
curve: predicted energy loss distribution for cosmic rays satisfying 
123c having a cos? distribution about the zenith. The solid 
curve is consistent with the dashed curve folded through a 
Gaussian resolution function of 8.5% full width at half maximum. 
The energy loss of a minimum ionization particle traversing the 
30-cm minimum path in tank 2 is 55.4 Mev. 





dashed curve of Fig. 3. The shift of the peak and the 
difference in shape between the two curves is due to 
the finite energy resolution of the system. The shape 


of the measured curve corresponds to a resolution of 
8.5% full-width at half-maximum, resulting in an 8% 
shift in the position of the peak. The energy loss at 
minimum ionization for a path length of 30 cm is 55.4 
Mev. The peak of the observed curve is 8% higher, or 
60 Mev. This was the basis of the energy calibration in 
tank 2, and the other three tanks were calibrated 
similarly. 

The C-7170 photomultipliers were found to be 
nonlinear for pulses as large as those made by mesons 
passing through tank 2. By putting screens with a 
light transmission of 11% in front of the tube faces, it 
was found that the pulse height corresponding to the 
through meson peak was reduced to 17% of its value 
without the screens. The ratio of 1.5 was used as a 
correction factor in setting the energy bounds in the 
coincidence circuit. The final energy calibration for 
small pulses in tank 2 was made on the basis of the end 
point of the B'*-decay-electron spectrum. It is discussed 
in the next section. 

In the taking of data, 3c and 36 were connected in 
parallel and are referred to as tank 3. The muons 
studied were those which stopped in the scintillator in 
tank 2, producing a coincidence 123. In the coincidence 
circuit, upper and lower bounds were imposed on the 
amplitudes of acceptable pulses. In tank 1, the limits 
were 60 and 120 Mev: this interval includes the energy 
losses of most muons which subsequently stop in tank 2, 
but excludes most of the stopping protons. (Tank 1 
minimum ionization peak was at 70 Mev.) The accept- 
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able interval for tank 2 was from 25 to 150 Mev. 
The lower bound insured that a stopped muon must 
have penetrated a minimum of about 2.5 cm into tank 
2 before it could be counted. Tank 3, which was in 
anticoincidence, had a lower bound of 4 Mev but no 
upper bound. (4-Mev muons have a range of 1.5 mm 
in the scintillator fluid.) 

Pulses in the various sections of the detector were 
displayed on an oscilloscope triggered by the 123 
coincidence circuit and photographed. To allow 
distinction among the different reactions (3) through 
(6), the beam was made to sweep across the scope 
face three times (Fig. 4). Sweep durations were 15 
usec for trace 1, 400 usec for trace 2, and 0.1 sec for 
trace 3. 

The most likely reaction for a stopped muon is its 
decay (3), with a mean life of 2.1 usec. The decay 
electron usually gave a pulse in tank 2, but for those 
mesons which stopped in or near the wall, the decay 
electron might leave little or no energy in tank 2, but 
give a pulse in tank 3. The 25-Mev lower bound in 
tank 2 for incoming particles insured that decay 
electrons travelling upwards would deposit a minimum 
of 4 Mev in tank 2. Pulses in tank 2 and 3 were displayed 
separately on trace 1 (Fig. 4). Nearly all (99.9%) of 
the muon decays occurred within the 15 usec of trace 
1 and essentially all of the decay electrons gave detect- 
able pulses in tank 2 or 3. 

Next to decay, the most likely interaction of a 
stopped w~ is (6), in which one or more neutrons are 
liberated in tank 2 at a mean time of 2.0 usec after the 
entry of the muon. For these events there will be no 
decay electron pulse on trace 1, but there may be a 
small pulse from tank 2 or 3 due to recoil protons, or to 
any gamma rays which may be emitted by the residual 
nucleus. The neutron will probably be thermalized in 
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Fic. 4. Schematic representation of oscilloscope display. 
Numbers above the pulses indicate the tanks (Fig. 2) in which 
the pulses were generated. The first pulse on trace 1 is the trigger 
pulse 123, and provides the time fiducial. On trace 1, the tank 3 
pulses are delayed about 1 usec and displayed with a pulse shape 
different from tank 2 pulses to allow identification. A stopped 
muon decaying a time ¢ after stopping in tank 2 would produce 
pulses in tanks 2 and 3 as indicated if the decay electron penetrated 
the wall of tank 2 into tank 3. On trace 3, tank 2 pulses are delayed 
and displayed with a pulse shape different from the pulses derived 
from tanks 1+-3. 
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the large tank and captured in the hydrogen of the 
scintillator fluid, the resulting 2.2-Mev gamma ray 
being detected in one of the compartments of the 
detector. The mean neutron capture time is calculated 
to be 240 usec. The pulses from all compartments of the 
detector were added electronically and displayed on 
trace 2, which covered a time interval during which 
73% of the neutron captures occurred. 

When B” is formed by muon absorption, by reaction 
(4) or (5), the B® nucleus beta decays back to C®, 
with a mean life of 29.2+0.6 msec® and an end-point 
energy of 13.4 Mev. The mean time for the formation 
of the B® is 2.0 usec, which is negligible compared to 
the B-decay mean life. The pulses from tank 2 were 
displayed on trace 3, which covered a time interval 
during which 95% of the B” @ decays occurred. If a 
pulse occurred in tank 1 and/or 3 in coincidence with 
a pulse from tank 2 which was shown on trace 3, the 
pulses from tanks 1 and 3 were added electronically 
and displayed just before the tank 2 pulse (Fig. 4). 
With this system pulses from charged cosmic-ray 
particles passing through tank 2 could be rejected in the 
film analysis, at the expense of losing those B® 8 rays 
which penetrated through the walls of tank 2. 

If muon absorption to bound excited states of B” 
occurred (5), the B'’* nucleus would immediately emit 
one or more gamma rays with a total energy between 
0.95 and 3.38 Mev (Fig. 1). The time delay between 
the arrival of the muon and the gamma-ray emission 
would correspond to the mean life of the w~ in carbon, 
2.0 usec. If the gamma ray were detected in Tank 2 
or 3, a pulse would appear on trace 1. Pictures with a 
small second pulse on trace 1 and a pulse on trace 3 
characteristic of B’ decay were identified as possibly 
due to process (5), and the number of B”* events 
detected was used to correct the rate of transitions to 
the B” ground state, using an estimate of the efficiency 
for the detection of the B’* gamma rays. 

Thirty thousand photographs of scope patterns 
were taken over a period of several weeks. The runs 
were made under two conditions, and were called a 
and 8 runs. The @ runs were intended primarily to 
measure the rate of muons stopping in tank 2, and 8 
runs to observe the interactions of stopped negative 
muons with carbon. In the a@ runs, the scope was 
triggered by 123 coincidences, and the number of 
stopped muons was determined by observation of the 
number of u-decay electrons recorded. In the @ runs, in 
order to conserve film and make the reading easier, an 
electronic circuit prevented photographing most of the 
muon decay events. This circuit rejected events in 
which a second pulse greater than 4 Mev occurred in 
tank 2 within 10 usec of the 123 coincidence, and it also 
reduced the frame rate from 5.5 per minute of @ runs 
to 1.5 per minute. The remaining muon-decay events 
were rejected visually (i.e., delays greater than 10 usec, 


6 A, W. Schardt, preliminary results (private communication). 
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Fic. 5. Decay-time spectrum of stopped cosmic-ray muons. 
No background has been subtracted. The line corresponding to a 
mean life of 2.08 usec is the least-squares fit to the data beyond 
1.5 usec. Standard deviations are shown except where they are 
smaller than the dots. 


and events in which most of the decay electron energy 
was deposited in tank 3). The a and 6 runs were 
alternated, with about the same total number of 
pictures in each. 


RESULTS 
u- Stopping Rate 


The stopping rate of cosmic-ray muons in tank 2 was 
determined from the a runs. The decay events were 
selected visually, and the time between the muon 
arrival and decay was measured (¢ of Fig. 4). The time 
scale was broken into 0.5-yusec intervals and the number 
of events falling into each interval tallied. Figure 5 
contains a plot of all the muon decays observed in the 
a runs. No background has been subtracted. A least- 
squares fit of the function Ae~“” to the data beyond 
1.5 usec gives a value r= 2.08+0.03 usec for the mean 
life, where the error is statistical.? This mean life is 
characteristic of the cosmic-ray mixture of w* and wo 
stopped in carbon, and is in agreement with the 
accepted value’ of 2.12+0.02 usec. 

The total number of muons that stopped and decayed 
during the a@ runs is the area under the curve in Fig. 5. 
Probably the area is obtained most accurately by using 
the accepted value of r=2.12 wsec and performing a 
least-squares fit for A, the ‘=O intercept. Then the 
number of muons decaying in Tank 2 is No=2Ar 


7 All least-squares fits reported in this paper were made by the 
maximum likelihood method, and statistical errors were derived 
from the internal consistency of the data. We are indebted to 
R. H. Moore for performing these calculations. 

8W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243 (1951); 
88, 1424 (1952). Sens, Swanson, Telegdi, and Yovanovitch, Phys. 
Rev. 107, 1464 (1957); Lundy, Sens, Swanson, Telegdi, and 
Yovanovitch, Phys. Rev. Letters 1, 102 (1958). 
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(0.5-ysec intervals have been used). The observed value 
is No= 13 2004-530, where the indicated error contains 
both statistical and estimated systematic errors. 

In the data, points for the first three 0.5-ysec intervals 
in Fig. 5 have been neglected in the calculations. The 
efficiency for detecting decays in the first microsecond 
was low, partly because of difficulty of resolving pulses 
on the film, and partly because the decay electrons had 
a good chance of entering tank 3 and tripping the 3 
circuit, making the event appear as a through muon 
instead of a stopped muon. The threshold for detection 
of the decay electrons was set at 0.2 Mev; the fraction 
of decay electrons having less than 0.2-Mev energy 
was negligible. No as calculated above needs no further 
correction for detection efficiency. 

The rate at which negative muons stopped in tank 2 
and were captured by C” during the a runs was 


No(1—f) 
Se 
T.(1+r—$¢) 


in™, (7) 


where f=fraction of stopped w~ which are captured by 
nuclei other than C”, r=ratio of number of u* to wo in 
the incident cosmic-ray flux, ¢=fraction of stopped 
uw which absorb in nuclei instead of decaying, and 
T,= total running time of the a runs=1727 min. 

The fraction f is estimated to be 0.03+0.01. The 
natural abundance of C™ contributes 3 of this value, 
and the remainder comes from the heavy material in 
the vicinity of tank 2. The ratio r is measured as r= 1.22 
+0.02 around the zenith at sea level and is calculated 
to be 1.3 near the top of the atmosphere.® The value 
r=1.23+0.05 is used in Eq. (7) as appropriate to 
2200 m elevation. The fraction @ is calculated from 
the mean life of ut and wo in carbon and is 0.09+0.02. 
Substitution of the above numerical values in Eq. (7) 
gives R,=3.46+0.18 stopped negative muons per 
minute. The indicated error contains both statistical 
and estimated systematic errors. 

The above w~ stopping rate is taken as the average 
over the course of the experiment since the a and 8 
runs were alternated. The 8 runs were monitored by 
registers which recorded the number of muon decay 
events not photographed. There were no significant 
deviations in the rates of the a or 8 runs. 


u- Absorption Rate 


The rate of events in which negative muons were 
absorbed to the ground state of B” was deduced from 
the 8 runs. A picture was accepted if it passed the 
following tests: (i) no second pulse on trace 1 greater 
than 0.5 Mev; (ii) a pulse on trace 3 with between 4 
and 15 Mev in tank 2, not accompanied by a pulse in 
tank 1 or 3. These pictures were due to the following 
types of events: 


® Fasoli, Modena, Pohl, and Pohl-Ruling, Nuovo cimento 6, 
869 (1957). 
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(a) w~ absorption to B® (4); 

(b) uw absorption to one of the bound excited states 
of B* (5), and failure to detect the gamma ray emitted 
in the transition to B®; 

(c) a random coincidence between a first pulse 
satisfying the selection criteria and an unrelated pulse 
on trace 3 satisfying the criteria for a B” electron. 


The pulses on trace 3 in events of type (a) and (b) 
had the time and pulse-height spectra characteristic 
of B® decay. Those of type (c) had a uniform time 
distribution. The distribution of delay times from the 
pictures accepted on the basis of the above tests is 
shown in Fig. 6. 

The background level for the data shown in Fig. 6 
was estimated as follows: the function a+be—"" was 
fitted to the data by least squares, the value of 7 being 
fixed at the known mean life of B”, and a and 6 being 
free parameters. Those frames in the 6 runs with second 
pulses on trace 1 were analyzed in the same way: 
these were presumed to include muon decays and 
possibly B’* events (5). The value of a in these two 
calculations gave a measure of the background. In 
addition, the random rate was calculated for the muon 
decays in the a runs, which had a time distribution of 
pulses on trace 3 which was flat within statistics. The 
weighted mean of these three values of a was taken to 
be the best estimate of the random background. 
Another fit was now made to the data, Fig. 6, this time 
keeping a and r fixed and allowing only 6 to vary. This 
gave 73.4+4.2 as the best estimate of the expected 
number of counts in the first 4 msec. The total number 
of B” decays recorded, corrected for losses at early 
and late times, was 574. 

If uw absorption does occur an appreciable fraction 
of the time to excited states of B'’*, which are stable 
with respect to neutron emission, thus will contribute 
to the measured B” decay rate. The transitions to the 
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Fic. 6. Time-delay spectrum of pulses on trace 3 satisfying 
selection criteria for B” decay electrons. Errors shown are standard 
deviations. The curve is the least-squares fit of the function 
a+be~‘/? with 7 fixed at the known B® mean life, and a fixed at 
the calculated value. 
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bound excited states (5) were treated in the same way 
as those to the ground state (4), except that the require- 
ment was made that there be a second pulse on trace 1, 
either in tank 2 or 3, in the energy range 0.5 to 4 Mev. 
The time distribution of the pulses on trace 3 is shown 
in Fig. 7, for events having a small second pulse on 
trace 1. There is an indication of a component with a 
mean life of the order of 30 msec. If we take this to be 
due to B*, we find the total number of B’* — B® —- C® 
decays recorded was 33+11. 

The efficiency for the detection of a 2-Mev gamma 
ray was calculated to be 0.80. B!* counts were recorded 
as B® because of the escape of the gamma ray, and 
also when the gamma-ray pulse on trace 1 came so close 
to the first pulse that it could not be resolved. The loss 
of counting efficiency from the latter cause was deter- 
mined by plotting the time distribution of all second 
pulses on trace 1 in the energy range 0.5 to 4 Mev. 
The data were fitted to a constant pulse an exponential 
with a decay time of 2.0 usec. From the number of 
counts missing in the first microsecond the fraction 
lost at early time was found to be 0.23. The over-all 
detection efficiency for B’* gamma rays was taken to 
be 0.80X0.77=0.62. The total number of B”* events 
was therefore 53-17, of which 21 were counted as 
B® events. This leaves Vg=553 as the net number of 
B” events. 

The statistics are such that it cannot be claimed 
definitely that transitions (5) to the bound excited 
states of B’* were recorded. From the data, it seems 
likely that such transitions did occur about 10% as 
often as to the ground state, and so we have made the 
correction, which fortunately was small. 

The number of u~ absorption events per minute to 
the ground state of B™ was 


Vp 


a , 
T pen(1—L)(1— 


—— min™, 


(8) 
Rtg) (1 —G) 


where Vg=number of B” events=553; T,=total 
running time of the 8 runs= 13 091 min; = probability 
25 7 
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Fic. 7. Time-delay spectrum of pulses on trace 3 satisfying 
selection criteria for B'* decay electrons. Errors shown are 
standard deviations. The data have been lumped into 12-msec 
channels because of the small number of counts. 
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Fic. 8. Pulse-height distribution of pulses on trace 3. The circles 
represent pulses satisfying the criteria for B'*-decay electrons. 
The triangles represent background pulses taken from muon- 
decay events. Errors shown are standard deviations. The curve 
is a visual fit to the background data. 


that the B” decay electron will penetrate the wall of 
tank 2 and therefore be rejected, calculated to be 0.07; 
R,= number of pulses per millisecond on trace 3 due to 
particles passing through the counter, measured to be 
0.045 ; ¢,= dead time per pulse on trace 3, estimated to 
be 0.3 msec; G=chance that a pulse from tank 2 will 
be accompanied by an unrelated pulse in 1 or 3, and 
therefore be accidentally rejected (the measured value 
of G is 0.01); and eg=probability that the B” decay 
electron should give a pulse between 4 and 15 Mev, 
obtained from an analysis of the pulse height spectrum 
of the B™ decay electrons. 

Figure 8 is the pulse height spectrum of the pulses 
occurring in the first 44 msec of trace 3 in events 
satisfying the B™ decay criteria. The background was 
deduced from the pictures showing a muon decay. 
The net spectrum is shown in Fig. 9. The curve in 
Fig. 9 is the known shape of the B™” 8-decay spectrum,” 
corrected for edge effects and normalized along both 
axes. As mentioned above, the tank 2 photomultipliers 
were nonlinear at large pulse heights (~60 Mev), 
so that the pulse-height calibration from the through 
peak could not be used directly in the region of a few 
Mev. A correction for the nonlinearity was made in 
setting the thresholds, but it was found that the most 
accurate energy calibration for events of a few Mev in 
tank 2 was that obtained from the B” decay electron 
spectrum. The energy scale shown in Fig. 9 agrees to 
within 15% with the corrected energy calibration from 
the through peak, which is considered satisfactory. 
the threshold for the acceptance of a pulse as a B® 
decay electron was set at 4 Mev, which is the boundary 
between the first and second channels of Fig. 9. The 
efficiency €g was calculated to be 0.74. 

Substitution in Eq. (8) gives Rga=0.0628. The error 
in Rg comes from the following sources: 


10W. F. Hornyak and T. Lauritsen, Phys. Rev. 77, 160 (1949). 
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Fic. 9. Net pulse-height spectrum of pulses on trace 3 satisfying 
the criteria for B® decay electrons. Errors shown are standard 
deviations. The curve is the known 8 spectrum of B®, corrected 
for the fact that higher energy electrons are more likely to escape 
into tank 3 and therefore be rejected, and normalized along both 
axes. The points are those of Fig. 8 with the smooth curve 
subtracted. 


(A) The number Vz was derived from the parameter 
b in the function a+be-“7, which was fitted to the data 
by least squares. The value of 6 derived from the fit 
was 73.4+4.2. 

(B) Similarly, the value of 5* to the B'’* data was 
b*=4.2+-1.4. The correction to the value of 6 due to 
the inefficiency in recording B’* gamma rays was 
2.6+0.8, so that b= 70.8+4.3. The error from (A) and 
(B) was 6.0%. 

(C) In the fit of the function a+be~“’’, it was assumed 
that @ was known exactly. The calculated value of a 
was 31.342.4. This uncertainty in the value of a causes 
an error in Rg of 7.4%. 

(D) The uncertainty of 2% in the value of r results in 
an error in Rg of 1.1%. 

(E) The efficiency eg is uncertain because the energy 
scale, and hence the threshold energy for the acceptance 
of B-decay-electron pulses, are not known exactly. 
The curve in Fig. 9 was fitted to the points by least 
squares, and the uncertainty in the energy scale was 
found to be 3.1%. To take care of possible systematic 
errors, this was increased to 5%. This gave an error of 
3.0% in eg, and hence also in Re. 

The errors quoted above are statistically independ- 
ent, and we may therefore take the over-all error to be 
square root of the sum of the squares of the individual 
errors. This is 9.6%, so that Rg=0.063+0.006 min=. 

As a check, the mean life of B” was calculated by 
fitting the function a+be—“" to the data shown in 
Fig. 6, keeping a fixed and taking 5 and 7 as free 
parameters. This gave r=26.542.4 msec, which is 
consistent with the known value.® 

It is possible that 6-emitting nuclei other than B® 
might have been formed by interaction of the cosmic 
rays with carbon. Nuclei such as Li® will not be confused 
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with B®” because of their long mean life. The only 
nuclide likely to be confused with B® is N®, which 
has a mean life of about 16 msec and an end-point 
energy of about 17 Mev. N® can be formed by fast 
cosmic-ray protons in the reaction C”(p,n)N”. The 
rate of production of N” was probably small compared 
to the rate of formation of B” by muon absorption in 
C®”, and no correction for N® has been made to the 
data. 


Neutrons 


Whenever y~ absorption in C” produced one or 
more neutrons (reaction 6), these neutrons were 
detected with an efficiency of 854+5%." In order to 
gain information about the rate of reaction (6), the 
time delay and pulse height of pulses on trace 2 were 
recorded for events in the 8 runs having no decay- 
electron pulse on trace 1. The background on trace 2 
was deduced from muon-decay events in thea runs. The 
time-delay spectrum of the signal was consistent with the 
calculated mean capture time of 240 usec for neutrons in 
the scintillator, and the pulse-height spectrum was 
peaked at about 2 Mev, corresponding to the 2.2-Mev 
neutron-capture gamma-ray of hydrogen. The back- 
ground time spectrum was flat, and the background 
pulse-height spectrum did not show the 2-Mev peak. 
The probability for a random neutron-like pulse on trace 
2 was 22%. 

It was possible for other cosmic-ray events to 
produce the same pattern of pulses as (6). For instance, 
a fast proton could undergo charge exchange in tank 2, 
the fast neutron passing undetected through tank 3. 
Associated with the fast proton entering the system 
might be several neutrons, which would be captured 
with the same characteristic time distribution as the 
neutrons from (6). For this reason a determination of 
the over-all absorption rate for negative muons in C” 
was not possible, but an upper limit may be set. The 
observed neutron-production rate in events indistin- 
guishable from (6) was 0.55+0.05 min. Dividing this 
rate by the w- stopping rate of 3.46 min gives 0.16 for 
the number of neutrons generated per stopped u-. 
The upper limit for the fraction of stopped negative 
muons which absorb in carbon to give free neutrons is 
therefore 16%. 

The number of neutron pulses per frame was examined 
in an attempt to determine whether more than one 
neutron was emitted in some cases. The frequency 
distribution was found to be consistent with a neutron 
multiplicity of 1, although a multiplicity of 1.2 is not 
excluded. 

The number and multiplicity of neutrons observed is 
thought to be consistent with the prediction from the 
known total absorption rate of w~ in carbon plus a 
reasonable contribution from other cosmic-ray-initiated 
events. 


1G. I. Bell (private communication). 
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DISCUSSION 


The transition probability per unit time for the 
reaction u-+C” — B+» (4) is given by 


Ay= (Rp, ‘R,) (1/7,), (9) 


where Rg= observed number of transitions via reaction 
(4) =0.063+0.006 min~!, R,=observed number of u~ 
mesons stopping?=3.46+0.18 min~!, and r,=mean 
life of stopped w- mesons in C=2.01+0.02 usec. 
Substitution gives A,=9050+950 sec. 

Godfrey’ found a total transition probability per 
unit time of (6.5+1.5)10* sec for transitions to 
ground and bound excited states of B'. If we take the 
contribution of the bound excited states to be 10% of 
the transition probability to the ground state, the 
comparable rate from the present experiment 
(10+1)X10* sec, which is in rough agreement with 
Godfrey’s result. 

Since the reaction studied is the inverse of the beta 
decay of B™ to the ground state of C”, except for the 
substitution of a muon for the electron, the nuclear 
matrix elements are equal in the first approximation. 
From a comparison of the rates of muon absorption and 
beta decay, it would be possible to determine the 
ratio of the muon-nucleon and electron-nucleon (axial 

) coupling constants, independently of the 


is 


vector) 
nuclear model. 


2 Not all the muons stopping in tank 2 were detected because 


of the restricted solid angle and the pulse-height limits imposed in 
the 123 circuit. This does not affect the ratio Ra/Ry. 


We 
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The mean life for beta decay of B®” is 29.2+0.6 
msec,’ with 97% of the transitions’ going to the 
ground state of C”. The transition rate to the ground 
state is therefore Ag=33.2+0.65 sec~!. The ratio of 


transitions between the two ground states is 
A,/Ag= 273429. 


Because of the high energy available in muon absorp- 
tion, the wavelength of the outgoing neutrino is not 
large compared to the nuclear radius, and forbidden 
transitions make an important contribution to the 
muon absorption rate. A preliminary calculation of the 
wu absorption rate including contributions from forbid- 
den transitions has been made by Ford.‘ The conclusion 
is that the above experimental results are compatible 
with a ratio of unity for the axial vector coupling 
constants, but that the limits which can be set on this 
ratio depend upon the nuclear model adopted. 

Recent preliminary results of two groups appear to 
confirm Godfrey’s®’ measurement of the absorption 
rate of stopped negative muons in carbon to B® via 
both the ground and bound excited states of boron, 
and are in rough agreement with the present result. 


13 Cook, Fowler, Lauritsen, and Lauritsen, Phys. Rev. 111, 
567 (1958). 

4 Fetkovitch, Fields, and MclIlwain; and Love, Marder, 
Nadelhaft, Seigle, and Taylor, Conference on Weak Interactions, 
Gatlinburg, Tennessee, October, 1958 [Bull. Am. Phys. Soc. 
Ser. II (to be published) ]. 
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The term pgmc* in the Dirac equation is replaced by (p3¢+23p3b1+-71b2)mc?, where a, 6, and by are non- 
vanishing constants, and the x’s are anticommuting square roots of unity that commute with the p’s and 
the o’s. The resulting irreducible eight-component wave equation is not invariant under Lorentz rotations 
but is invariant under similar transformations, in which the angle is multiplied by 73. The question is raised 
whether such rotations through hyperbolic g angles may not be the proper quantum modification of the 


classical Lorentz rotations. 


IRAC remarked in the preface to his book that 
“Further progress lies in the direction of making 
our equations invariant under wider and still wider 
transformations.” If so, it may be useful to look for 
transformations that are less restrictive than the classi- 
cal Lorentz rotations L. This note illustrates the fact 
that Z can be modified with the help of g numbers in 
such a way that equations which are invariant under L 
(say the Dirac equation) are also invariant under the 
modified transformations L’, while some equations (say 
the eight-component equation described below) are 
invariant under L’ but not under LZ. The question 
whether equations of the second kind are useful remains 
open. 
Let m1, 2, and 23 be anticommuting square roots of 
unity that commute with the p’s and the o’s, and let us 
replace the term pymc* in the Dirac equation by 


(p30+@3p3b1 +1 1b2)mc, (1) 


where ab,b.+*0; the eigenvalues of (1) are (a+b)mc? 
and — (a+6)mc?, where b?=6,?+-6.”. The resulting wave 
equation is invariant under ordinary rotations, as can 
be shown with the help of Dirac’s y’s of the form 
exp(—}@aya-). It is not invariant under Lorentz rota- 
tions; instead, it is invariant under transformations of 
the form p,—?,’, p.—>.’, and 


po po’ coshr0+ p.’ sinh, 
p:—pv' sinhr36+ p.’ coshr3, 


as can be shown by letting y= exp(36z3a,). The question 
that this note is intended to raise is whether such rota- 
tions through hyperbolic g angles may not be proper 
quantum modifications of the classical Lorentz rota- 
tions. If they are, they may permit generalizing 
Maxwell’s equations, and therefore this question can 
hardly be answered on very’ elementary grounds. A 
related question is whether spatial rotations through 
trigonometric g angles may not be of interest in quan- 
tum theory. 

To describe in a compact way a matrix representation 
for the m’s, p’s, and o’s, we denote the Pauli two-by-two 
unit matrix and spin matrices by o1, ox, cy and oz, and 


let 
Ro Ce a a 


Jabce - - 


where the crosses denote direct matrix multiplication.! 
We then suppress the letter o and write I for o1, II for 
on, ZXY for ozxy, and so on. A convenient set of eight- 
by-eight matrices then runs as follows: 


m7, =XII, 


pi=IXI, 
o,=IIX, 


r3=ZIl, 
ps™= rAR 
o.=IIZ. 


Accordingly, a-=pi0,=IXX, ay=IXY, a,=IXZ and 
ao= III? 

We shall now show that the eight-component equa- 
tion described above is in general not reducible. The 
most general eight-by-eight matrix that commutes with 
az, a, and a, is [[leo+X1le.+ YUleo+Ze3+ XI ec, 
+XXIe;s+YXIeg+ZXIc;. Apart from a numerical 
factor, the commutator of this matrix with (1) is 
YZ1b1¢;— XZ1byc2+- ZU b2e2— YU b2c3+ X Ylacs+ YY lace 
+ZXIbocg— YX boc +TY1 (acyt+bic7) +ZY1 (ae7 +814). 
The ten matrices in this commutator are linearly inde- 
pendent, and therefore the commutator can vanish only 
if each of the ten coefficients is zero, in which case all the 
c’s other than co must vanish because ab,b2+0. Conse- 
quently the equation cannot be reduced, except for 
special choices of the potentials. 

If irreducible eight-component equations could be 
admitted into the family of respectable physical equa- 
tions, they might perhaps provide a connection between 
electrons and the u mesons. 

The observation which led the writer to consider 
eight-component equations is that in the case of four- 
by-four matrices there is no y for which the momentum 
of a free electron is certainly zero and (¢)= (oy) = (a2) =0 


1 To construct the array of the elements of the matrix A XB, 
write the array of the elements of the matrix A and then replace 
the elements A;; by the respective arrays of the elements of the 
matrices A,B. For example, oxXey is Dirac’s four-by-four 
matrix ay. 

2 The rule for ordinary matrix multiplication of o’s having 
several subscripts is gap... Gu... =(Ga0u)X(ov0r)X.... 
For example, if dots denote ordinary multiplication, we have, in 
the abbreviated notation, IX- YZ= (I- Y) X (X-Z) = (Y) X (-7Y) 


=—*% . 
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as well as (a,)=(a,)=(a,)=0, even though these condi- 
tions specify a situation which seems intuitively to be 
so simple as not to require a Gibbs ensemble for its 
description. 

Note added in proof.—In view of Goldhaber’s recent 
conjecture on the doubling of all fermions,’ the follow- 
ing remarks may be useful. Invariance under the “rota- 
tions” considered above permits the mass term in a 


3M. Goldhaber, Phys. Rev. Letters 1, 467 (1958). 
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wave equation of the Dirac type to be any linear com- 
bination of 71, m1p1, 72, 12P1, 73P2, T3p3, p2, and pz; 
simple examples that lead to different behaviors of the 
wave equation under reflections are (1) and (p3a; 
+-21p1d2+7393b)mc?. Furthermore, the _ irreducible 
eight-component equations do not give Dirac’s simple 
relation between spin angular momentum and mag- 
netic moment. Therefore such equations may con- 
ceivably be flexible enough to apply to fermions in 
general. 
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